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THESIS CONCEPTUAL REFERENCE POINTS

Current state of the problem and identification of research problems.
We consider real planar polynomial differential system, i.e. systems of the form

© = Pz,y), y = Qz,y), (1.
where P and (Q are polynomials in x and y with real coefficients and max (deg(P), deg(Q)) =

—_
~—

n. We call such systems polynomial systems of degree n.

The existence of invariant algebraic curves in planar polynomial systems has been a
relevant element in the study of integrability of these systems. In 1878 Darboux gave the
theory of invariant algebraic curves of polynomial differential equations and the integrability
of these equations in terms of the invariant curves. A Modern presentation of the the theory
of Darboux can be found in [24,27].

The existence of sufficiently many invariant straight lines of a polynomial system (1.1)
could be used for integrability of such systems. During the past 15 years several articles
were published on this theme. Investigations concerning polynomial differential systems
possessing invariant straight lines were done by Popa, Sibirski, Kooij, Sokulski, Zhang Xi
Kang, Schlomiuk, Vulpe, Dai Guo Ren, Artes, Llibre as well as Dolov and Kruglov.

Several authors have dealt with the simplest class of polynomial systems (1.1) (i.e. n < 3),
and namely Popa, Sibirski, Schlomiuk, Vulpe, etc.

In this Thesis are approached the planar differential cubic systems, i.e. n = 3. The set
CS of cubic differential systems depends on 20 parameters and for this reason people began
by studying particular subclasses of CS. We are interested in the investigation of the family
of cubic systems with invariant straight lines (ISLs). Artes and Llibre [1] showed that the
maximum number of invariant straight lines taking into account their multiplicities for a
polynomial differential system of degree m is 3m when we also consider the infinite straight
line. So the maximum number of the invariant straight lines (including the line at infinity
Z = 0) for cubic systems with non-degenerate infinity is at most 9. A classification of all
cubic systems possessing the maximum number of invariant straight lines taking into account
their multiplicities has been made in [25]. The authors used the notion of configuration of
invariant lines, as introduced in [28], for cubic systems and detected 23 such configurations.
Moreover using invariant polynomials with respect to the action of the group Aff(2,R) of
affine transformations and time rescaling in this paper, the necessary and sufficient condi-
tions for the realization of each one of 23 configurations were detected. A new class of cubic

systems omitted in [25] was constructed by the author of the thesis in [§].
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In the Thesis we continue the investigations started in [25]. More exactly, here we shall
consider the family of cubic systems with invariant lines of total multiplicity eight, including
the line at infinity and considering their multiplicities (we denote this family by CSLg). The
results concerning these systems are exhibit in [4-22].

Some cubic systems with invariant lines have been also investigated by Lyubimova [26],
Subd, Putunticd, Repesco [29,30] and by other mathematicians (Llibre, Mahdi, Vulpe,
Cozma, Chan Guo Wei). Lyubimova considered cubic systems in CSLg which possess 7 ILs,
all real and distinct, and constructed in this case 4 configurations. Suba and his students, us-
ing the notion of parallel multiplicity, arrived at 17 configurations of IlLs which coincide with
those obtained in our classification in the case of cubic systems with four infinite singular
points (ISPs). But in contrast with their work, for each configuration we give the necessary
and sufficient conditions for its realization in terms of invariant polynomials with respect to
the group of affine transformations and time rescaling. We note that the invariant polynomi-
als was constructed applying the Invariant Theory of Differential Equations, founded by C.
Sibirschi and developed by his disciples (Lunchevici, Marinciuc, Gasinschi-Chirnitchi, Dang
Dini Bic, Tacu, Vulpe, Popa, Boularas Driss, Baltag, Calin, Daniliuc, etc.).

The purpose and objectives of the thesis. The main goal of the Thesis is to give a full
classification for cubic systems with invariant straight lines of total multiplicity eight. This
classification involves the realization of the following objectives:
1. to detect all possible configurations of invariant straight lines for this family of systems;
2. to construct necessary and sufficient affine invariant conditions for the realization of

each one of the detected configurations.

Methodology of scientific study. The research carried out in is Thesis are based on meth-
ods of Qualitative Theory of Dynamical Systems, Invariant Theory of Differential Equation,
methods of Bifurcation Theory of Dynamic Systems on a plane, methods of Algebraic Com-

putations.

Novelty and scientific originality. In our Thesis for the first time there are constructed all
possible configurations of invariant lines of total multiplicity eight for cubic systems. Our set
of configurations contains as particular cases all the configurations detected by other authors
for special cases of systems in CSLg (see [26], [29,30]). But in contrast with these papers in
the Thesis we have constructed necessary and sufficient conditions for the realization of each

one of the corresponding configurations. Moreover we detect a new class of cubic systems



with invariant lines of total multiplicity nine.

The main scientific problem which is solved in this Thesis consists in classifying the
whole family of cubic differential systems possessing invariant lines of total multiplicity eight
according to configurations of these lines; this classification is very helpful for obtaining the
complete topological classification of this family and is useful for the study of integrability

of these systems.

The significance of theoretical and practical values of the work. The results ob-
tained in this thesis for cubic systems with invariant lines of total multiplicity 8 represent a

significant step in the algebraic and geometric part of theory of cubic systems.

Principal scientific results to be defended:

(a) all possible 51 configurations of invariant straight lines for cubic systems possessing
invariant lines of total multiplicity eight;

(b) the necessary and sufficient affine invariant conditions for the realization of each one
of 51 configurations;

(c) the representatives of the family of systems with invariant lines of total multiplicity
eight modulo the action of the affine group and time rescaling;

(d) the perturbed canonical systems which characterize the vicinities of cubic systems in
CSLg;

(e) a new class of cubic systems possessing invariant lines of total multiplicity nine which

completes the classification given by Llibre and Vulpe in [25].

Implementation of the scientific results. The scientific results obtained could be used
for a deeper investigation of cubic systems possessing invariant straight lines of total multi-
plicity eight (including the line at infinity), and namely:

- the configurations of invariant lines detected, and canonical forms could be used for a
complete topological classification of cubic systems in this class;

- the canonical forms constructed for cubic cubic systems in CSLLg can serve as a basis
for determining of the first integrals of such systems;

- the necessary and sufficient affine invariant conditions can be applied for any cubic
system in order to detect if it belongs to CSLg and if so, then to specify its configuration of
invariant lines;

- this classification could be helpful for further investigations of cubic systems with in-

variant lines of total multiplicity less than §;



- the scientific results obtained can be applied in the study of some mathematical models
which are described by polynomial differential systems and which are related with some
problems in physics, chemistry, medicine and so on.

- these investigations could serve as a support for teaching courses in higher education.

Approval of obtained scientific results. The scientific results obtained and to be defined
were examined and approved by various research seminars, which are as follows: Qualitative
Theory of Differential Equations of Moldova State University, 2015; Differential Equations
and Algebras of Tiraspol State University, 2013, 2014; seminar of the Department of Differ-
ential Equations and Systems Analysis of Belorussian State University, Minsk, 2013; seminar
of the Department of Mathematics of the Shanghai Normal University, Shanghai (China),
2015.

