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C.Z.U: 517.925
ADNOTARE

Bujac Cristina, “Sisteme diferentiale cubice cu drepte invariante de multiplicitate
totald opt”, doctor in stiinte matematice, Chisinau, 2016.

Lucrarea este scrisa in limba engleza, contine 154 pagini text de baza gi are urmatoarea
structurd: introducere, 4 capitole, concluzii generale si recomandari, bibliografia (care in-
clude 140 titluri). Rezultatele obtinute sunt publicate in 19 lucrari stiintifice.

Cuvintele cheie: sistem differential cubic, polinom afin invariant, dreapta invariantd, mul-

tiplicitatea curbei algebrice, configuratie de drepte invariante, sistem perturbat.

Domeniul de studiu al tezei: teoria calitativa a sistemelor dinamice, teoria invariantilor
algebrici a ecuatiilor diferentiale.

Scopul si obiectivele lucrarii: de a efectua clasificarea completa a familiei de sisteme
cubice cu drepte invariante de multiplicitate totald 8; aceasta clasificare presupune deter-
minarea tuturor configuratiilor de drepte invariante posibile pentru aceasta familie de sisteme
cubice si construirea conditiilor necesare si suficiente afin invariante pentru realizarea fiecarei
dintre configuratiile depistate.

Noutatea si originalitatea stiintifici. In lucrare au fost construite pentru prima dats
toate configuratiile posibile de drepte invariante de multiplicitate totala opt ale familiei
de sisteme diferentiale cubice. Aceastd multime de configuratii contine, in calitate de cazuri
particulare, toate configuratiile depistate de alti autori pentru unele clase speciale de sisteme
cubice. Aditional, s-au determinat conditiile necesare si suficiente afin-invariante de realizare
ale configuratiilor construite. De asemenea a fost completata clasificarea realizata de Llibre
si Vulpe depistdnd o noua clasd de sisteme cubice cu drepte invariante de multiplicitate
totala noua.

Problema stiintifica importanta solutionata consta in clasificarea completa a familiei
de sisteme cubice cu drepte invariante de multiplicitate totala opt in raport cu configuratiile
acestor drepte; aceasta clasificare este un element foarte util in vederea clasificarii topologice
complete ale acestei familii de sisteme gi in vederea studiului integrabilitatii acestor sisteme.
Semnificatia teoretica si valoarea aplicativa a lucrarii. Rezultatele ce tin de sis-
temele cubice cu drepte invariante de multiplicitate totala opt obtinute in teza reprezinta
un pas important in studiul algebro-geometric al familiei de sisteme cubice diferentiale bi-

dimensionale.

Implementarea rezultatelor stiintifice: (i) drept baza pentru determinarea integralelor
prime ale acestor sisteme; (i) pentru investigarea ulterioara a sistemelor cubice cu drepte
invariante de multiplicitate mai micd decét 8; (%ii) in studiul diverselor modele matematice
care descriu diferite procese din fizica , chimie, medicind s.a.m.d.; (iv) in calitate de suport

pentru perfectarea cursurilor speciale universitare si post-universitare.



YIAK 517.925
AHHOTAIINA
Bujac Cristina, “ Kybuueckue nuddepeHnnajibHble CUCTEMBbI C THBAPUAHTHBIMU
NpsIMBIMI CYMMAapHOIl KPATHOCTU BOCEMb’, CTEIleHb JIOKTOpAa MaTeMaTU4eCKHX
HayK, Chisinau, 2016.

Pabora namnmcana na anrymiickom sizbike. OHa COCTOUT U3 BBeJleHUs, 4-X TJIaB, OOIIUX
BBIBOJIOB U pekoMmeH tanmit, 140 MCTOYHUKOB JUTEpaTyphbl, 154 CTpaHUIT OCHOBHOTO TEKCTA.
[Tomydennble pe3yabTaThl OIyOJIMKOBAHBI B 19 HaydIHBIX padoTax.

KuaroueBbie cioBa: kybudeckas juddepeHinuaibias cucrema, ahduHHO-UHBAPUAHTHDBIT
[IOJIMHOM, WHBapUAHTHAs IPsiMas, KPATHOCTD MPAMOil, KOH(MDUTIYpaIus MHBAPUAHTHBIX IIPsi-
MBIX, BO3MYIIEHHBIE CHCTEMBI.

Iless u 3agaum auccepTanUm: MOCTPOUTD IMOJIHYIO KJIACCH(PUKAIIUIO CeMERCTBA ILIOCKUX
KyOmdIecKuxX cucTeM JnddepeHuaj bHbIX yPaBHEHUN B COOTBETCTBUU C KOH(MUTYPAIUAMU
MHBAPUAHTHBIX MPAMBIX O0IEeil KpATHOCTU BOCEMb, & UMEHHO: OIPEJIETUTDh BCE BO3MOXKHDBIE
Takre KOH(UIYPAIMH U [TOCTPOUTH HEOOXOIUMbIE U JIOCTaTO4YHbIe addUHHO-UHBADUAHTHBIE
YCJIOBUS JIJI PeaIn3aIiuy KazKJI0ro u3 00HAPYKEHHBIX KOH(MUTYPAITHIi.

Ob6aacTp uccinenoBanus: KadecTBeHHas Teopus JTMHAMUYCCKUX CUCTEM, TEOPHUS UHBA-
puanToB juddepeHInaIbHbIX yPABHEHMIA.

Hayunas HOBU3HA 1 OPUTHMHAJIBHOCTb. B juccepraiuy BriepBble TOCTPOEHBI BCE BO3MOZK-
Hble KOH(MUTYPAIUA THBAPUAHTHDBIX ITPAMBIX CYMMapPHON KPATHOCTH BOCEMb JIJII CEMbH TLJIOC-
KX KyOmdecknx cucreM i pepeHInajbHbIX ypaBHeHUH. DTOT HabOp KOHMUryparmii co-
JIEP2KHUT BCe KOH(UTYPAIMH, OIPEJIEICHHDbIE JIPYTUMHU aBTOPAMHU JIjI YACTHDBIX KJIACCOB KYy-
budeckux cucreM. Kpome TOro, Mbl Ompee i HEOOXOIUMBbIE U JIOCTATOUYHBLIE YCJIOBUS
JUTsL peain3aliiy KarkKJoi u3 MoJiyueHHbIX Koudwuryparuii. /lonosnurenbno obuapyzmim
HOBBII KJIaCC KYOMYECKUX CUCTEM C MHBAPUAHTHBIMHU HPAMBIMUA CYMMAapHON KpaTHOCTH 9,
TeM caMbIM JionostHdAsd Kiaccudukanuio Llibre m Vulpe.

OcHoBHas penieHHasi Hay4YHasl 33J[a9a COCTOUT B IIOJTHON KJIACCUMDUKAIIY JBYMEPHBIX
KyOuueckux cucreM JinddepeHiaibHbIX yPaBHEHN B COOTBETCTBUY C UX KOH(MDUTYPAIUSIMU
MHBAPUAHTHBIX IIPSAMBIX 00IIEil KpATHOCTH 8, OCHOBAHHOM Ha TPUMEHEHUN TEOPUU MHBAPUAH-
TOB P pepEeHITNATBHBIX YPABHEHNN. DTa KIacCu(pUKaIlus TeHepupyeT MOJe3HyI0 0as3y JIist
JlaJTbHEHIIell OTHON TOOJIOTMYeCKON KIacCuUKAIUU JJAHHOI'O CEMECTBA CUCTEM.
Teoperuvueckoe 1 nmpakTudeckoe 3HaUeHne padorwl. [losyuennbie B jannoit pabore
DPE3Y/IbTATHI, KACAIOIINECHd KYOMYEeCKUX CHCTEM C WHBAPUAHTHBIMU IMPIMBIMU CyMMAPHOI
KPaTHOCTBIO 8, TPEJCTAB/IAIOT COOOM BayKHBIN IMar B KJIACCU(MUKAIIMU BCErO MHOYKECTBA

KyOMYIEeCKIX CHUCTEM.

Peanmzanius Hay4qHBIX pe3yJbTaToB. PesyibraThl MOIYT OBITH IPUMEHEHBL: (1) B Kadec-
TBE OCHOBBI JIJIsl OINpEJIe/IeHNsI TIePBBIX HHTErPAOB TaKUX CHCTeM; (i) JJIs JasbHEeRInx
uccyeoBanuii 6osee oOMUX KyOMIEeCKUX CHCTEM C MHBAPUAHTHLIMH IPSIMBIMU CYMMapPHOM
KPaTHOCTBIO MeHee 4eM 8; (7ii) B M3yUeHNN HEKOTOPBIX MATEMATHIECKUX MOJIEJICH, OIIChIBa~
IONUX [POIECChl B (DU3UKE, XUMUU, MEJUIMHE U T.JI.; (1) jiisd pa3spaboTKU CIelrabHbIX

KYyPCOB B CUCTEME BBICIIIETO 0OPAa30BaHUs.
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ANNOTATION

Bujac Cristina, “ Cubic differential systems with invariant lines of total multi-

plicity eight ”, Doctor degree in Mathematics, Chisinau, 2016.
The language of the Thesis is English. It comprises 154 base pages and has the following

structure: Introduction, 4 Chapters, General Conclusions and Recommendations, Bibliogra-

phy with 140 References. Research outcomes were reflected in 19 scientific publications.

Keywords: cubic differential system, affine invariant polynomial, invariant straight line,

multiplicity of a line, configuration of invariant straight lines, perturbed system.

Field of study: Qualitative Theory of Dynamical Systems, Invariant Theory of Differential

Equations.

The purpose and objectives: to give a full classification for the family of cubic systems
with invariant straight lines of total multiplicity eight; this classifications supposes the de-
tection of all possible configurations of invariant lines for this family and the construction of

affine invariant criteria for the realization of each one of the detected configurations.

Novelty and scientific originality. In our Thesis for the first time there are constructed
all the possible configurations of invariant lines of total multiplicity eight for cubic systems.
Our set of configurations contains as particular cases all the configurations detected by
other authors in special cases. Additionally we give necessary and sufficient conditions for
the realization of each one of the corresponding configurations. Moreover we completed the
classification of Llibre and Vulpe detecting a new class of cubic systems with invariant lines

of total multiplicity nine.

The main scientific problem which is solved in this Thesis consists in classifying the
whole family of cubic differential systems possessing invariant lines of total multiplicity eight
according to configurations of these lines; this classification is very helpful for obtaining the
complete topological classification of this family and is useful for the study of integrability

of these systems.