Main scientific results included in the Thesis were presented at several scientific confer-
ences: International Conference of Young Researchers, X-th Edition, Chiginau, 2012; Con-
ference on Applied and Industrial Mathematics (CAIM), Chisindu: U.S.T., 2012, 2014, 2015;
International Conference “Mathematics and Information Technologies: Research and Educa-
tion” (MITRE), Chiginau: U.S.M., 2013-2015; Conferinta Stiintificd Internationald a doctor-
anzilor “Tendinte Contemporane ale Dezvoltarii Stiintei: Viziuni ale Tinerilor Cercetatori”,
Chiginau: ASM, 2014, 2015; The Third Conference of Mathematical Society of Moldova
(IMCS-50), Chiginau: ASM, 2014; Conferinta Stiintifica Internationald cu participare interna-
tionala “Probleme actuale ale stiintelor exacte si ale naturii”, Chiginau: U.S.T., 2015.
Research papers. Research outcomes are reflected in 19 publications: 3 preprints, 6
scientific peer-reviewed articles (including 4 in ISI journals), 10 proceedings and abstracts of

international conferences; 2 articles and 4 abstracts are published as single-author papers.

Keywords: cubic differential system, group of affine transformations, invariant polynomial,
invariant straight line, multiplicity of a line, configuration of invariant straight lines, type of

configuration, canonical form, perturbed system..

The language of the Thesis is English. The base text comprises 154 pages and has the
following structure: Introduction, 4 Chapters, General Conclusions and Recommendations,

Bibliography with 140 References and 28 figures.



CONTENTS OF THE THESIS

The Introduction reveals the actual status of the conducted research, main reasons for
carrying on the proposed research, the purpose and objectives of the thesis, the importance
and advantages of the conducted scientific investigations, novelty and scientific originality,
scientific and research problems solved, the scientific results to be defended, as well as the

approval of obtained scientific results.

Chapter 1 contains a survey of the most important results related to the purpose and
objectives of the Thesis. In the fist section we give a brief survey on cubic differential
systems with invariant straight lines. More exactly, we discuss about the qualitative theory
of differential systems and the importance to study the configurations of invariant lines for
cubic systems which serve as a a basis for completing the phase portraits of the corresponding
systems. So, our Thesis was partly motivated by the problem of topologically classifying the
cubic differential systems. In the second section we describe the problem of integrability
concerning differential systems (1.1). Having obtained all canonical forms for cubic systems
possessing invariant lines of total multiplicity eight, the problem of integrability of such
systems could be resolved and this also motivated our work. The last section is devoted to
the concept of invariant polynomial and its use in classification problems. We briefly review
the classical theory of invariants and its analog for the theory of polynomial vector fields
developed by Sibirskii school and its new developments by the joint work of the Chiginau
school, the Barcelona school and by Schlomiuk.

In Chapter 2 we firstly give the preliminary definitions and results needed in the work. In
this chapter we give the preliminary definitions and results needed in the work. This section
is devoted to some aspects concerning the Invariant Theory and besides some invariant
polynomials earlier constructed we exhibit 52 new invariant polynomials, which are in fact
C'T'—comitants.

Consider real differential cubic systems, i.e. systems of the form:

(S) @ =po+pi(z,y) +p(x,y) +ps(x,y), ¥=aq+aq(zy)+e@y) +aealy) 1)

(k) k h(k akf 8kg
Let f, g € Rla,z,y] and (f,g)'"™) = Zh:0<_1) (h) dxk—hdyh dzhdyk—h"

(f,9)® € Rla, z,y] is called the transvectant of index k of the polynomials f and g.

The polynomial

In order to define the needed invariant polynomials we first construct the following comi-

tants of second degree with respect to the coefficients of the initial system:



S1=(Co,C)V,  Sy=(C1,C0)?,  Si5=(Cy,Dy)"Y, Sy = (Da, D)V,
Sa=(Co,Co)",  Sg=(Cr, Do)V, Sig=(Co,Co)Y Sy = (Cy, Cy),
S3=(Co, D)V, Sio=(C1,C3)", S =(Cy,C5)®, Spy=(Cy,C5)W,
Si=(Co,C)V . Si=(C1,C5)?,  Sig=(Co,C5)®,  Sos = (Cs, Dy),
S5 =(Co, D3)V',  S1a=(C1,D3)V,  Sig=(Cs,D5)",  Sys=(Cs,D5)?,
So=(C1,C1)?,  Si3=(C1,D3)®,  Sa=(Cs,D5)®, Sy = (D5, D3)?

Sr=(C,C)V,  Siu=(Cs,C0)?, Sy = (Da, O,

We shall use here the following invariant polynomials constructed in [25] to characterize the
family of cubic systems possessing the maximal number (i.e. nine) of invariant straight lines:
Di(a) = 653,—[(Cs, S25)@]*, Da(a,x,y) = —Sas, Ds(a,x,y) = (Sas, Sa3)@—6C5(Cs, Sag),
Dy(a) = (Cs, D)W, Vi(a,7,y) = So3+2D2, Va(a,z,y) = Sa, Vs(a,z,y) = 6S95— 3553 —
203, Vi(a, 2, y) = Cs [(Cy, $)™ + 36(Dy, 820)? |, Lila,2,y) = 90> (S + 245y7) —
12D5 (Sa0 + 8592) — 12 (S16, D3)? — 3 (Sa3, C2)? — 16 (Shg, C3) ) + 12 (5890 + 2455, C5)P |
Lo(a,z,y) = 32(13 S19 + 33 Sp1, Do) + 84(9 Sy — 2 Syy, D3)Y — 448 (Sys, )Y +
8D5 (1255 + 35515 — 73550) — 56 (S17, Co)® — 63 (Sa3, C1)P + 756D5515 — 1944D; a6 +
112 (Si7, Do) — 378 (Sas, C1)™ + 90 (4887 — 35Sa4) , Ui(a) = Soq — 487, Us(a,z,y) =
6(S25 — 355, S26) ) — 3505( 524 — 8527) — 2453, 4 2C5(Cs, Saz) ™ + 24 D5(Ds, Sag) ) + 24 D2S5;.
However these invariant polynomials are not sufficient to characterize the cubic systems

with invariant lines of total multiplicity 8. So we constructed here the following new invariant

polynomials:
Vi(a,2,y) = 6T1(9As—TAg)+2To(ATy6—Tir)—3T5(3A; +5A0) +3 ATy +36T2 — 3T,
Ve(a,z,y) = 6D3+ Saz + 655, Ls(a) =245 —194,,  L:(a,x,y) = (Tho, Tlo)(z),
Ki(a,z,y) = (3223T2Tv0 + 2718TyThag — 8297 Thay, Tuss) ' /2, Ka(a, 2, y) = T,
Ks(a,x,y) = Z1Z:7Z5, Kyla,z,y)="Tiz— 2111,
Ks(a,2,y) = 45Ts — ToTia + 2T5Ths + 12T + 45757 — 45Tss + 30Thg,
Ke(a,z,y) = AT\Ts(2663T04 — 8161T}5) + 6T5(178Tog -+ T0Tsy + 555Ts) +

18T4(30T5 T — 488Ty Ty, — 119Ty;) + 5T5(25T 136 + 16T137) —
15T1 (25T140 — 1]_T141) — ]_65T142, IC7(a) = A1 + 3A2,

ICg(CL, xZ, y) = 10A4T1—3T2T15 +4T36—8T37, ICg(CL, xZ, y) = 3T1<11T15—8T14)—T23—|—5T24,



Nl(aaxay)

N4((l, z, y)

N5(a,x,y)

N6(aa z, y)

N7<CL, z, y)

Ng((l, z, y)

Ng((l, z, y)

N10<a7 z, y)

N11<a’7 z, y)

N12(CL, z, y)

ng((l, z, y)

N14(CL, z, y)

N15((l, z, y)

N16<a’7 z, y)

N18<a’7 z, y)

Siz, No(a,z,y) =Ty, Ns(a,x,y) = CyDs+ 3Sis,

—S%, —2D32(3S14 — 8S15) — 12D3(S14, C1)Y +

+Dy(—48D3Sy + 16(Sy7, C1)W),

36Dy D3(Ss — Sg) 4+ D1(108D2Ds — 54D3( Sy, — 8515)) +
+2814(S14 — 22515) — 8D32(3S14 + Si5) — 9D5(S14, C1)Y — 16D3,
40D3(15Ss — 4S3) — 480D3D3Sy — 20D D3(Syy — 4S15) +
+160D2S)5 — 35D5(S14, Cy ) + 8((Sas, C2) D, Co) Y,
18C3y D5 (9D D3 — S14) — 2C,D3(8D3 — 3S14 — 74S15) —
—4320)D3599,4857(8 Dy D3 + S17) + 6S10(12D3 + 151515) —
—51810S14 — 162D, D551 + 864D3(S16, Co) Y,

—32D3S5—108D; D3S10+108C3D; Sy, —18C; D3S11 — 27510511 +
+4CyD3(9Dy D3 + 4517) + 1085450,

115%, — 16D, D5(16D3 + 19514 — 1525,5) — 8D3(7S14 + 32515) —
—2592D3% 85,5 4 88D (S, Cy) WY,

—24D D3 +4D3 + S14 — 8515,

S?, + D1[16D3Ds — 8D5(S14 — 8S15)] — 2D3(5S514 — 8S15) +
+8Ds(S14, Co) W,

—160D4 — 16200255+ D1 (1080 D3 D3 —135D5(S14— 20545 )) —
—5D2(395),—325)5)+85Dy(S14, Co) D +81((Sas, Co) M, Co) Y +58
2(136D3Sy — 126 D3 D3Sy + 60D D3S7 + 63S510511) —
—18C3D(S14 — 28515) — 12C, D5(7S11 — 20S15) — 192C5 D5 S5 +
+4CyD3(21 Dy D5 + 17S17) 4 3C5 (S, Co)W,

—6D1 D3 — 15512 + 2514 + 4S5,

216D D4(6351; —104D3 —136S15) +4536 D356 +4096 D +
12052, +992D5(S14, Cy) D —135D3[28(Sy7, Co) D 45(S14, C1) V],
2C, D3 + 3540, Ni7(a,z,y) = 6D, D3 — 2D2 — (C5,C1) P,

2D3 — 6D, DyDs — 12D3S5 + 3D3 S5,



Nig(a,z,y) C1 D18 D% — Sg) +Cy4D3 —12Dy Dy D5 — 18 D3S5+9D5Sg) +6Cy Dy Sg+
+2(9Dy D38y —4D3 S5 +12D D3 So—9C5 D1 Ss—9D3(S4, Co) M),
Ny(a,z,y 3D; — 8D, D5D3 — 8D3Ss — 16D D3Sy; + 16D D3y,

2D, D3Ds — 4D3Ss + DyD3Ss + D1(Sa3, C1)WY,
Ty, Nos(a,z,y) =Ts, Nula,v,y) = 2T3T74 — TiTis6,
0151 — ThThs, Nog = 91135 — 4801 T — 401517y — 1515175,
95Ty (2723 — 5Ty — 80Ts5) + 144T55(Tog + 5Ty + 15T0) —

—9(T223 — 5T224 — 33T9T76), NQg(CL, x, y) = T3 + T47

Wi(a,z,y) 2C5D3 — 3C3D,

Wo(a, z,y) 6C3(S12 4 6S11) — 9C1(Sas 4 Sas) — 8(S16, Ca)M) — C3 D2,

Ws(a,x,y) 12D,C3 — S19, Wy(a,z,y) = =275, + 457,

Ws(a, z,y) 3D?Cy + 4Dy Sy — 3(Sy, Co)W,

Ws(a, z,y) 2C5 Dy + 38y, Wr(a,z,y) = (Sig, Do)V,

W(a, z,y) 4C5(27Dy D3 —8D32) +2C5(2055 — 45144 39512) +18C1 (3851 — Dy D) +
+54D3(3S, — S7) — 288C5Sy+54(S7, C3) Y —567(S,, Cs)V +135C, D2,

Wo(a,x,y) 3S5D3 4 4S5D% — 6D1D, Sy,

Wio(a, z,y) 18D?Cy + 1555Cy — 6D,01 Dy + 4CoyD3 + 27D, Sy — 6C1.Sy,

Wi (a,x,y) 90y D3 — 6D5(Cy Dy — S7) +4Co D3 (D3 + Syy — 2515) —
—12C3D3[5D581, — 4D5S15 — 7(S4, Co) V],

Wis(a, z, y) —480T 4Ty + T35 — 4015 Ty — 15T Trs,

where

Zy = 2C1DyD3—9Cy(Sas+2D2)+4C(9D; D3+ S14) —3C5(6D1 Da+5S55)+36 D35,

Zy = 12D1S17 + 2Dy(3S1; — 2S14) + 6D3(Ss — 6S5) — 9(Sa5, Co) W,

Zy = 48D3C3+12D3(C1D3—CyDy)+36D1(CoS17—C386) —16D3595 — 165514+

+200D2<3511 + 2514) + 3D3<8D251 + 30058 — 20156) - 95458

—216C5(S5, Co) M) + 604 (DySs — 4(Sa, Co) V) + 54D, Do(Sy + DsC).

Here the polynomials

10



Ar = S04/288, Ay = Sy7/72, A3 = (72D Az + (522, Dz)(l))/%a
Ay = [9D1(S54—28845)+4(9S1; —2514, D) P +8(3S15— a0 — 4555, D) "] /27/3%,
As = (523,03)(4)/27/35, Ag = (526,D3)(2)/25/33

are affine invariants, whereas the polynomials

Ty = O3, To= D3, Ty= Sy3/18, Tyi= So5/6, Ts= Se5/72,

Ts = [3C1(D3 —9Ts + 18Ty) — 2C5(2D2D3 — Si7 + 2519 — 6521) +
+2C5(2D5 — Sia + 8515)] /24 /32,

Ty = [5Dy(D2+ 27Ty — 18T}) + 20D3Sh9 + 12(Sys, Ds)'Y — 8D4817] /5/2° /3%,

Ty = [9D(9T;—18T,— D2)+2Dy(DyDs—3S17—S19—952)+18(S1s, Cs) " —
—6C5(2550 — 3592) 4+ 18C1.Sa6 + 2D5514] /2 /3%,

Ty = [(D2—9Ts+ 18T, Cy)? — 6(D3 — 9T, + 18Ty, Do) — 12(Ss5, Cy) Y
+12D5 556 + 432(A; — 5A5)Co] /27 /3%,

Tis = [27(T3,Co)® — 18(Th, Co)® + 48 D359y — 216(Ty, Do) + 36 D5 Sa6 —
—1296C2A; — T344C5 Ay + (D3, C5) @] /27 /3%,