The significance of theoretical and practical values of the work. The obtained
in this thesis results concerning cubic systems with invariant lines of total multiplicity eight
represent an important step in algebraic and geometric studies of cubic differential systems.
Implementation of the scientific results. They could be applied: (i) as a basis for
determining of the first integrals of such systems; (ii) for further investigations of cubic
systems with invariant lines of total multiplicity less then 8; (%ii) in the study of some
mathematical models which describe processes in physics, chemistry, medicine and so on;

(iv) as a support for teaching courses in higher education.



INTRODUCTION

Actual research status and importance of investigated problem. The polynomial
differential systems are objects of numerous scientific investigations. These systems occur in
many branches of applied mathematics and they also have theoretical importance. A major
driving force in the development of their theory was a collection of very difficult problems
some of which are over one hundred years old. A source of these difficulties is nonlinearity
of mathematical models of complicated real processes and devices. These problems also
motivated the work we present in this paper.

The study of planar polynomial vector fields began to be pursued after the publication
of the famous papers of Darboux [59] (1878) and of Poincaré [89] (1881), [91] (1885), [92]
(1891). Darboux’work was on integrability in terms of existence of algebraic invariant curves
of complex polynomial differential equations over the complex projective plane (a modern
presentation of the theory of Darboux can be found in [42,107]). This very beautiful work
which could also be applied to compute first integrals of real polynomial differential equa-
tions, was very much admired by Poincaré and motivated his statement in 1891 [92] of a
very hard problem still open today, on planar polynomial differential systems (see further
below). The main motivation of Poincaré for studying these systems came from his interest
in the problem of the stability of the solar system. This problem asks if in the very long
term the solar system will preserve its present state or whether major changes such as a
planet escaping from the system or a collision among bodies in the system will occur. As
this problem is very hard, Poincaré decided to begin by first studying the simplest non-linear
differential equations which are the planar polynomial ones and he wrote the two seminal
papers [89], [91] which founded the qualitative study of differential equations. More precisely,
even if the differential equation can not be solved in terms of known functions, yet from
the very form of the equation, a wealth of information about the geometric properties and
behavior of the solutions can be found. Rather than emphasizing calculations of specific
solutions, Poincaré took the global approach by considering the solutions in their totality.
In these works he introduced many new notions, for example for special types of singularities
such as foci, nodes, saddles, centers which distinguished the behavior of solutions around
singularities; the notion of limit cycle - an isolated periodic solution in the set of all peri-
odic solutions of a system; the notion of the Poincaré first return map, etc. In these papers

Poincaré proved a number of theorems, among them the theorem saying that a necessary and



sufficient condition for a polynomial vector field on the plane to have a center at a singular
point with purely imaginary eigenvalues, is that the system admit a non-zero local analytic
first integral in a neighborhood of this singular point. In his Mémoire The general problem of
the stability of motion [79], Liapunov extended this theorem for analytic differential systems
(actually Liapunov studied differential systems in n variables but when results are applied
to the case n = 2 systems we obtain this more general theorem for analytic two-dimensional
systems). In this mémoire Liapunov developed the theory of stability of motion.

Poincaré stated two problems on polynomial differential equations on the plane: the
problem of the center |91] and the problem of algebraic integrability [92] of such equations.
One way in which we can state the problem of the center is the following: given a positive
integer n find the necessary and sufficient conditions for a polynomial system of degree n
to have a singularity which is a center. In fact Poincaré only considered singularities with
a non-degenerate linear part of focus or center type. More precisely he considered the case
where the eigenvalues are purely imaginary +3i, 8§ € R\{0} and in this case the problem
of the center is to give conditions for distinguishing between a center and a focus. The
problem of algebraic integrability was stated by Poincaré in 1891 in [92]. This problem asks
for necessary and sufficient conditions for a polynomial differential system to have a rational
first integral. Both problems are of a global nature involving whole classes of polynomial
differential systems and this is one of the reasons they are so hard. Apart from the quadratic
case for which only one of these two problems, the problem of the center, was solved, both
problems remain open for any natural number n > 3.

A third famous problem on planar polynomial systems is the second part of Hilbert’s 16th
problem stated in the list of 23 problems posed by Hilbert in his address at the International
Mathematical Congress in Paris in 1900. This problem asks to determine for any natural
number n the maximum number of limit cycles which a planar polynomial differential system
of degree n could have and it remains to be one of the most difficult problems to be solved.
The interest is in the global behavior of all solutions in the whole plane and even at infinity
(cf. [66]) and this for a whole family of systems, which is why this problem is so hard.

In [93] Poincaré posed the individual finiteness problem which asks to prove that any
individual polynomial differential system has a finite number of limit cycles. Poincaré solved
this problem in a special case by proving the individual finiteness theorem for systems which
could only have simple graphics.

An even harder problem than Hilbert’s 16th problem for polynomial differential systems

10



is the problem of topologically classifying all phase portraits of polynomial systems of a given
degree n. This problem is very hard even in the simplest case of quadratic differential systems.
There are several subclasses of the quadratic and cubic classes for which this problem was
solved (we refer the reader to [117,127,128]).

Our work in Theses was partly motivated by the problem of topologically classifying the
cubic differential systems. We are interested in the investigation of the polynomial differential
cubic systems with invariant straight lines. Here we pose the problem of its classification
according to the configurations of invariant straight lines, which generates an useful base for
a further total topological classification of this family of systems.

The existence of sufficiently many invariant straight lines of planar polynomial systems
could be used for integrability of such systems. During the past 15 years several articles
were published on this theme. Investigations concerning polynomial differential systems
possessing invariant straight lines were done by Popa, Sibirski, Kooij, Sokulski, Zhang Xi
Kang, Schlomiuk, Vulpe, Dai Guo Ren, Artes, Llibre as well as Dolov and Kruglov.

The set CS of cubic differential systems depends on 20 parameters and for this reason
people began by studying particular subclasses of CS. We mention here some references on
polynomial differential systems possessing invariant straight lines. For quadratic systems see
[62,101,102,108,110-112] and [114]; for cubic systems see [16,17,27,28,78,83,85,86,103,127]
and [128]; for quartic systems see [123]| and [139]; for some more general systems see [74,96,97|
and [100].

According to [5] the maximum number of invariant straight lines taking into account
their multiplicities for a polynomial differential system of degree m is 3m when we also
consider the infinite straight line. This bound is always reached if we consider the real and
the complex invariant straight lines, see [43].

So the maximum number of the invariant straight lines (including the line at infinity
Z = 0) for cubic systems with non-degenerate infinity is 9. A classification of all cubic sys-
tems possessing the maximum number of invariant straight lines taking into account their
multiplicities has been made in [83]. The authors used the notion of configuration of in-
variant lines for cubic systems (as introduced in [114]) and detected 23 such configurations.
Moreover using invariant polynomials with respect to the action of the group Aff(2,R) of
affine transformations and time rescaling in this paper, the necessary and sufficient condi-
tions for the realization of each one of 23 configurations were detected. A new class of cubic

systems omitted in [83] was constructed in [16].

11



This paper is a continuation of [83]. More exactly, here we shall consider the family of
cubic systems with invariant lines of total multiplicity eight, including the line at infinity
and considering their multiplicities (we denote this family by CSLg). The results concerning
these systems are exhibit in [12-30]

Some systems in CSLg have been also investigated by Lyubimova [86], Suba, Putuntica
and Repegco [127,128|. Lyubimova considered such cubic systems with invariant lines, all
real and distinct, and constructed 3 configurations of invariant straight lines (and 4 phase
portraits). Suba and his coauthors using the notion of parallel multiplicity arrived at 17
configurations of invariant lines which coincide with those obtained in our classification in
the case of cubic systems with four distinct infinite singularities. But in contrast with their
work, for each configuration we give the necessary and sufficient conditions for its realization
in terms of invariant polynomials with respect to the group of affine transformations and time
rescaling. We note that the invariant polynomials was constructed applying the Invariant
Theory of Differential Equations, founded by C. Sibirschi and developed by his disciples
(Lunchevici, Marinciuc, Gasinschi—Chirnitchi, Dang Dini Bic, Tacu, Vulpe, Popa, Boularas
Driss, Baltag, Calin, Daniliuc, etc.).

The invariant theory is one of the important tools used in the qualitative study of polyno-
mial differential systems. This theory allows to characterize geometric properties of a given
differential systems which remain invariant under the action of a given group of transfor-
mations, with the help of algebraic or semi-algebraic relations depending on the coefficients
of these systems. Thus the theory of invariant is proven useful in the qualitative studies of
polynomial differential systems, in particular to establish invariant (necessary and/or suffi-
cient) conditions in relation to the given group of transformations, that give the existence
and the nature of singular points, characterize normal forms or the number of complete
lines, give the existence of parallel invariant straight lines, and so on. The computation of
invariants, however still difficult. Indeed, for planar cubic differential systems, the invariants
are polynomials of 20 indeterminate. The Computer algebra become an indispensable mean
when using the theory of invariants. Indeed, the qualitative study of polynomial differential
systems leads on algebraic systems. The spectacular progress of the computer algebra and
the efficient of the software ( Maple, Wolfram Mathematica, P4, etc.) motivate our work.

As it was mentioned above that the main object of our investigations are cubic systems
possessing invariant lines of total multiplicity eight. Of course we realize that, at the first

glance, the class CSLg of cubic systems is a very specific one and we have to point out
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that this class is even a class of integrable systems (see for instance [128] where this fact is
proved for a subclass of CSLLg). The cases of integrable systems are rare, but as Arnold said
in [1, p.405] “...these integrable cases allow us to collect a large amount of information about

the motion in more important systems...”.

The purpose and objectives of the thesis. The main goal of the Thesis is to give a full
classification of cubic systems with invariant straight lines of total multiplicity eight. This
classification involves the realization of the following objectives:
1. to detect all possible configurations of invariant straight lines for this family of systems;
2. to construct necessary and sufficient affine invariant conditions for the realization of

each one of the detected configurations.

Novelty and scientific originality. In our Thesis for the first time there are constructed
all possible configurations of invariant lines of total multiplicity eight for cubic systems. Our
set of configurations contains as particular cases all the configurations detected by other
authors for special cases of systems in CSLg (see [86], [127,128]). But in contrast with
these papers in the Thesis we have constructed necessary and sufficient conditions for the
realization of each one of the corresponding configurations. Moreover we detect a new class

of cubic systems with invariant lines of total multiplicity nine.

Methodology of scientific study. The reaserch carried out in the current Thesis is based
on methods of Qualitative Theory of Dynamical Systems, Invariant Theory of Differential
Equations, methods of Bifurcation Theory of Dynamic Systems, methods of Algebraic Com-

putations.

The main scientific problem which is solved in this Thesis consists in classifying the
whole family of cubic differential systems possessing invariant lines of total multiplicity eight
according to configurations of these lines; this classification is very helpful for obtaining the
complete topological classification of this family and is useful for the study of integrability

of these systems.

Principal scientific results to be defended:

(a) all possible 51 configurations of invariant straight lines for cubic systems possessing
invariant lines of total multiplicity eight;

(b) the necessary and sufficient affine invariant conditions for the realization of each one
of 51 configurations;

(c) the representatives of the family of systems with invariant lines of total multiplicity

13



eight modulo the action of the affine group and time rescaling;

(d) the perturbed canonical systems which characterize the vicinities of cubic systems in
CSLg;

(e) a new class of cubic systems possessing invariant lines of total multiplicity nine which

completes the classification given by Llibre and Vulpe in [83].

Implementation of the scientific results. The scientific results obtained could be used
for a deeper investigation of cubic systems possessing invariant straight lines of total multi-
plicity eight (including the line at infinity), and namely:

- the configurations of invariant lines detected, and canonical forms could be used for a
complete topological classification of cubic systems in this class;

- the canonical forms constructed for cubic systems in CSLg can serve as a basis for
determining of the first integrals of such systems;

- the necessary and sufficient affine invariant conditions can be applied for any cubic
system in order to detect if it belongs to CSILg and if so, then to specify its configuration of
invariant lines;

- this classification could be helpful for further investigations of cubic systems with in-
variant lines of total multiplicity less than §;

- scientific results obtained can be applied in the study of some mathematical models
which are described by polynomial differential systems and which are related with some
problems in physics, chemistry, medicine and so on.

- these investigations could serve as a support for teaching courses in higher education.

Approval of obtained scientific results. The scientific results obtained and to be defined
were examined and approved by various research seminars, which are as follows: Qualitative
Theory of Differential Equations of Moldova State University, 2015; Differential Equations
and Algebras of Tiraspol State University, 2013, 2014; seminar of the Department of Differ-
ential Equations and Systems Analysis of Belorussian State University, Minsk, 2013; seminar
of the Department of Mathematics of the Shanghai Normal University, Shanghai (China),
2015.

Main scientific results included in the Thesis were presented at several scientific confer-
ences: International Conference of Young Researchers, X-th Edition, Chiginau, 2012; Con-
ference on Applied and Industrial Mathematics (CAIM), Chisindu: U.S.T., 2012, 2014, 2015;

International Conference “Mathematics and Information Technologies: Research and Educa-
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tion” (MITRE), Chiginau: U.S.M., 2013-2015; Conferinta Stiintificd Internationald a doctor-
anzilor “Tendinte Contemporane ale Dezvoltarii Stiintei: Viziuni ale Tinerilor Cercetatori”,
Chiginau: ASM, 2014, 2015; The Third Conference of Mathematical Society of Moldova
(IMCS-50), Chiginau: ASM, 2014; Conferinta Stiintifica Internationald cu participare interna-
tionala “Probleme actuale ale stiintelor exacte si ale naturii”, Chiginau: U.S.T., 2015.

Research papers. Research outcomes are reflected in 19 publications: 3 preprints, 6
scientific peer-reviewed articles, 10 proceedings and abstracts of international conferences; 2

articles and 6 abstracts are published as single-author papers.

Keywords: cubic differential system, group of affine transformations, invariant polynomial,
invariant straight line, multiplicity of a line, configuration of invariant straight lines, type of

configuration, canonical form, perturbed system.

The thesis is devoted to the research in the following scientific field: Qualitative

Theory of dynamical systems, Invariant Theory of differential equations.

Structure of the Thesis. The Thesis is written in English on 154 base pages and has the
following structure: Introduction, 4 Chapters, General Conclusions and Recommendations,

Bibliography with 140 References. Additionally the Thesis includes 28 figures.

The Introduction reveals the actual status of the conducted research, main reasons for
carrying on the proposed research, the purpose and objectives of the thesis, the importance
and advantages of the conducted scientific investigations, novelty and scientific originality,
scientific and research problems solved, the scientific results to be defended, as well as the

approval of obtained scientific results.

Chapter 1 contains a survey of the most important results related to the purpose and
objectives of the Thesis. In the fist section we give a brief survey on cubic differential
systems with invariant straight lines. More exactly, we discuss about the qualitative theory
of differential systems and the importance to study the configurations of invariant lines for
cubic systems which serve as a a basis for completing the phase portraits of the corresponding
systems. So, our Thesis was partly motivated by the problem of topologically classifying
the cubic differential systems. In the second section we describe the problem of integrability
concerning planar differential systems. Having obtained all canonical forms for cubic systems
possessing invariant lines of total multiplicity eight, the problem of integrability of such
systems could be resolved and this also motivated our work. The last section is devoted to

the concept of invariant polynomial and its use in classification problems. We briefly review
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the classical theory of invariants and its analog for the theory of polynomial vector fields
developed by Sibirskii school and its new developments by the joint work of the Chiginau

school, the Barcelona school and by Schlomiuk.

In Chapter 2 In Chapter 2 we firstly give the preliminary definitions and results needed
in the work. This section is devoted to some aspects concerning the Invariant Theory and
besides some invariant polynomials earlier constructed we exhibit 52 new invariant poly-
nomials, which are in fact CT—comitants. We also describe the scheme of the proofs of
the main theorems. In Paragraph 2.2 we state and prove the classification theorem (Main
Theorem A) of cubic systems in CSLg having four distinct infinite singular points (denoted
by ISPs) according to configurations of invariant lines and for each configuration we give
the corresponding necessary and sufficient conditions for its realization in terms of algebraic
invariants and comitants with respect to the group of affine transformations and time rescal-
ing. For the family of such cubic systems we also construct their representatives modulo

action of the group under consideration.

Chapter 3 is devoted to the proofs of two classification theorems: Main Theorem B
which deals with cubic systems in CSILg possessing three distinct ISPs and Main Theorem
C which is related to cubic systems in CSILg possessing exactly one infinite singularity. So
we detect all possible configurations of ISLLs for these two subfamilies of systems and for
each configuration we give the necessary and sufficient conditions for its realization. In order
to prove the multiplicity of multiple lines we construct in this case the perturbed systems

corresponding to the given canonical forms associated to the configurations of invariant lines.

In Chapter 4 we state and prove the classification theorem (Main Theorem D) of the
cubic systems in CSLg with two distinct ISPs. For this family of systems we construct all
possible configurations of invariant lines and affine invariant criteria for the realization of each
one of the detected configurations. Surely we construct in this case the perturbed systems
corresponding to the given canonical forms associated to the configurations of invariant
lines. Besides the proof of Main Theorem D we detect a new class of systems in CSILLg which

completes the classification given by Llibre and Vulpe in [83].
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1. ADVANCES IN THE STUDY OF CUBIC SYSTEMS WITH
INVARIANT STRAIGHT LINES

We consider real planar polynomial differential systems, i.e. systems of the form
dy

where p and ¢ are polynomials in x and y with real coefficients and max (deg P, deg Q) =n.
We call such systems polynomial systems of degree n. In particular, a planar polynomial
system of differential equations of degree 2 or 3 will be called simply, a quadratic system

or a cubic system, respectively. We denote by CS the whole class of real cubic differential

0

0
systems. To a system (1.1) one can associate the vector field X = P(x, y)% + Q(z, y)a—y

1.1. Polynomial differential systems with invariant straight lines

The polynomial differential systems are objects of numerous scientific investigations. For
reasons, which have, apparently, philosophical character, the majority of differential equa-
tions born in engineering practice, are not integrable. More precisely, they cannot be solved
in quadrature, i.e. it is not possible to reduce the problem to integration of known functions.
A source of these difficulties is nonlinearity of mathematical models of complicated real pro-
cesses and devices. Poincaré wrote a series of memoirs [89-91| where he built a new branch
of mathematics, called qualitative theory of differential equations. More precisely, even if the
differential equation can not be solved in terms of known functions, yet from the very form
of the equation, a wealth of information about the geometric properties and behavior of the
solutions can be found. In other words, the solutions of the differential equation are a family
of functions. Graphically, this can be plotted in the phase plane like a two-dimensional vec-
tor field. Vectors representing the derivatives of the points with respect to a parameter (say
time t), that is (dz/dt,dy/dt), at representative points are drawn. With enough of these
arrows in place the system behavior over the regions of plane in analysis can be visualized
and limit cycles can be easily identified. A phase portrait is a geometric representation of
the trajectories of a differential system in the phase plane. Phase portraits are an invaluable
tool in studying dynamical systems. They consist of a plot of typical trajectories (invariant
algebraic curves) in the state space.

These curves or trajectories can be defined on the Poincareé disc using the Poincaré
compactification [113|, which is define as follows. Consider the z,y plane as being the plane

Z =1 in the space R? with coordinates X,Y, Z. The central projection of the vector field
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X on the sphere of radius one yields a diffeomorphic vector field on the upper hemisphere
and also another vector field on the lower hemisphere. Poincaré indicated briefly in [90] that
one can construct an analytic vector field V on the whole sphere such that its restriction on
the upper hemisphere has the same phase curves as the one induced by the phase curves of
(1.1) via the central projection. A complete proof was given much later in [66]. The analytic
vector field V on the whole sphere obtained in this way is called the Poincaré field associated
to a system (1.1). The phase curves of V coincide in each chart with phase curves induced by
planar polynomial vector fields, in particular in the chart corresponding to Z = 1, denoting
the two coordinate axes x, y corresponding to the OX and OY directions, they coincide with
the phase curves induced by (1.1). The two planar polynomial vector fields U, V' associated
to the charts for X = 1 (with local coordinates (u, z)) and for Y = 1 (with local coordinates

(v,w)) and changes of coordinates w=y/z,z=1/z, orv=a/y,w=1/y are as follows.

du dz dv dw
— =C"(1 — =2zP*(1 Vi —=0%v,1 — = —wQ*(v, 1
dt C ( 7U‘7 2)7 dt Z ( 7U‘7 z)? dt C (U, 7w)7 dt w (U, 7w)7

U:
where P*(X,Y,Z),Q*(X,Y, Z) are the homogeneous polynomials associated to the polyno-
mials P(z,y),Q(x,y). By the compactification of the planar polynomial vector field asso-
ciated to (S) we understand the restriction V|1 (where by H! we understand the upper
hemisphere H completed with the equator) of the analytic vector field V on the sphere.
Our aim of the Thesis is to classify CS according to their geometric proprieties, i.e. in the
construction of the configurations of invariant straight lines of these systems on R? completed
with its points "at infinity", i.e. on the equator S! of S2. Since the vertical projection is a
diffeomorphism of H! on the disk {(z,y)|z* + y* < 1} we can view the such configurations
of our systems (1.1) on this disk, called the Poincaré disk.