Ty = [(8519 + 951, Ds)") — Dy(8Ss0 + 35) + 18D; S5 + 1206C; Ay] /2 /3%,

Tis = 8(9Su + 2Su, Do) +3(9T3 — 18Ty — D2, C1)® — 4(Sy7, ) +
+4(S1s — 17515, D3) " = 8(S14 + S5, C5)? + 43204 (54, + 114,) +
+36D1S56 — 4D2(S1s + 4522)] /2°/3°,

Ty = (Ts,C5)"Y, Tos = (To, Cs)® /6, Toy = (Tu, Ds)'" /6,

T = (To,Cs)/4, Ty = (Tiy,Cs)", To = (T, Cs5)? /24,

Ty = (T D3)V/6, Ti= (Te,Ds)?/12, Tyr = (To, C5)® /12,

Tys = (To,D3)V /12, Tag = (Ty, Cs) P /24/32, Ty = (Tua, C5)'V /2,

T = ((Sas, Cs)®, Dy)? /5720738,

Try = [27Co(9Ts — 18Ty — D3)* + Cy (— 6220871},C5 — 3(9T5 — 18Ty — D3) X

X (2D D3 — Si7 + 2519 — 6521)) + 20736T11C5 + Co(9T5 — 18Ty — D3) x
X (8D3+54D D3 —27511 +27S12—4S14+32515) —54C5(9T3— 18Ty — D3) X
x(2D1 Dy — Sg + 2Sy) — 54D (9T — 18T, — D3)S16 —

—576T5(2D2D5 — S17 + 2519 — 6521)] /28/3%, Tizs = (Tra, C3),

11



T = (Tos.C)? /20 Tir = (T, D3) /6. Tan = (Tos. D3) /12,
T = (T74’C3)(3)/36’ Tz = ((T74,03)(2),03)(1)/72

are the elements of the polynomial basis of T-comitants up to degree six for systems (1)
constructed by Iu. Calin [23].

Consider the differential operator £ = = - Ly — y - Ly [3] acting on Rla, z,y], where

0 0 0 1 0 2 0 0 0 0
L, 263610 D, +;CL10 +8a01 Bar +8 ape=—+ = anaa . +ag0n— 686130 +3boo =— gbm +2b1g = 3320 +
1 1
b b b b L, = 2
018()11 025, + b o + by By’ 2 3ago 8&0 + o 02 +ayg Bar + - 50205 — Bann +
ga J +a 4 + 3b J + 2b 4 +b g + b 9 + —b g +b
"oay ' P0ags Coby M obgy - C0by 3 P0byy 3 M Oby | 0bgy

Using this operator and the affine invariant po = Resultant, (pg(a,x,y),q3(a,x,y))/y9

8&20 8&12

we construct the following polynomials: y;(a, x,y) = Zlﬁ( )(1o), i =1,..,9, where L (o) =
L(LYD (o)) and L) (o) = peo.-

These invariant polynomials are responsible for the total multiplicity of all finite singu-
larities of a cubic system [2,3]. Moreover all these polynomials vanish for a cubic system if

and only if this system is degenerate.

In this chapter we also describe the scheme of the proofs of the main theorems.

Let L(xz,y) = Uz + Vy + W = 0 be an invariant straight line of cubic systems (5). By its
definition we have UP(x,y)+VQ(x,y) = (Uz+Vy+W)(Az*+2Bxy+Cy*+ Dx+ Ey+ F),
and this identity provides the following 10 relations: Eq; = (azo — A)U + byoV =0, Eqo =
(3agy —2B)U 4+ (3by1 — A)V =0, Eqz = (3a12a—C)U+ (3b12—2B)V =0, Eqq = aosU+ (bos —
C)V =0, Eqgs = (ago — D)U +bygV — AW =0, Egs = (2a11 — E)U + (2by; — D)V —2BW =
0, Eqgr = apU + (boe — E)V — CW =0, Eqs = (a190 — F)U + b1V — DW =0, Eqy =
anU + (boy — F)V — EW =0, Eq = aplU + bV — FW = 0.

According to [28] we call configuration of invariant straight lines of a system (1.1),
the set of (complex) invariant straight lines (which may have real coefficients) of the system,
each endowed with its own multiplicity and together with all the real singular points of this
system located on these invariant straight lines, each one endowed with its own multiplicity.

If a cubic system is in CSLLg we say that its lines form a configuration of type (3,2,1,1) if
there exist one triplet and one couple of parallel lines and two additional lines every set with
different slopes. In a similar way are defined configurations of types (3,3,1), (3,2,2) and
(2,2,2,1). These four types of the configurations exhaust all possible configurations formed
by 8 invariant lines for a cubic system. Note that in all configurations the invariant straight

line which is omitted is the infinite one.
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Following [25, Lemma 5| we split the family of cubic systems CSLg in 9 subfamilies
according to the number of infinite singularities (real or complex) of systems (S) which
are determined by the linear factors of the polynomial Cs(z,y) = yps(z,y) — xqs(x,y). For
each one of these subfamilies the proof of the corresponding Main Theorem proceeds in the
following steps:

(i) First we construct the cubic homogeneous parts (P, Q3) of systems for which the
corresponding necessary conditions, provided by Theorem 1.3 of the Thesis are satisfied in
order to have a given number of triplets or/and of couples of invariant parallel lines in the
respective directions;

(ii) Secondly, taking cubic systems & = P, y = Q3 we add all quadratic, linear and
constant terms and using the equations EFq; — Fqip we determine these terms in order to get
the necessary number of invariant lines in the respective configuration. Thus the second step
ends with the construction of the canonical systems possessing the needed configuration;

(iii) The third step consists in the determination of the affine invariant conditions neces-
sary and sufficient for a cubic system to belong to the family of systems (constructed at the
second step) which possess the corresponding configuration of invariant lines;

(iv) And finally, in the case of the existence of multiple invariant lines in a potential con-
figuration we construct the corresponding perturbed systems possessing 8 distinct invariant

lines (including the line at infinity).

In section 2.2 of Chapter 2 we state and prove the classification theorem (Main The-
orem A) of cubic systems in CSLg having four ISPs according to their configurations of
invariant lines and for each configuration we give the corresponding necessary and sufficient
conditions in terms of algebraic invariants and comitants with respect to the group of affine
transformations and time rescaling. For the family of such cubic systems we also construct
its representatives modulo the action of the group under consideration.

Main Theorem A. Assume that a non-degenerate cubic system (i.e. E?:o u? # 0) possesses
invariant lines of total multiplicity 8, including the line at infinity with its own multiplicity.