In this Thesis are approached the planar differential cubic systems. The set CS depends
on 20 parameters and for this reason people began by studying particular subclasses of
CS. We are interested in the investigation of the cubic polynomial differential systems with
invariant straight lines.

Following [114, Schlomiuk|, we call configuration of invariant straight lines of these sys-
tems, the set of (complex) invariant straight lines (which may have real coefficients) of the
system, each endowed with its own multiplicity and together with all the real singular points
of this system located on these invariant straight lines, each one endowed with its own
multiplicity.

It was observed (see, for instance [85,86,103,104,110,112,127,128]) that the configurations
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of invariant straight lines which were detected for various families of systems (1.1) using
Poincaré compactification, could serve as a base to complete the whole Poincaré disc with
the trajectories of the solutions of corresponding systems, i.e. to give a full topological
classification of such systems.

According to [5] the maximum number of invariant straight lines taking into account
their multiplicities for a polynomial differential system of degree m is 3m when we also
consider the infinite straight line. This bound is always reached if we consider the real and
the complex invariant straight lines, see [43]. So the maximum number of the invariant
straight lines (including the line at infinity Z = 0) for cubic systems is 9.

In [5] some basic results on the invariant straight lines of a polynomial differential system
of degree n were given. We emphasis these properties for n = 3, i.e. for the case of a real
differential cubic system in CS:

(a) either all the points on an invariant straight line are singular or the line contains no
more than 3 singular points;

(b) no more than 3 invariant straight lines can be parallel;

(c) the set of all invariant straight lines passing through a single point cannot have more
than 4 different slopes;

(d) either it has infinitely many finite singular points, or it has at most 9 finite singular
points.

At infinity a system in CS has at most four distinct singular points (in the Poincaré
compactification) if Cs(x,y) = yPs(z,y) —2Qs(x,y) # 0 and for a system in CS the infinity
represents a non-singular invariant straight line. In the case Cs(z,y) = 0 the infinity is
degenerate, i.e. consists only of singular points. According to [4] (see also [130]) systems
in CS with the degenerate line at infinity possess at most six invariant lines. Since in the
Thesis we investigate only systems in CS with invariant lines of total multiplicity eight, we
shall focus only on the case C's # 0 when the systems have the non-degenerate infinity.

Over the years many researchers have approached various problems concerning the qual-
itative study of polynomial systems. Since we are interested on cubic systems possessing
invariant straight lines, we shall give here below a survey of some of results in this area in
the case of arbitrary n and also for the simplest nonlinear systems (1.1) with n = 2 and
n = 3. We underline that in the case of cubic systems we will give a more detailed review
because this is the domain of our Thesis and, of course, we will compare the results and

point out what are the main important distinctions with respect to the results obtained till
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now by other authors.

In the papers by Popa and Sibirski [96,97,100, 1987-1992| the conditions for the existence
and the number of invariant straight lines of a system (1.1) with homogeneous nonlinearities
of degree n > 1, as well as the conditions with the maximal multiplicity of an invariant line
were determined.

Robert Kooij [71, 1995] considered polynomial systems (1.1) with n + 1 invariant lines.
As a particular result it was proved that under some circumstances there are no limit cycles,
whereas in other situations it is shown that limit cycles do exist.

In the paper [123, 1996] Sokulski has studied the problem of the existence of invariant
straight lines of planar polynomial systems (1.1). In particular for n = 4 he has shown that
the maximum number of isolated real invariant straigt lines of such systems is 9.

In [139, 1993] Zhang Xi Kang has proposed a conjecture regarding the maximum number
of invariant straight lines for systems (1.1) of degree n (this conjecture was proved for
n = 3 and n = 4). However the author has committed a mistake which he has corrected
in [140, 1998].

The class of all real polynomial systems (1.1) with n > 1 and with a finite number of
invariant straight lines is considered by Artes, Llibre and Griinbaum in [4, 1996] and [5, 1998].
The authors estimated the maximum number of such lines, possible in this class, as well as
the number of slops of invariant lines for systems (1.1).

The Chinese mathematician Dai Guo Ren [55, 1996] also has considered polynomial
systems (1.1) with invariant lines. He has estimated the number of non-parallel invariant
lines for n > 3 as well as the number of parallel ones in the case n > 2.

In one of the most recent publication [61, 2015] Dolov and Kruglov have obtained a
sharp bound for the number of distinct invariant straight lines of non-degenerate systems
(1.1) with n > 2. However we have to point out that this result have been obtained earlier
by other authors and namely, in the paper [5]. Moreover this result was generalized by
Llibre and Medrado in the article [81, 2007], where the number of invariant hyperplanes for

d-dimensional polynomial vector fields was given.

A lot of papers are dedicated to the polynomials (1.1) possessing invariant lines in the
simplest case of these systems, i.e. in the case n = 2. We give here only several publications
which in our opinion are relevant.

In 1991 Popa and Sibirski [100, 101], using the invariant polynomials of quadratic sys-

tems (1.1) with respect to linear group of transformations GL(2,R), have constructed the
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necessary and sufficient conditions for the existence of a non-homogeneous invariant affine
line as well as for the number of homogeneous invariant lines.

Voldman and Vulpe [133, 1999] have constructed affine invariant coefficient conditions
for a quadratic system to possess two conjugate imaginary invariant straight line as well as
two couples of such invariant lines. Moreover, for some classes of quadratic systems with
two imaginary invariant straight lines necessary and sufficient affine invariant conditions for
possessing just one limit cycle are determined.

Between 2004 and 2015 there were published a set of articles by Schlomiuk and Vulpe
dedicated to the family of planar quadratic systems (1.1) possessing invariant lines of total
multiplicity greater then or equal to three. First we mention the articles [108,111,114| in
which for this family are constructed all the possible configurations of invariant lines of given
total multiplicity. Moreover applying the invariant theory of differential systems the neces-
sary and sufficient conditions for the realization of each one of constructed configurations
are determined.

Other set of papers [110,112,113,115,116] deals with the above mentioned families of
systems, but solving other problems, and namely: i) the construction of the corresponding
first integrals and ii) the global topological classification of these systems. We remark that
in this case the necessary and sufficient affine invariant conditions for the realization of each

one of the detected phase portraits are established.

In what follows we shall focus on systems in CS and we shall describe the current situation
in this domain.

The Russian mathematician Liubimova in [85, 1977] showed that cubic systems (1.1)
could possess at most 8 real distinct invariant affine lines. Moreover she has investigated
cubic systems with the maximum number of such lines and constructed the corresponding
canonical form (which turned out to be a specific system with numerical coefficients), as well
as its phase portrait. The paper [86, 1984] is a continuation of [85] and it is devoted to cubic
systems with 7 distinct real invariant affine straight lines. The author also has constructed
three canonical forms depending on the number of triplets of parallel invariant lines. As a
result there were determined four topologically distinct phase portraits.

The mathematicians from Republic of Moldova Cozma and Suba also have considered the
family of cubic systems possessing invariant straight lines (see [50-54,124-126, 1992-2005]).
More exactly, in these papers they have investigated a special family of cubic systems (1.1)

having at the origin of coordinates a singularity O(0,0) with pure imaginary eigenvalues.
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In addition they force the systems to possess three or four invariant straight lines and con-
structed the necessary and sufficient conditions for the singularity O(0,0) to be a center.
Cozma have generalized this problem in [45-49, 2009-2012| considering cubic systems with
the singularity O(0,0) of the same type, which besides two invariant straight lines possess
one invariant conic. As a result for such systems the center problem was solved and this leads
to the construction of some new conditions for the existence of a center for cubic systems.

A group of mathematicians, Llibre, Mahdi, Vulpe (form Spain, Turkey and Republic
of Moldova), have considered cubic systems (1.1) having a quadratic rational first integral
[80, 2011]. It turned out that such systems possess invariant straight lines which play a
central role in the topological classification of these systems. The authors have proved
the existence of 38 topologically distinct phase portraits (among which 11 correspond to
degenerate systems).

The Chinese mathematician Chan Guo Wei has considered some families of cubic systems
possessing either two invariant conjugate imaginary lines [38, 1991] or two pairs of such
conjugate lines [39, 1995] [40, 1997] or just two real intersecting invariant straight lines [41,
1998]. In these papers the author has investigated the problem of the existence or the non-
existence of limit cycles. In particular, in the last paper, it is shown that a cubic system
(1.1) has no limit cycles when the two real invariant straight lines intersect each other. On
the other hand necessary and sufficient conditions for the existence of a unique limit cycle
are given in the case of two parallel invariant straight lines.

Cubic systems with either six or seven invariant straight lines are also investigated by
mathematicians Suba, Putuntica and Repesgco [103,104,127,128]. In these papers they used
the notion of parallel multiplicity. The authors say that an invariant line f(x,y) = 0 where
f(z,y) = uz + vy + w of a cubic system (1) has parallel multiplicity 1 < k < 3 if the
identity X(f) = f*R(z,y) holds for some polynomial R(z,y) with coefficients in C (here X
are the vector fields associated to systems (1.1)). If in the case of cubic systems with seven
invariant straight lines one also takes into account the line at infinity as invariant line, then
in fact the authors have considered the family of cubic systems possessing configurations
of invariant straight lines of total parallel multiplicity 8. Considering the whole family of
cubic systems authors proved that there exist exactly 17 configurations of invariant lines.
These configurations coincide with the configurations detected in this Thesis but only for
the subfamily of cubic systems possessing four distinct infinite singularities (see Chapter 2).

This coincidence is a natural one because it is clear that a system in such a family could not
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have invariant straight line of, say, "non-parallel” multiplicity, as for these lines we must have
at least one infinite singular point defined by a multiple linear factor of the form Cs(z,y) =
yps(x,y) — xzqs(x,y) (when we factorize C3 over C). The case of singularities at infinity
defined by multiple factors of C'3 are considered in Chapters 3 and 4 and the constructed
configurations could not be obtained applying only the notion of "parallel” multiplicity.

We would like also to mention one more difference between the results obtained in the
classification given by these authors and those from our Thesis (for the above mentioned
subfamily). And namely, in contrast to the results obtained in the papers [127] and [128§], in
our Thesis in addition we find out the necessary and sufficient conditions for the realization
of each one of the 17 configurations.

Finally we would like to discuss some results obtained by Llibre and Vulpe [83, 2006] which
strongly correlate with the results contained in our Thesis. More precisely in [83] the cubic
systems (1.1) possessing the maximum number of invariant straight lines were considered.
The authors introduced the notion of the configurations of invariant lines of cubic systems
and detected 23 such configurations for cubic systems. Moreover using invariant polynomials
with respect to the group Aff(2,R) of affine transformations and time rescaling in this paper
the necessary and sufficient conditions for the realization of each one of 23 configurations were
constructed. However, as it was proved in this Thesis (see also [16, 2014]), the classification
given in [83] is not complete. Indeed, in Chapter 4 of the Thesis we exhibit a new class of

cubic systems with invariant lines of total multiplicity 9.

We would like to underline that for some special families of polynomial systems (1.1)
possessing invariant lines, the knowledge of configurations of lines allows us easily to detect
the corresponding phase portraits. For example, in papers [110, 112] for quadratic systems
with invariant lines grater or equal to 4, it was proved that the existence of 57 distinct config-
urations of invariant lines leads to the existence of 135 topologically distinct phase portraits.
In [103,104,127,128]| for cubic systems with invariant lines of total parallel multiplicity six or
seven, taking into consideration constructed configurations of invariant lines it was proved
the existence of 113 topologically distinct phase portraits.

In the Thesis for systems CSLg there have been obtained 51 distinct configurations of
invariant straight lines, this number summarizing all possible configurations obtained in all
cases examining in Chapters 2-4.

The question of determining all topologically distinct phase portraits of systems in CSILLg

is expected to be examined by the author in the future.
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1.2. Invariant algebraic curves in the study of integrability of planar polynomial

systems

As it was mentioned earlier, one of the goal of the curent Thesis is the determination of
all configurations of invariant straight lines for systems in CSLg. Therefore, in order to
construct these configurations, we have to determine all possible invariant straight lines,
the sum of multiplicities of which equals eight. Our hypothesis is that these invariant lines
could serve as a base for determining the first integral (integrating factor) of corresponding
systems applying the method of integration of Darboux. In what follows we shall examine

this point of view.

The question to determine the invariant algebraic curves of a given planar polynomial
vector field, or to decide that no such curves exist, is part of a problem set forth by Poincaré,
and is also essential in deciding whether the vector field is integrable (admits an integrating
factor). See the interesting and profound survey of Schlomiuk [105] on these questions. One
of the first publications in this direction was the paper of Darboux [59, 1878] where the
existence of invariant curves plays an important role in order to determine the first integrals
of these systems. Since Darboux had found connections between algebraic geometry and
the existence of first integrals of polynomial systems, invariant algebraic curves have been
a central object in the theory of integrability of planar polynomial systems. Today, after
more than a century of investigations, the theory of invariant algebraic curves is still full of
open questions which are not easy to solve. One of the reasons for this is the fact that it is
very difficult to tell if any nonsingular trajectories of the system are contained in algebraic
curves.

The method of integration of Darboux uses multiple-valued complex functions of the
form: (a) F = @Y f(z,y)" - fo(z,9)", G = G1/Gy, G; € Clz,y], and f; irreducible
over C. It is clear that in general the last expression makes sense only for Gy # 0 and for
points (z,y) € C*\ ({Ga(z,y) = 0} U {fi(z,y) =0} U---U{fi(z,y) = 0}).

Consider the polynomial system of differential equations (1.1). The equation f(x,y) =0
(f € Clz,y|, where Clz,y] denotes the ring of polynomials in two variables x and y with
complex coefficients) which describe implicitly trajectories of of systems (1.1), can be seen as
an affine representation of an algebraic curve of degree m. Suppose that (1.1) has a solution
curve which is not a singular point, contained in an algebraic curve f(z,y) = 0. It is clear

that the derivative of f with respect to ¢ must vanish on the algebraic curve f(z,y) =0, so
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In 1878 Darboux introduced the notion of the invariant algebraic curve for differential
equations on the complex projective plane. This notion can be adapted for systems (1.1).
According to [59] an algebraic curve f(x,y) = 0 in C? with f € Clx,y] is an invariant
algebraic curve (an algebraic partial integral) of a polynomial system (1.1) if X(f) = fK
for some polynomial K(x,y) € Clz,y] called the cofactor of the invariant algebraic curve
f(z,y) = 0. It could be observed that for the points of the curve f(x,y) = 0 the right
hand side of (1.1) is zero. This means that the gradient (0f/0x,0f/0y) is orthogonal to the
vector field X = (P, Q) at these points. Therefore the vector field X is tangent to the curve
f = 0. This explains why the algebraic curve f = 0 is invariant under the flow of the vector
field X.

In view of Darboux’s definition, an algebraic solution of an equation (1.1) is an invariant
algebraic curve f(x,y) =0, f € C[x,y] (deg f > 1) with f an irreducible polynomial over
C. Darboux showed that if a system (1.1) possesses a sufficient number of such invariant
algebraic solutions f;(z,y) =0, f; € C, i =1,2,...,s, then the system has a first integral
of the form (a) (see the previous page).

According to [59], we say that a system (1.1) has a Darboux first integral (respectively
Darboux integrating factor) if it admits a first integral (respectively integrating factor) of the
form e“@) f[ fi(x, y)™, where G(z,y) € C(z,y) and f; € Clz,y], deg fi > 1,i=1,2,...,s,
fi irreducibl(;:olver C and \; € C. If a system (1.1) has an integrating factor (or first integral)
of the form F = [[°_, f¥ then Vi € {1,...,s}, f; = 0 is an algebraic invariant curve of (1.1).

In [59] Darboux proved the following remarkable theorem of integrability using invariant
algebraic solutions of systems (1.1):

Theorem. Consider a differential equation (1.1) with p,q € C[z,y]. Let us assume that
m = max(deg P, deg ) and that the equation admits s algebraic solutions f;(z,y) = 0,
i=1,2,...,s (deg f; > 1). Then we have:

I If s = m(m + 1)/2 then there exists A = (Ay,..., ;) € C*\ {0} such that R =
[T, fi(z,y)* is an integrating factor of (1.1).

II. If s > m(m + 1)/2 4+ 1 then there exists A = (A\1,...,As) € C*\ {0} such that
F =TI, fi(z,y)* is a first integral of (1.1).

In 1979 Jouanolou proved the next theorem which improves part II of Darboux’s Theo-

rem: Consider a polynomial differential equation (1.1) over C and assume that it has s al-
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gebraic solutions f;(x,y) =0,i=1,2,...,s (deg f; > 1). Suppose that s > m(m+1)/2+ 2.
Then there exists (ny,...,ns) € Z°\ {0} such that F = [[;_, fi(z,y)™ is a first integral of
(1.1). In this case F' € C(x,y), i.e. F is rational function over C.

The above theorems shows that we can reduce the study of the invariant algebraic curves,
to the study of the irreducible invariant algebraic curves in Clz, y|, (see, for instance Christo-
pher and Llibre [42]).

According to the above stated theorems, if a system in CS possesses 7 distinct affine
invariant straight lines (algebraic curves of the first degree) then this systems has a first
integral which could be constructed with these lines and so, the coordinates of the vector A
could easily be determined. Moreover, if cubic systems (1.1) possess 6 distinct affine invariant
lines, then it exists an integrating factor determined by these lines.

As it was mentioned above the main object of our investigations is the class CSILg of cubic
systems, which is, at the first glance, very specific one. The next question which comes to
mind is the following: could a system (1.1) in CSLg having < 5 distinct affine invariant
straight lines of total multiplicity 8 be Darboux integrable? Our assumption concerning
this problem is that a first integral (or an integrating factor) also could be constructed for
considerated systems.

This conviction is based on the fact that in [127,128, Suba, Repesco, Putuntici|(also
see [85,85]) the authors have been proved that cubic systems (1.1) with invariant lines of
parallel multiplicity 7 are integrable. Particularly a first integral for cubic systems with four
distinct affine invariant lines is constructed.

It is worth to point out that the problem of integrability in the case of cubic systems with
the maximum number of invariant straight lines (i.e. 9), considered in [83], is still unsolved.

Thus, we arrive at the conclusion that, having all canonical forms of systems in CSLg,
constructed in the current Thesis, the problem of integrability of such systems could be

solved. This question is expected to be examined by the author in the future.

1.3. Invariant theory of polynomial differential systems in the problem of clas-

sification

The roots of the invariant theory of polynomial vector fields lie in the classical invariant
theory. The idea to adapt to polynomial vector fields the concepts of classical invariant
theory is due to C.S. Sibirsky, the founder of the Chisinau school. In this chapter we first

describe briefly classical invariant theory and then explain how the ideas of this theory were
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used by Sibirsky and his school to built an analogous theory for polynomial vector fields.

Classical invariant theory. In the Introduction of his book [87], Olver defines classical
invariant theory as the study of the intrinsic or geometrical properties of polynomials. By
geometric property we mean a property which is not affected by changes of coordinates.
These changes are usually assembled in groups such as for example the group GL(n,C) of
linear transformations of C™ or its subgroup SL(n,C) of special linear transformations of
determinant 1. In his famous Erlangen Program, Felix Klein called a property geometric if
it is invariant under a group action. Depending on the groups we consider we could have
the Euclidean geometry for the group of rigid motions, the affine geometry for the group
of affine transformations, the projective geometry for the group PGL(3,C) of projective
transformations.

We can trace the beginning of classical invariant theory to Gauss who in 1801 published
in Latin his book Disquisitiones arithmeticae where Gauss observed invariant behavior in the
theory of quadratic forms over C. Gauss considered binary quadratic forms Q(x,y) = ax® +
20zy + cy® over C. On these forms acts the group GL(2, C) of linear transformations, i.e. for
every 2 X 2 non-singular matrix M over C and every quadratic form Q(z,y) we can associate
a quadratic form Q(Z, ) = A%> + 2B#j + Cy? where (x,y)" = M(Z,7)". The discriminant
of a quadratic form @Q over C is the number A = b*> — ac. For the transformed form we
have A = B2 — AC and calculations yield A = (detM)?A = CA with C = (detM)? € C, C
depending only on the element M of the group GL(2,R) and not on the quadratic form. If
det(M) =1 then A is an invariant. In [64] Gauss was interested in number theory and used
quadratic forms over Z with the action of the group SL(2,Z) on these forms.