In addition we assume that this system has four distinct infinite singularities. Then:

1. The system possesses exactly one of the 17 possible configurations Config. 8.1 — Config.

8.17 of invariant lines given in Figure 2.1;

II. This system possesses the specific configuration Config. 8.5 (j € {1,2,...,17} if and
only if the corresponding conditions included below are fulfilled. Moreover the system can be

brought via an affine transformation and time rescaling to the canonical forms, written below
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next to the configuration.:
1) Four real distinct infinite singularities < Dy >0, Dy >0, D3 > 0:

Ay) Configuration of type (3,3,1) © Vi =Vo=L1=Ly=K; =0, K3 #0;
o Config. 8.1 & K3>0:t=zx(z+1)(z—a), y=y(y+1)(y—a), 0<a#1;
e Config. 8.2 & K3<0:1= x[(:p+a)2+1}, Y= y[(y+a)2+1}, a#0;
o Config. 8.3 & K3=0: c=2*(1+2z), v=y*1+vy);

Ay) Configuration of type (3,2,1,1) & Vs=Us=K;, =K5=Kg=0, Dy #0:
x—1)(x+r), r>0,

o Config. 84 & L1#0andKy;>0: 4" o
y=yly—1 (1—r):1:+ry+7‘}

o Config. 8.5 & L1#0 and K; <O0: {
o Config. 8.6 & L,=0: z=r3 y=

As) Configuration of type (2,2,2,1) < V3 =Ky=K;=Ks=0, Dy #0:

(re +2y +ry), r(r* —=1) £0,

e Config. 8.7 & Kg>0:
r+2rz+y), (r+2)(2r+1)#0;

N ~—

(
(y°—1)
= (D) 2y ), 1% 1) £0,
( Yx42rz—+y), (r+2)(2r+1)#£0;

~—~

e Config. 8.8 & Ky<O0: {

T =z*(rz+2y+ry), r(r* —1) #0,

o Config. 89 & Kog=0: ¢
y=vy*(x+2re+y), (r+2)2r+1)#0;

2) Two real and two complex distinct infinite singularities < Dy < 0:

Ay) Configuration of type (3,3,1) © Vi =Vo=L1=Ly=K; =0, K3 #0;
1—rHaz/4+ 2% —y* + 23 — 3292,

e Config. 810 < K3>0:
1—7?)y/4+2xy+ 3%y —y>,r* #£0, 109, 1;

= ( )

(

(1+rHz/4+ 2% —y* + 23 — 3zy?,
(1+72)y/4+ 2xy + 32y — y>, 1 #0;

T =x/4+ 2% -y + 23— 3y’

Y =y/4+2zy + 32y — y?;

e Config. 8.11 < IC3<O:{
e Config. 8.12 < /ngO.‘{

As) Configuration of type (3,2,1,1) & Vs=Us =Ky =K5s=Kg=0, Dy #0:

1—1—7’ z[(x+r)+1], r#0,
e Config. 813 & L, #0: D2y +2r(1 +r?)ay — ra®
—i—r:cy roy? — y3;

14



= (1 +7?%)2%, 0,

e Config. 8.1, < L;=0: z=(1+r)z r#

g = —rad +r’iy —roy? — 3
Ag) Configuration of type (2,2,2,1) V3 =Ky =K4=Kg=0, Dy #0:
(i = r(x—1)(1+7?=2x+2ry), r#0,
o Config. 8.15 & Kog>0: ¢y=—(1+r)y+ 3+ rHzy —ra’
=32’y — 2ry® + ray® — y*;
(& =21+ a%)(ry —x = 1), v £0,
o Config. 8.16 & Kog<O0: qy=r(r*+3)r+(1—-1r?)y—rz’
—32%y + ray? — y3;

b= =22%x —ry), r£0,

e Config. 817 & Kg¢=0:
= —2ry? —ra’ — 32’y + ray? — y>;

III. This system could not have a configuration of invariant lines of the type (3,3,2) and
neither could it have 4 complex ISPs.

Remark 2.3. If in a configuration an invariant straight line has multiplicity £ > 1, then
the number &k appears near the corresponding straight line and this line is in bold face.
Real invariant straight lines are represented by continuous lines, whereas complex invariant
straight lines are represented by dashed lines. We indicate next to the real singular points
of the system, located on the invariant lines, their corresponding multiplicities. In order
to describe the various kinds of multiplicity for ISPs we use the notation (a,b). By this
notation we point out the maximum number a (respectively b) of infinite (respectively finite)
singularities which can be obtained by perturbation of the multiple point.

Chapter 3 is devoted to the proofs of two classification theorems: Main Theorem B
which deals with cubic systems in CSILg possessing three distinct ISPs and Main Theorem
C which is related to cubic systems in CSILg possessing exactly one ISP. So we detect all
possible configurations of ISLs for these subfamilies of systems and for each configuration
we give the necessary and sufficient conditions for its realization. In order to prove the
multiplicity of multiple lines we construct in this case the perturbed systems corresponding
to the given canonical forms associated to the configurations of invariant lines.

Main Theorem B. Assume that a non-degenerate cubic system (i.e. Z?:o p? #0) possesses

mvariant straight lines of total multiplicity 8, including the line at infinity with its own

multiplicity. In addition we assume that this system has three distinct infinite singularities,
i.e. the conditions Dy = 0 and D3 # 0 hold. Then:
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%
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=

Config. 8.17

Fig. 2.1. Configurations of invariant lines for systems in CSLg with 4 ISPs

I. This system has only real infinite singularities and it possesses one of the five pos-
sible configurations Figure 3.1, endowed with the corresponding conditions included below.
Moreover the system could be brought via an affine transformation and time rescaling to the

canonical forms, written below next to the configurations;

II. This system could not have a configuration of invariant lines of the types (3,3,1) or

(3,2,2). And this system has:

By) Configuration of type (3,2,1,1) & Vy=Vs =K, = K5 = K¢ = 0;

~—

i =z(2? — 9z — 2y — 9>

y=—y*9+y);

Y

e Config. 8.18 & K;:#0, L, #0:
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& =az(2® —zy —y?),
e Config. 819 & K;:#0,L,=0:

y=—y°
K7 =0, Ly #0, T=(1-z)z(1+y),
e Config. 8.20 ! 17 : ( J(1+9)
Vs =L =0 y=y(l—z+y—2?);

Bs) Configuration of type (2,2,2,1) © V3 =K4 =Ky =Kg=0, L7 #0;

&= (2% = 1)(z +y),

e Config. 8.21 < Kyg>0:
§=2z(y* — 1);

&= (1+a2%)(x +y),
v =2x(1 +1y?).

v

Config. 818 Config. 8.19 Config. 8.20

e Config. 8.22 & Ky9g<O0:

(2.2) (2.2)

(1)

(1)

Config. 8.21 Config. 8.22

Fig. 3.1. Configurations of invariant lines for systems in CSLg with 3 ISPs

Main Theorem C. Assume that a non-degenerate cubic system (i.e. Z?:o uz #0) pos-
sesses invariant straight lines of total multiplicity 8, including the line at infinity with its own
multiplicity. In addition we assume that this system has exactly one infinite singularity de-
fined by a unique real factor of degree four of Cs3(x,y), i.e. the conditions Dy = Dy = D3 =0
hold. Then this system possesses the specific configuration Config. 8.5 (j € {48,...,51})
(see Figure 3.2) if and only if the corresponding conditions included below are fulfilled. More-
over it can be brought via an affine transformation and time rescaling to the canonical form,

written below next to the conditions:

Vi= L= Nog =Wy =W, = i =,
Config. 8.48 < ' ? % ' ? &
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Vi=Ly=Noyg=W; =Wy = T=u,

Config. 8.49 < &
:N16:W5:O, WG#O y:y—l‘Q—fL‘s;
Config. 8.50 < ' ? ’ ! ° & ( )
=Wy =Wip=0, Nog #0 y=y+azy—a°
Vi=Ks=Ks=Ks=Kg =
T =2*1+ux),
Config. 8.51 & =Ny =Kg =W =Wy =0, &
Y= —1—-3x+a’y—a’.
Vi #0
(8,4) (8,4) (8,4) (8,4)
7 5 3
3
e} @
Config. 8.48 Config. 8.49 Config. 8. 50 Config. 8.51

Fig. 3.2. Configurations of invariant lines for systems in CSLg with one ISP

In Chapter 4 we state and prove the classification theorem (Main Theorem D) of the
cubic systems in CSLg with two distinct ISPs. For this family of systems we construct all
possible configurations of invariant lines and invariant criteria for the realization of each one
of the detected configuration. In order to prove the multiplicity of multiple lines we construct
in this case the perturbed systems corresponding to the given canonical forms associated to
the configurations of invariant lines.