The classical theory of invariants deals with transformations of forms, i.e. homogeneous

polynomials in n variables z = (x1, ..., z,,) of degree m with coefficients in C. In particular, for
m o

the specials case of binary forms we have f(a,z) = >21% [ | @25 with a = (ay, ..., an).
i

If = Mz’ is a non-singular linear transformation, then this induces a transformation of f,
ie. fla,z) = f(a, Mx') = f'(d’,2") where f’is a new n-form with coefficients a’ = (a}, ..., al,).
Then the coefficients a’ of f” are related to those of f by a linear transformation a = v(M)d'.
Furthermore if M = M; M, then v(M) = v(MyMy) = v(M;)v(Ms), so the map M — vM
is an automomorphism of the group GL(n,C). If we only consider M in a subgroup G of
GL(n,C) then this map is a group homomorphism G — GL(n,C). As Thomas Hawking

observed in [69], this property was ignored in the first phase of the development of classical
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invariant theory but it was later emphasized by Lie and by Klein in his Erlangen program
of 1872. In fact there is a close relation between invariant theory and group theory. In
his book [60] Dieudonné talking about the revival prompted by developments of Schur,
Weyl and Cartan, on the semi-simple groups and their representations around 1935, it was
realized that classical invariant theory was really a special case of that theory.” In modern
terms the invariants of the form f are called invariants of the representation M — v(M) in
GL(m+ 1,C) induced by the action of GL(n,C) on C".

A polynomial /(a) in the a; is a relative invariant of f (or of a family of such forms f) if
I(a") = (det(M))~*I(a) for all M € GL(2,C) and p is called the weight. In case I(a’) = I(a)
then I is called an invariant (or an absolute invariant).

A polynomial g(a,x) in the a; and z; of f(a,x) is called a relative covariant of f if
g'(d,2") = (detM)"g(a,z) for all M € GL(2,C). The classical theory of invariants is the
study of these invariants and covariants of n-form over C and finding all of them.

The classical invariant theory began to be developed in the 1840s. The British math-
ematician George Boole launched this theory by publishing the treatise "Exposition of a
General Theory of Linear Transformations" in 1841. The basic example considered by Boole
was the set of monic polynomials Q(x) = 2% + 2b,x + by on which acts the group of transla-
tions, Q(z+c) = 22 +2(by +¢)x + c* +2byc+ by. The discriminant of Q(x) is A = b — by and
calculations yield that the discriminant A’ of Q(x + ¢) coincides with A. Thus the discrimi-
nant is an invariant of monic quadratic polynomials under the action of translations. Boole
used elimination theory to construct an invariant of homogeneous polynomials of degree m
in n variables, namely the discriminant K. In 1845, in [35] Cayley gave a technique for gen-
erating invariants, distinct from that of Boole. Cayley’s goal was to elaborate a theory that
would allow for the production of some sort of minimal set of invariants for a given form
and also of a minimal set of relations or syzygies among invariants. For example Cayley
constructed two simpler invariants I, J than the ones of Boole and it turned out that K, I, .J
are related by the "syzygy" K = I3 — 27J%. The term "syzygy" was introduced in 1853 by
James Joseph Sylvester who was also a leader of the British school of invariants.

The German school led by Otto Hesse, included his student S. Aronhold, also A. Clebsch
and P. Gordan. Paul Gordan proved the first fundamental theorem of invariant theory
in 1868 in [67]. Gordan considered only binary forms over a field K under the action of
the group GL(2, K). His theorem says that all covariants are explicitely constructible as

polynomials in a finite number of them over the underlying field. The syzygy problem, i.e.
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find a finite basis for syzygies, remained unsolved.

For over twenty years, extending the theorem of Gordan to n-ary forms proved to be
a difficult task but in 1890 Hilbert, who obtained his doctorate in 1885 with a thesis on
invariant theory and with an Habilitationsschrift (1886) also on invariant theory, succeeded
in generalizing the result of Gordan to n-ary forms over C, i.e. homogeneous polynomials
in n variables F'(x1,...,x,) with coefficients in C, of any degree. Hilbert’s first proof of this
result was existential, i.e. he proved the existence of a finite basis of invariants by reductio
ad absurdum. It was only in 1893 that he gave a constructive proof for this theorem which
says that any finite system of homogeneous polynomials admits a basis for its invariants, as
well as for its covariants. A collection of invariants Iy, ..., I, of n-forms fi, ..., f; of degree m
such that any invariant [ is a polynomial function I = P(1q, ..., I) is called a Hilbert basis.
Similarly a finite collection of covariants Ji, ..., J; forms a Hilbert basis if every covariant .J
is a polynomial function J = P(Jy, ..., Ji).

In 1893 Hilbert solved also the problem of finding a finite basis for syzygies of invariants
of n-ary forms. Hilbert’s work went beyond invariant theory since in these papers he proved
results of modern algebra which are now at the basis of commutative algebra: Hilbert’s basis
theorem and the Nullstellensatz. Thus invariant theory played an important role in the
development of abstract algebra at the beginning of the twentieth century.

In 1900, at the International Congress of Mathematicians in Paris, Hilbert included in
his list of problems for the XX-th century [76] also a problem on invariant theory. This
is his 14-th problem on his list. However, after his work [75], Hilbert abandoned invariant
theory and with few exceptions, this theory remained rather stagnant until the middle of the
twentieth century when it was revived and infused with new ideas ultimately giving birth to
modern invariant theory or geometric invariant theory as it was called by Mumford [70].

We note that we have a relation between classical invariant theory and group represen-
tation theory, relation which was not perceived in the initial stages of invariant theory but
which was highlighted in the work of Lie and Klein. This relation is pervasive in modern
invariant theory.

Sibirsky’s school in invariant theory of planar polynomial vector fields. Classi-
cal invariant theory involved vector spaces of n-forms over C of degree m, where n and m are
natural numbers. It was a natural problem to try to develop an analogous theory in which
the vector space of n-forms is replaced by a vector space of differential equations such as for

example the vector space of polynomial differential systems of degree m. Although algebraic
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invariants in the theory of differential equations were used in work of some 19th century
mathematicians, the development of a full invariant theory for polynomial differential sys-
tems only began in the second part of the XXth century. The initial steps in this direction
were made by Constantin Sibirsky who wrote several books and published numerous works
on this theme. He established the connection between the algebraic invariants of the classical
groups (rotation groups, O(2,R), GL(2,R), Aff(2,R)) and the qualitative theory of pla-
nar polynomial differential systems. Sibirsky was the founder of the Chiginau school in the
theory of invariants of planar polynomial vector fields. He had many students, among them
V. Baltag, D. Bularas, 1. Calin, Dang Din’ Bik, V.I. Daniljuc, F. Gasinskaja-Kirnickaja, V.
Lunchevich, A.V. Marincuk, I.I. Pleshkan, M. Popa, A.M. Stakhi, A. Sub&, V.D. Taku, N.
Vulpe. Most of them had students and they continue to be active.

In his book [121], Sibirskii wrote that the first works on the theory of invariants of dif-
ferential equations were done by Laguerre. His papers, published in 1879, are on linear
differential equations. From 1879 on, other articles on invariants of linear differential equa-
tions were published, among them the work of Halphen. Beginning with the work of Liouville
(1886) and of Appell (1889), the theory of invariants was extended to non-linear differential
equations and new contacts between this theory and algebraic geometry appeared (see [121]
for more information).

Sibirsky began to work on developing the invariant theory of polynomial vector fields
during the 1950’s. The first successful articles on classifying families of planar polynomial
systems were done by Sibirsky and Vulpe, one published in 1975 [137] and another in 1977
[138]. A few unsuccessful attempts to classify quadratic systems with a center were done
before 1975. Vulpe’s article [135] published in 1983 contained the first correct classification
for this important class of all quadratic systems with a center. Vulpe not only listed there
all 31 phase portraits of this family but also gave necessary and sufficient conditions in
terms of invariant polynomial for the realization of each one of the phase portraits, when
the center is placed at the origin. Thirty two years have passed since the publication of this
article and in this period of time over 50 articles appeared solving classification problems
for quadratic or cubic differential systems. These articles are of two kinds: (A) those listing
phase portraits but without proving with the help of topological invariants that the lists
contain topologically distinct phase portraits and without characterizing the phase portraits
(whenever possible) in terms of invariant polynomials (for this concept see the next section);

(B) those proving that the phase portraits are indeed distinct and characterizing each phase
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portrait in terms of polynomial invariants (see [117]) whenever this was possible. Here below
we give a very brief survey of results obtained by Sibirsky and by members of the Chiginau
school and their collaborators.

With his students, Sibirsky constructed algebraic invariants and comitants (analogs in
this theory, of the covariants in the classical theory) for polynomial vector fields under the
action of the groups O(2,R), GL(2,R) and Af f(2,R).

The basic problem of giving polynomial bases for invariants and comitants for quadratic
and cubic differentials systems for the action of the group GL(2,R) was solved by Sibirsky
and his students Bularas, Calin, Daniljuc, Dan Ging’Bik, Gasinskaja-Kirnickaja and Vulpe
(see [33,56,57,63,134]). In addition to the construction of polynomial bases, Calin con-
structed algorithms for creating rational bases of the GL(2,R)-comitants for polynomial
differential systems (see [37,44]).

The problem of giving polynomial bases for invariants and comitants for the quadratic
differential systems with respect to the group Aff(2,R) was solved by Bularas in [31],
[32]. He obtained 36 affine comitants such that every invariant or comitant with respect to
Aff(2,R) is obtained as a polynomial in these 36 elements. Using these elements as well
as the elements of polynomial bases of GL(2,R)-comitants, in [34], the minimal polynomial
basis of T-comitants (see definition in Section 2.1) was constructed up to and including the
degree 12.

For cubic differentials systems the problem of giving polynomial bases for invariants and
comitants, for the action of the group Af f(2,R) is still unsolved.

These bases play a fundamental role in the study of families of quadratic or cubic dif-
ferential systems. In particular they were used for the purpose of classifying families of
polynomial differential systems. This work was an important contribution because, unlike
other classification results on these systems which were non-intrinsic, the results obtained by
Sibirskii and his students were intrinsic, i.e. they were invariant under allowable coordinate
changes and hence independent of the specific presentation of the systems (normal forms)
used in the classifications.

Sibirsky determined necessary and sufficient conditions in terms of algebraic invariants
with respect to the GL(2,R) action, for a system with only quadratic or cubic nonlinearities
to have a center at the origin (see [118], [119]). Later Sibirsky with Kirnickaja have con-
structed analogous conditions for the existence of two centers, one of which being placed at

the origin.
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For a general quadratic system in the plane (including a system in which there can be
free terms) Bularas, Vulpe and Sibirsky obtained necessary and sufficient conditions for the
existence of one center, and also of two centers. These conditions are expressed in the form
of equalities and inequalities between affine-invariant polynomials in the coefficients of the
right-hand sides of the system.

The Poincaré-Lyapunov constants intervene in the problem stated by Poincaré of dis-
tinguishing a focus from a center (see [89]). Calin worked on the expression of the general
Poincaré-Lyapunov constants in terms of invariants of the GL(2,R) group action. (In this
case the singular point is placed at the origin.)

Another theme on which Sibirsky and his former student Popa worked was the problem
of determining G L(2,R) invariant necessary and sufficient conditions for the existence of an
invariant straight line [100]. This theme was further pursued by Schlomiuk and Vulpe in a
series of papers where they gave: i) necessary and sufficient conditions, in terms of affine
invariant polynomials, for a quadratic differential system to have invariant straight lines with
total multiplicity four (respectively five or six); ii) the complete list of phase portraits of all
such systems; iii) the bifurcation diagram in the space R? of the coefficients of the systems
(see [108,110-112]). Schlomiuk and Vulpe also gave necessary and sufficient affine invariant
conditions for a quadratic system to be of Lotka-Volterra type. For these systems they also
gave the full list of phase portraits as well as the bifurcation diagram of Lotka-Volterra
systems in the space R'? of their coefficients.

Llibre and Vulpe classified all cubic systems possessing the maximum number 9 of in-
variant straight lines (real or complex) taking into account their multiplicities and the line
at infinity [83]. They detected 23 topologically distinct configurations of invariant lines for
such systems and proved that modulo the group Af f(2,R) action and time rescaling, each
configuration leads to just one point in the coefficient space R?°. Moreover, every configura-
tion is characterized by a set of affine invariant conditions. This classification was completed
by the author of the Thesis Cristina Bujac in [16].

Vulpe in common with Bujac, have characterized in invariant terms the cubic differential
systems having invariant straight lines of total multiplicity 8, including the line at infinity
(see [17,27-30]).

Baltag together with Calin proved that under generic assumptions the planar system
dr/dt = cx+dy+zC(x,y), dy/dt = ex+ fy+yC(z,y), where R(x,y) = —ex?+ (c— f)zy+
dy* # 0 and C(x,y) # 0 is a homogeneous polynomial of degree r > 1, has a first integral of
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generalized Darboux type. The main idea is to express an invariant algebraic curve of the
system using comitants and invariants of the system (see [7]).

Baltag worked together with Vulpe to construct polynomial invariants helpful in the qual-
itative theory of polynomial differential systems. Some invariant polynomials with respect to
affine transformations which they constructed in [10], [11] give affinely-invariant coefficient
conditions for the total multiplicity of finite singularities for generic polynomial differential
systems (see the polynomials y;, i = 0, ...,n? for n = 3 in Section 2.1). In particular, for the
quadratic differential systems with real coefficients they found the conditions for the number
and multiplicity of finite singular points (see [8], [9]). These invariant polynomials were used
in many works in classification problems of quadratic or cubic differential systems such as
for example [17,28-30].

In another paper [9] Baltag and Vulpe provide a classification of planar quadratic differ-
ential systems, in terms of the number and multiplicity of the critical points on the line at
infinity. The results of these papers are essentially based on the classification of the family of
quadratic systems according to the total multiplicity of all finite singular points of systems.

Mihail Popa and his students (A. Braicov, O. Diaconescu, N. Gherstega, Anca-Veronica,
P. Makari, E. Naidenova, V. Orlov, S. Port, V. Pricop) studied the finite-dimensional gradu-
ate algebras of comitants and invariants which he called the Sibirsky algebras [99], and they
obtained characteristics of these algebras (the Krull dimension and the type and number
of generators for autonomous polynomial differential systems, Hilbert series for the graded
algebras of comitants and invariants of two-dimensional autonomous polynomial differential
systems) (see, for instance [98]). They obtained invariant classifications of GL(2,R) and
Af f(2,R)-orbits for some classes of polynomial differential systems.

Popa and Pricop obtained an estimate for the number of algebraically independent
Poincaré-Lyapunov constants for polynomial vector fields possessing a singular point of cen-
ter or focus type (see [99]).

This theory of invariant polynomials also allowed us to classify topologically some classes
of systems which have algebraic-geometric properties such as the Lotka-Volterra differential
systems (see, for instance [116]).

The work of C. S. Sibirsky and the Chiginau school has implications which extend to
modern, geometric invariant theory. For example, in the cubic case we need to classify the
set CS of cubic differential systems according to their configurations of invariant lines. This

set modulo the group action of the group G = Aff(2,R) x R* of affine transformations

33



and time rescaling is 13-dimensional. This is a very large number of parameters. Up to
now only l-parameter families of CS have been classified according to configurations of
invariant lines. In the first part of this classification of CS the invariant theory approach
intervenes in gluing the various charts of this 13-dimensional topological space of orbits
under the G-action on CS. In particular this is what is done in this Thesis for the problem
of geometrically classifying the configurations of invariant lines of systems in the class CSLsg.
Of course the invariants and comitants are helpful in completely classifying CS according
to specific algebraic-geometric properties of the systems. In particular it has allowed us
to completely classify these systems according to the number of distinct singular point at
infinity. More precisely, we split the whole set CSILg of cubic systems with invariant lines of
total multiplicity eight (which have the non-degenerate infinity) in four subfamilies of such
systems with either 4 ISPs or 3 ISPs or 2 ISPs or 1 ISP. Surely that these subfamilie of
systems are distinguished by affine invariant conditions.

All 51 configurations of invariant lines obtained in the Thesis for CSLLg are distinguished
by means of 52 new invariant polynomials, constructed in this work, besides 20 earlier

constructed in [83] (see Section 2.1).

1.3. Conclusions on Chapter 1

Chapter 1 contains a survey of the most important results related to the purpose and
objectives of the Thesis, the directions of investigations.

Our work in the Thesis was partly motivated by the following hard problems concerning
polynomial differential systems and we discuss about this in Chapter 1:

1. the problem of topologically classifying all phase portraits of polynomial systems of a
given degree n;

2. the problem of algebraic integrability (stated by Poincaré).

The subject of the Thesis is the set CSILg of all cubic systems with invariant straight lines
of total multiplicity eight. One of the main objective of this work is to detect all possible
configurations of invariant straight lines for systems in CSLg.

This classification could serve as a base for either a further total topological classification
of this family of systems or determining of the first integrals (integrating factors) of cor-
responding systems applying the method of integration of Darboux. Our assumptions are

based on some arguments examined in Chapter 1.
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In order to examine some specifical geometrical properties of systems (1.1) authors, as

a rule, apply affine transformations and time rescaling which keeps these proprieties as well
as the degree of the systems. As a result there are obtained some canonical systems (nor-
mal forms) which depend on less number of parameters. For these canonical systems the
necessary and sufficient conditions in terms of their parameters which characterize the cor-
responding geometrical properties are constructed. However it is clear that these conditions
are related with the canonical systems and they are not valid for the initial systems. The
next objective of the current Thesis is to construct necessary and sufficient affine invariant
conditions for the realization of each one of the detected configurations of systems in CSLg.
These conditions, constructed by means of the invariant theory, help us to establish a con-
nection between the canonical and initial systems because the applied affine transformations
theoretically exist but they are unknown.
The roots of the invariant theory of polynomial vector fields lie in the classical invariant
theory. The idea to adapt to polynomial vector fields the concepts of classical invariant
theory is due to C.S. Sibirsky, the founder of the Chiginau school. In Chapter 1 we also
describe briefly classical invariant theory and explain how the ideas of this theory were used
by Sibirsky and his school to built an analogous theory for polynomial vector fields.

The cases of integrable systems are rare, but as Arnold said in [1, p.405] “...these integrable
cases allow us to collect a large amount of information about the motion in more important
systems...”.

As it could be observed from Preliminaries, besides the Invariant Theory we have used in
the Thesis the Qualitative Theory of Dynamical Systems, the Algebraic Theory of Resultants

and Subresultants as well as Poincaré compactification and Bifurcation Theory.
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2. CUBIC SYSTEMS WITH INVARIANT LINES OF TOTAL
MULTIPLICITY EIGHT AND FOUR DISTINCT INFINITE
SINGULARITIES

2.1. Preliminaries

In this subsection we give the basic notions and results which we need in this paper.

Consider planar real differential cubic systems, i.e. systems of the form:

&= po+pu(,y) + pa(,y) + pa(x,y) = Ple,y), (2.1)

¥ =q +q(,y) +qry)+glr,y) =Q(r,y)

with real coefficients and variables  and y. The polynomials p; and ¢; (i = 0,1,2,3) are

homogeneous polynomials of degree ¢ in x and y:

po = a0, P3(,y) = asox’ + 3anx’y + 3anry’ + amsy’,
pi(2,y) = awr + any, pa(,y) = ar® + 2an2y + any’,
Q0 =boo, a3(x,y) = bsoa® + 3ba1 2’y + 3brawy® + bosy’,
@1 (2, y) = b + bory,  qa(x,y) = baox® + 20112y + booy®.
Let a = (ago, a10, Go1, - - - , @03, oo, D10, bot, - - -, bo3) be the 20-tuple of the coefficients of systems

(21) and denote R[CL, xZ, y] = R[CLQ(), a1, a1, - - -, A03, boo, b107 b017 ey bog, xZ, y]

The systems (2.1) we could write in the coefficient form:

(9) {:p = a+ cx+dy+ gz* + 2hxy + ky? + pr® + 3qz’y + 3ray® + sy?, (2.2)

y= b+er+ fy+Ilr?+ 2may + ny? + tx® + 3ury + 3vry?® + wy.

2.1.1. Main invariant polynomials associated to configurations of invariant lines

It is known that on the set CS of all cubic differential systems (2.1) acts the group Aff(2, R)
of affine transformations on the plane [108]. Indeed for every g € Aff(2,R), g : R* — R?

()Y en ()

where M = ||M;;|| is a 2 x 2 nonsingular matrix and B is a 2 x 1 matrix over R. For every

we have:

S € CS we can form its transformed system S =g - S :

dz/dt = P(z,7), dy/dt = Q(z,7)

t

= M((Pog™)(z,5) (Qog ) (z,9).
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For every g € Aff(2,R) let r, : R* — R* be the map which corresponds to ¢ via this
action. We know (see [122]) that r, is linear and that the map r : Aff(2,R) — GL(20,R)
thus obtained is a group homomorphism. For every subgroup G C Aff(2,R), r induces a
representation of G onto a subgroup G of GL(20,R).

Next we need the following definitions which were used in [108] (see also [122]).
Definition 2.1 ( [108]). A polynomial U(a,x,y) € Rla, x,y] is called a comitant of systems

(2.1) with respect to a subgroup G C Aff(2,R) if there exists x € Z such that for every
(g,a) € G x R?Y and for every (z,y) € R? the following relation holds:

U(ry(a),g(z,y)) = (detg) *U(a, z,y),

where detg = detM. If the polynomial U does not exactly depend on x and y then it is
called invariant. The number x € Z is called the weight of the comitant Ula,x,y). If
G = GL(2,R) (or G = Aff(2,R)) then the comitant U(a,x,y) of systems (2.1) is called

G L—comitant (respectively, affine comitant).