Main Theorem D. Assume that a non-degenerate cubic system (i.e. Z?:o uz # 0) possesses
mvariant straight lines of total multiplicity 8, including the line at infinity with its own
multiplicity. In addition we assume that this system has two distinct infinite singularities,
i.e. the conditions Dy = D3 = 0 and Dy # 0 hold. Then:

1. This system could not have the infinite singularities defined by two double factors of
the invariant polynomial Cs(z,y);

II. The system has the infinite singularities defined by one triple and one simple real
factors of Cs(x,y) (i.e. D1 = D3 =Dy =0 and Dy # 0) and could possess only one of the
25 possible configurations Config. 8.23 — Config. 8.47 of invariant lines given in Figure 4.1;

III. This system possesses the specific configuration Config. 8.j (j € {23,24,...,47})
if and only if the corresponding conditions included below are fulfilled. Moreover it can be
brought via an affine transformation and time rescaling to the canonical form, written below

next to the conditions:
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Config. 8.283 < NoN3 # 0,V =V3 =K5 =N, =Ny = N5 =Ng=N; =0:
= (r—1)z(l +x),

y=1z—y+2*+ 3zy;

Config. 8.24 - 8.27 < Ny #0, N3 =V, =V3=K5=N;=Ny=Ng=Ng=0, Ny # 0:
(Conﬁg. 8.24 < Ny <0 (r<0)

&= z(r + 2z + 2?), Config. 8.25 < Ny>0,N;; >0 (0<r<1);

g = (r+2z)y, r(9r — 8) # 0; Config. 8.26 < Nyjg=0 (r=1);

| Config. 8.27 < Ny <0 (r>1);

Config. 8.28 - 8.30 < Ny # 0, N3 =V, =V3=K5=N;=Ns=Ng=N;5=0, Ny3#0:
Config.8.28 < N5 <0 (r <0);

Config.8.29 < N1, <0, N15>0 (0<r<1);
Config. 8.30 < Nyy >0 (r > 1);

t=xz(r—2x+z?%),(9r—8)# 0

y=2y(z—r),r(r—1) #0;

Config. 8.31, 8.32 < Ny = N3=V,=V3=K5=N;=N17=N13=0, N;gNys # 0:

(

&= x(r+a?), Config. 8.31 < Ny <0 (r = —1);
g=x—2ry, re{-1,1} Config. 8.383< Nyy >0, (r=1);

e Config. 833 <& No=N3= 0,V =V3=K5=N; = Njyg= N7z =Nig=0,N#O:
(

= a®,

y=1+w;
\

Config. 8.34 - 8.38 < Ny=N3=0,V=V3=K5=N,;=Ni5=N;9=0, Nig#0:
(C’onﬁg. 8.34 & Ny <0 (r <0);

Config. 8.35 < Noy > 0,Ny >0 (0 <r < 1/4);
Config. 8.36 <& Ny =0 (r =1/4);

Config. 8.87 & Ny <0 (r > 1/4);

\C’onﬁg. 8.38 & Ny =0 (r=0);

& =z(r+z+2?),

gy=14ry, (9r—2)#0;

o Config.8.39, 8.40 = Vi =Ly =Ly= Ny = Nog=Noy =0, V3Kg % O:
&= a(r+a+a2?), Config. 8.39 & g <0 (r < 1/4);
v = (r+ 2z + 32?)y; Config. 8.40 < pe >0 (r > 1/4);
o Config.8.41 843 & Vi=L1=Ls=Nos =Ny =Kg=0, VsNoy # O:
Config. 8.41 < g <0 (r <0);
Config. 8.42 < g =10 (r =0);
Config. 8.43 < g >0 (r > 0);

i =z(r + 2?),

y=1+ry+ 3z%y;
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o Config.8.44-8.47 = Vs =Us = Ky = Ks = Kg = Noa= Nog= Nog= Noz= 0,V Vs % 0:
'C’onﬁg. 844 & g <0 (=2<r<-1)
t=a(l+x)[r+2+(+1)zl, | Config. 845 < pg>0,Nag <0 (r<—2);
y=1[r+2+3+2r)z+ra?y; Config. 846 < e >0, Nag >0 (r > —1);

| Config. 847 < pg =0 (r=-1).

The proof of Main Theorem D helped us to detect a new class of systems in CSLg
completing the classification given by Llibre and Vulpe in [25]. And namely, we arrive at the
system (Sg): & = 2(2+4 3x)(4+ 32)/9, y=2(4+ 9x)y/9 which possesses invariant lines of
total multiplicity 9: = = 0 (triple), x = —2/3 (double), x = —4/3 and y = 0 (both simple)
and the line at infinity: Z = 0 (double).

Considering the configuration of invariant lines of this system given in Figure 4.16 we

observe that this configuration is different from configurations given in Figures 14-22 [25].
GENERAL CONCLUSIONS AND RECOMMENDATIONS

The Thesis is devoted to the problem of classifying a family of cubic systems which pos-
sess invariant straight lines according to the configurations of these lines. This problem in
qualitative study of differential equations, which is very hard even in the simplest case of
quadratic differential systems, is partly motivated by the problem of topologically classifying
all phase portraits of polynomial cubic systems.

As a general observation we note that cubic differential systems are harder to study
than quadratic differential systems because of phenomena which could occur in this class
but which never occur in the quadratic family. For example the joint presence of limit
cycles and singularities which are centers is a phenomenon which occurs in cubic differential
systems but does not occur in the quadratic family. Furthermore cubic systems form a family
depending on 20 parameters while the class of quadratic differential systems depends on only
12 parameters.

Here we consider the family CSILg of cubic systems with invariant lines of total multiplicity
eight (including the line at infinity). The study of these systems was based on some concepts,
such as the invariant straight line, the multiplicity of lines (of finite/infinite singular points)
and the configuration of invariant lines.

An other aspect of the practical and theoretical values of the work is that having all
canonical forms of systems in CSLg, constructed in the current Thesis, the problem of in-

tegrability of such systems could be solved. Of course we realize that, at the first glance,
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Fig. 4.1. Configurations of invariant lines for systems in CSLg with 2 ISPs

the class CSlLg is a very specific one, moreover the cases of integrable systems are rare, but

as Arnold said in [1, p.405| ”...these integrable cases allow us to collect a large amount of
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Fig. 4.16. Configuration of ILs corresponding to system (Sy)

information about the motion in more important systems...”.

The main scientific problem which is solved in this Thesis consists in classifying the
whole family of cubic differential systems possessing invariant lines of total multiplicity eight
according to configurations of these lines; this classification is very helpful for obtaining the
complete topological classification of this family and is useful for the study of integrability
of this systems.

Novelty and scientific originality of the work consists in the fact that for the first time
there are constructed all the possible configurations of invariant lines for systems in CSILg and
the obtained results are reflected in [8-26]. This set of configurations contains as particular
cases all the configurations detected by other authors in special cases of systems in CSLg
(see [26], [29,30]). In fact, this work is a continuation of [25] where the cubic systems with
the maximum number of invariant lines (i.e. 9) were studied and where 23 configurations of
invariant lines are detected. However a new class of cubic systems possessing invariant lines
of total multiplicity nine which completes the classification given by Llibre and Vulpe in [25]
was detected in this Thesis. Thus, we have obtained 51 different configurations of invariant
lines. More exactly, we have detected 17 (respectively 5; 25; 4) distinct configurations
for the subfamily of systems possessing four (respectively three; two; one) distinct infinite
singularities, real or/and complex. At the same time we have constructed 33 canonical forms
of the systems possessing invariant lines of total multiplicity eight. We point out that 19
of these canonical forms are one-parameter families, whereas 14 of them are systems with
constant coefficients. One more result obtained in the Thesis is the construction of perturbed
canonical forms which prove that taking jointly the invariant lines they produced a maximum
of eight distinct invariant lines.

The benefits of our elaborations are that this classification, which is taken modulo the
action of the group of the real affine transformations and time rescaling, is given in terms of
invariant polynomials. Therefore the author of the current Thesis has constructed 52 new

invariant polynomials besides 20, which were constructed in [25]. It is worth to mention that
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it was made a great work, because the process of the construction of invariant polynomials
takes time and it is pretty difficult. These algebraic invariants and comitants allow one to
verify for any given real non-degenerate cubic system with non-degenerate infinity whether
or not it has invariant lines of total multiplicity eight, and to specify its configuration of
lines endowed with their corresponding real singularities of this system. The important fact
is that the calculations can be implemented on computer.

In addition to complex investigations on the research problem, the contribution of the
author is materialized by the following main conclusions of the Thesis:

1) In this Thesis we studied a whole family of cubic systems, i.e those possessing invariant
straight lines of total multiplicity 8. We show that for this class, which we denote by CSLsg,
several normal forms are needed each one depending of at most one parameter. To obtain
global results we used the invariant theory of polynomial differential systems as developed
by Sibirschi and his school. This method allowed us to glue in a unique global diagram, the
bifurcation diagrams of the several normal forms needed in the study of this family.

2) The global result mentioned above is a bifurcation diagram in the 20 dimensional
parameter space of cubic differential systems. This gives us an algorithm to decide for each
cubic system whether it belongs to this family or not and in case it belongs to this family, it
allows us to effectively compute its specific configuration of invariant lines. We proved that
this family possesses 51 possible configurations of invariant straight lines.

3) The Thesis also led us to obtain the following new global results:

(i) a system in CSLg must have at infinity at least one real singularity;

(ii) a cubic system with real infinite singularities defined by two double factors of the
invariant polynomial C3(x,y) = yps(x,y) — 2Q3(x,y) could not belong to the class CSLg
and this is the unique exception of cubic systems with real infinite singularities.

We propose the following recommendations: (a) the configurations of invariant lines
detected, and canonical forms could be used for a complete topological classification of cubic
systems in this class; (b) the canonical forms of cubic systems in CSLg constructed can serve
as a basis for determining of the first integrals of such systems; (c) to use the polynomial
invariant we constructed for further investigations of cubic systems with invariant lines of
total multiplicity less than 8; (d) to apply the scientific results obtained, in the study of some
mathematical models which are described by polynomial differential systems and which are
related with some problems in physics, chemistry, medicine, etc. (e) these investigations

could serve as a support for teaching courses in higher education.
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C.Z.U: 517.925
ADNOTARE

Bujac Cristina, “Sisteme diferentiale cubice cu drepte invariante de multiplicitate
totald opt”, doctor in stiinte matematice, Chisinau, 2016.

Lucrarea este scrisa in limba engleza, contine 154 pagini text de baza gi are urmatoarea
structurd: introducere, 4 capitole, concluzii generale si recomandari, bibliografia (care in-
clude 140 titluri). Rezultatele obtinute sunt publicate in 19 lucrari stiintifice.

Cuvintele cheie: sistem differential cubic, polinom afin invariant, dreapta invariantd, mul-

tiplicitatea curbei algebrice, configuratie de drepte invariante, sistem perturbat.

Domeniul de studiu al tezei: teoria calitativa a sistemelor dinamice, teoria invariantilor
algebrici a ecuatiilor diferentiale.

Scopul si obiectivele lucrarii: de a efectua clasificarea completa a familiei de sisteme
cubice cu drepte invariante de multiplicitate totald 8; aceasta clasificare presupune deter-
minarea tuturor configuratiilor de drepte invariante posibile pentru aceasta familie de sisteme
cubice si construirea conditiilor necesare si suficiente afin invariante pentru realizarea fiecarei
dintre configuratiile depistate.

Noutatea si originalitatea stiintifici. In lucrare au fost construite pentru prima dats
toate configuratiile posibile de drepte invariante de multiplicitate totala opt ale familiei de
sisteme diferentiale cubice. Aceasta multime de configuratii contine toate configuratiile de-
pistate de alti autori pentru unele clase speciale de sisteme cubice. Aditional, s-au determinat
conditiile necesare si suficiente afin-invariante pentru realizarea fiecareia dintre configuratiile
construite. De asemenea a fost completata clasificarea realizata de Llibre si Vulpe depistand
o noua clasa de sisteme cubice cu drepte invariante de multiplicitate totala noua.
Problema stiintificd importanta solutionata consti in clasificarea completa a familiei
de sisteme cubice cu drepte invariante de multiplicitate totala opt in raport cu configuratiile
acestor drepte; aceasta clasificare este un element foarte util in vederea clasificarii topologice
complete ale acestei familii de sisteme si in vederea studiului integrabilitatii acestor sisteme.
Semnificatia teoretica si valoarea aplicativa a lucrarii. Rezultatele ce tin de sis-
temele cubice cu drepte invariante de multiplicitate totala opt obtinute in teza reprezinta
un pas important in studiul algebro-geometric al familiei de sisteme cubice diferentiale bi-

dimensionale.

Implementarea rezultatelor stiintifice: (i) drept baza pentru determinarea integralelor
prime ale acestor sisteme; (7i) pentru investigarea ulterioara a sistemelor cubice cu drepte
invariante de multiplicitate mai mica decéat 8; (%ii) in studiul diverselor modele matematice
care descriu diferite procese din fizica , chimie, medicind s.a.m.d.; (iv) in calitate de suport

pentru perfectarea cursurilor speciale universitare si post-universitare.
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YIAK 517.925
AHHOTAIINA
Bujac Cristina, “ Kybuueckue nuddepeHnnajibHble CUCTEMBbI C THBAPUAHTHBIMU
NpsIMBIMI CYMMAapHOIl KPATHOCTU BOCEMb’, CTEIleHb JIOKTOpAa MaTeMaTU4eCKHX
HayK, Chisinau, 2016.

Pabora namnmcana na anrymiickom sizbike. OHa COCTOUT U3 BBeJleHUs, 4-X TJIaB, OOIIUX
BBIBOJIOB U pekoMmeH tanmit, 140 MCTOYHUKOB JUTEpaTyphbl, 154 CTpaHUIT OCHOBHOTO TEKCTA.
[Tomydennble pe3yabTaThl OIyOJIMKOBAHBI B 19 HaydIHBIX padoTax.

KuaroueBbie cioBa: kybudeckas juddepeHinuaibias cucrema, ahduHHO-UHBAPUAHTHDBIT
[IOJIMHOM, WHBapUAHTHAs IPsiMas, KPATHOCTD MPAMOil, KOH(MDUTIYpaIus MHBAPUAHTHBIX IIPsi-
MBIX, BO3MYIIEHHBIE CHCTEMBI.

Iless u 3agaum auccepTanUm: MOCTPOUTD IMOJIHYIO KJIACCH(PUKAIIUIO CeMERCTBA ILIOCKUX
KyOmdIecKuxX cucTeM JnddepeHuaj bHbIX yPaBHEHUN B COOTBETCTBUU C KOH(MUTYPAIUAMU
MHBAPUAHTHBIX MPAMBIX O0IEeil KpATHOCTU BOCEMb, & UMEHHO: OIPEJIETUTDh BCE BO3MOXKHDBIE
Takre KOH(UIYPAIMH U [TOCTPOUTH HEOOXOIUMbIE U JIOCTaTO4YHbIe addUHHO-UHBADUAHTHBIE
YCJIOBUS JIJI PeaIn3aIiuy KazKJI0ro u3 00HAPYKEHHBIX KOH(MUTYPAITHIi.

Ob6aacTp uccinenoBanus: KadecTBeHHas Teopus JTMHAMUYCCKUX CUCTEM, TEOPHUS UHBA-
puanToB juddepeHInaIbHbIX yPABHEHMIA.

Hayunas HOBU3HA 1 OPUTHMHAJIBHOCTb. B juccepraiuy BriepBble TOCTPOEHBI BCE BO3MOZK-
Hble KOH(MUTYPAIUA THBAPUAHTHDBIX ITPAMBIX CYMMapPHON KPATHOCTH BOCEMb JIJII CEMbH TLJIOC-
KX KyOmdecknx cucreM i pepeHInajbHbIX ypaBHeHUH. DTOT HabOp KOHMUryparmii co-
JIEP2KUT BCE KOH(UTYPAIIMH, JIPYTUMEI aBTOPAMU JIJI YACTHBIX KJIACCOB KyOUYECKUX CHCTEM.
Kpome Toro, Mbl onpejiesnim HeoOXoUMMbIE U JIOCTATOYHBIE YCJIOBUS JIJI PEAJIUBAINHI KaZK-
JI0ft U3 1ostydeHubIx KoHdurypanuit. lonosmuressbno obHapyKuin HOBBIH KJace KyoOudec-
KX CHCTEM C MHBAPUAHTHBIMU MPAMBIMUA CYMMAPHOW KPaTHOCTH 9, TeM caMbIM JIOIOJIHA
kJtaccucurarmio Llibre u Vulpe.

OcHoBHas penieHHasi Hay4YHasl 33J[a9a COCTOUT B IIOJTHON KJIACCUMDUKAIIY JBYMEPHBIX
KyOuueckux cucreM JinddepeHiaibHbIX yPaBHEHN B COOTBETCTBUY C UX KOH(MDUTYPAIUSIMU
MHBAPUAHTHBIX IIPSAMBIX 00IIEil KpATHOCTH 8, OCHOBAHHOM Ha TPUMEHEHUN TEOPUU MHBAPUAH-
TOB P pepEeHITNATBHBIX YPABHEHNN. DTa KIacCu(pUKaIlus TeHepupyeT MOJe3HyI0 0as3y JIist
JlaJTbHEHIIell OTHON TOOJIOTMYeCKON KIacCuUKAIUU JJAHHOI'O CEMECTBA CUCTEM.
Teoperuvueckoe 1 nmpakTudeckoe 3HaUeHne padorwl. [losyuennbie B jannoit pabore
DPE3Y/IbTATHI, KACAIOIINECHd KYOMYEeCKUX CHCTEM C WHBAPUAHTHBIMU IMPIMBIMU CyMMAPHOI
KPaTHOCTBIO 8, TPEJCTAB/IAIOT COOOM BayKHBIN IMar B KJIACCU(MUKAIIMU BCErO MHOYKECTBA

KyOMYIEeCKIX CHUCTEM.

Peanmzanius Hay4qHBIX pe3yJbTaToB. PesyibraThl MOIYT OBITH IPUMEHEHBL: (1) B Kadec-
TBE OCHOBBI JIJIsl OINpEJIe/IeHNsI TIePBBIX HHTErPAOB TaKUX CHCTeM; (i) JJIs JasbHEeRInx
uccyeoBanuii 6osee oOMUX KyOMIEeCKUX CHCTEM C MHBAPUAHTHLIMH IPSIMBIMU CYMMapPHOM
KPaTHOCTBIO MeHee 4eM 8; (7ii) B M3yUeHNN HEKOTOPBIX MATEMATHIECKUX MOJIEJICH, OIIChIBa~
IONUX [POIECChl B (DU3UKE, XUMUU, MEJUIMHE U T.JI.; (1) jiisd pa3spaboTKU CIelrabHbIX

KYyPCOB B CUCTEME BBICIIIETO 0OPAa30BaHUs.
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C.Z.U: 517.925
ANNOTATION

Bujac Cristina, “ Cubic differential systems with invariant lines of total multi-

plicity eight ”, Doctor degree in Mathematics, Chisinau, 2016.
The language of the Thesis is English. It comprises 154 base pages and has the following

structure: Introduction, 4 Chapters, General Conclusions and Recommendations, Bibliogra-

phy with 140 References. Research outcomes were reflected in 19 scientific publications.

Keywords: cubic differential system, affine invariant polynomial, invariant straight line,

multiplicity of a line, configuration of invariant straight lines, perturbed system.

Field of study: Qualitative Theory of Dynamical Systems, Invariant Theory of Differential

Equations.

The purpose and objectives: to give a full classification for the family of cubic systems
with invariant straight lines of total multiplicity eight; this classifications supposes the de-
tection of all possible configurations of invariant lines for this family and the construction of

affine invariant criteria for the realization of each one of the detected configurations.

Novelty and scientific originality. In our Thesis for the first time there are constructed
all the possible configurations of invariant lines of total multiplicity eight for cubic systems.
Our set of configurations contains as particular cases all the configurations detected by
other authors in special cases. Additionally we give necessary and sufficient conditions for
the realization of each one of the corresponding configurations. Moreover we completed the
classification of Llibre and Vulpe detecting a new class of cubic systems with invariant lines

of total multiplicity nine.

The main scientific problem which is solved in this Thesis consists in classifying the
whole family of cubic differential systems possessing invariant lines of total multiplicity eight
according to configurations of these lines; this classification is very helpful for obtaining the
complete topological classification of this family and is useful for the study of integrability

of these systems.

The significance of theoretical and practical values of the work. The obtained
in this thesis results concerning cubic systems with invariant lines of total multiplicity eight
represent an important step in algebraic and geometric studies of cubic differential systems.
Implementation of the scientific results. They could be applied: (i) as a basis for
determining of the first integrals of such systems; (ii) for further investigations of cubic
systems with invariant lines of total multiplicity less then 8; (%ii) in the study of some
mathematical models which describe processes in physics, chemistry, medicine and so on;

(iv) as a support for teaching courses in higher education.
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