Definition 2.2 ( [108]). A subset X C R* will be called G—invariant, if for every g € G
we have r4(X) C X.

Let us consider the polynomials

Ci(a'axay) = ypi(aaxay) - xqi(aaxay) € R[(l,l‘,’g], 1= 07 17 273a
(2.3)

0 0 .
Di(a’wxay) = %pi(a7$7y) + a_yQi(avl‘)y) € R[aaxay]a 1= 17273'

As it was shown in [122], the polynomials {C’O(a, z,y), Ci(a,x,y), Cy(a,z,y), Cs(a,z,y),
Di(a), Dy(a,z,y) Ds(a,x,y)} of degree one in the coefficients of systems (2.1) are GL-

comitants of these systems.

Let T'(2,R) be the subgroup of Aff(2,R) formed by translations. For every 7 € T'(2,R)
such that 7: 2 =7 + a, y = ¢ + B we consider 7, : R? — R?,
Definition 2.3 ( [108]|). A GL—comitant U(a,x,y) of systems (2.1) is called a T—comitant

if for every (1,a) € T(2,R) x R?*® and for every (z,y) € R? the relation U(r, - a,Z,i) =
Ula,z,y) holds.

Let U;(a,z,y) = Z?i:o Uij(a)z%=Iyi i =1,...,s be a set of GL—comitants of systems
(2.1) where d; denotes the degree of the binary form U;(a,z,y) in = and y. Additionally
we denote by U = {U;j(a) € Rla] | i=1,...,s, j =0,...,d;} the set of the coefficients in
Rla] of the GL—comitants U;(a,z,y), i =1,...,s and by V(U) its associated algebraic set:
VU)={aeR? | Uj(a) =0 for every Uj(a) € U}.
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Definition 2.4 ( [34,108]). A GL—comitant U(a,z,y) of systems (2.1) is called a condi-
tional T —comitant (CT—comitant) modulo < Uy, ..., Us > if the following two conditions

are satisfied:

(i) the algebraic subset V(U) C R*® is affine invariant;

(ii) for every (1,a) € T(2,R) x V(U) we have U(r; - a,z,y) = U(a, z,y) in R[z, 7.
Notation 2.1. Let f, g € Rla,z,y] and

k
k oFf 0% g
)
1.0 =0 () g g 2.0

h=0

(f,9)® € Rla,x,y] is called the transvectant of index k of (f, g) (see for instance [68], [87]).

Theorem 2.1 ( [136]). Any GL-comitant of systems (2.1) can be constructed from the
elements of the set {C;, D;, 1 =0,1,2,3} by using the operations: +, —, X, and by applying
the differential operation (f, g)™®

In order to define the needed invariant polynomials we first construct the following comi-

tants of second degree with respect to the coefficients of the initial system:

Si=(Co, ), Sio=(C1,C3),  Sig=(Co Ds),
Sy =(Co, )V, S =(C1, )P, Sy = (Co, Dy)P
Sy = (Co, D), Sy = (C1, D)V, Sy = (D, C5) Y,
Si=(Co,Cs)'V,  Siy=(Ch, D5)?, Sy = (Dy, D)V,
S5 = (Co, D3)V, Sy = (Co, C), Sag = (C, C5)® |
Se = (C1, )P, Sis=(Co, D)W, 8oy = (Cy,C)Y
S =(C1,C)W . Si6=(Cr,Co)Y, S = (Cy, Da)Y,
Sy =(C1,C2)? . Sip=(Co,C)P, So5 = (Cs, D3)?
So = (C1, D)V Sis=(Co,C5)® Sy = (Ds, Dy)®

We shall use here the following invariant polynomials constructed in [83] to characterize the

family of cubic systems possessing the maximal number (i.e. nine) of invariant straight lines:

= 655, — [(Cg, 523)(4)]2, Dy(a, z,y) = —Sas,
= (Sa3, S93)® — 6C3(C3, So3),  Dy(a) = (Cs, Dy)W,

S
=
B
<

A
=
B
<

)
)
) = Sw+2D3, Vuola,z,y) = Sa, Vi(a,2,y) = 6S95—3S3—2D3,
) = C3|(Cs52)" +36(Ds, 56)|
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Li(a,,y) = 9C5 (Saq+ 24S57) — 12D3 (Sa0 + 85922) — 12 (Sig, D3) @ — 3 (Sag, Co)? —
—16 (S19, C3)® 4 12 (5990 + 2455, C5) Y |
Lo(a,z,y) = 32(13S1 + 33551, Do) + 84 (9511 — 2514, D3) M) — 448 (S5, Co) +
+ 8Dy (12853 + 35515 — 73530) — 56 (S17, Ca)@ — 63 (S, C1) @ +
+ T56D3513 — 1944D; Sog + 112 (Si7, Do)V — 378 (Sye, 1)V +
+ 9C, (48897 — 35854),  Us(a) = Say — 4557,
Us(a,z,y) = 6(Ss3 — 355, So6) Y — 3553(Sas — 8Sa7) — 2452, + 2C5(Cs, Sas) @ +

+ 24Ds5(D3, Sa6) Y + 24 D2 Sy

However these invariant polynomials are not sufficient to characterize the cubic systems

with invariant lines of total multiplicity 8. So we construct here the following new invariant

polynomials:
Vs(a,z,y) = 6T1(9As—TAe)+2To(4Ti6—Tir)—3T5(3A1+5A5) +3 ATy +36T2 3T,
Vs(a,z,y) = 6D2+4 Sy3+ 6555, Lg(a) =245 — 1944, Lr(a,z,y) = (Tio, Tio)?,
Ki(a,z,y) = (3223T2Tv + 2718T\Thag — 82972 Thay, Tuss) " /2, Ka(a, 2, y) = T,
Ks(a,z,y) = Z1Z73, Kyla,z,y) =Tz — 2711,
Ks(a,z,y) = 45Ty — TyTuy + 2T5Ths + 12T + 45T47 — 45Tss + 30Tho,
Ke(a,z,y) = AT\Ts(2663T1s — 8161T15) + 6Ts(178Tss + T0Tos + 555Thg) +

18T (3075 T — 488T,Tyy — 119T%;) + 5T5(25T 136 + 16T137) —
15T (25T 0 — 11T141) — 1657745,

= A +34,, Ks(a,z,y) = 10A4T — 31515 + 4756 — 8157,

=
)
B
<

)

Ko(a,z,y) = 3T1(11T15 — 8T14) — Toz + 5754,
)
)

Siz,  No(a,x,y) =Ty, Ns(a,x,y) = CyDs+ 3Si,

— 52, — 2D2(3Sy, — 8Sy5) — 12D3(S14, C1)M +

+Dy(—48D3Sy + 16(S17,C1)W),

36D,D3(Ss — So) + D1 (108 D2D3 — 54D5(S14 — 8S15)) +
+2814(S14 — 22515) — 8D2(3S14 + Si5) — 9D3(S14, C1)V — 16D3,
40D3(15Ss — 4S3) — 480Dy D3Sg — 20D, D3(S14 — 4S15) +

+160D2S5 — 35D5(S14, C1) D + 8((Sas, C) D, o),
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N7((l, z, y)

Ng(a,x,y)

NQ(av z, y)

NIO(a7 z, y)

Nii(a, z,y)

Nig(a,z,y)

N13(a7 z, ?/)

18C3,D5 (9D, Dy — Si4) — 2C,D3(8D% — 3514 — 74S515) —
—432CD35914857(8 Dy D3 + S17) + 6S10(12D3 + 151.55) —
—51810S14 — 162D1 D5 S16 + 864D5(S16, Co) Y,

—32D38,—108D1 D3S19+108C3D, S1; —18Cy D311 —27S19511 +
+4CyD3(9Ds D3 + 4S17) + 10854551,

1152, — 16D, D5(16 D2 + 19514 — 1525,5) — 8D3(7S14 + 32515) —
—2592D%S,5 4 88Dy (S14, Co) Y,

—24D, D5 + 4D + Sy4 — 855,

S% 4 D1[16D2D5 — 8D3(S14 — 8S15)] — 2D2(5514 — 8515) +
+8Dy(S14, Cy) Y,

—160D4 — 162002554 D1 (1080 D2 D3 — 135D5(S14 —20S15)) —
—5D2(395,4—325)5) +85D5(S14, Co) D +81((Sas, Co) V), Co) 'V +552,
2(136D3Sy — 126 Dy D3Sy + 60D D3S7 + 63S510511) —

—18C3D;(S14 — 28515) — 12C1D3(7S11 — 20S:5) — 192C, D555 +
+4CyD5(21 D5 D5 + 17547) + 3C5(S14, Co) Y,

—6D; D3 — 1555 + 2514 + 4S5,

216D, D5(63S; —104D3 —136S15) +4536 D356 +4096 Dy -+

12052, 4+992D5(S14, Co) V) — 135 D3[28(S17, Co) M +5(Sha, C1) V],
2C, D3 + 3540, Ni7(a,z,y) = 6D, D3 — 2D2 — (C5,C,)P,

2D3 — 6D, Dy Dy — 12D3S5 4 3D3Ss,

C1Dy(18DF — Sg)+C4D5—12D Dy D3 —18 D3S5+9D3Sg) +6C, D1 Sg+
+2(9D2D5S1 —4D3 S +12D1 D3Sy —9C3 Dy S5 —9D3(Sy, Co) V),

3D5 — 8D, D3D3 — 8D3S — 16D, D35y, + 16Dy D35Sy,

2D, D3D3 — 4D32Sg + DaD3Sg + Dy (Sa3, C1)WY,

Ts, N23((l,$, y) = Tg, N24(a, 90,?/) = 213174 — 11136,
5T5Ts — T1Tos, Nog = 9T135 — 480T 5Ty — 4015 Ty — 151515,
9Ty Ty(2Tos — 5Tog — 80Tos) + 144T5(Tog + 5Toy + 15Thg) —

_9(T223 - 5T224 - 33T9T76)a N28(a> x, y) = T3 + Ty,
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Wi(a,z,y) = 2C3D3— 3C5Ds,

Wa(a,2,y) = 6C5(S12+ 6S11) — 9C1(Sas + Sa5) — 8(S1s, Co)!) — C3D3,

Ws(a,xz,y) = 12D1C5 — Sho, Wy(a,x,y) = =275, + 45+,

Ws(a,z,y) = 3D?Cy +4D,Sy —3(S4, Co) VY,

Weola,z,y) = 2C2Di +3Sy, Wr(a,z,y) = (S0, D2)V,

We(a,2,y) = AC(27D1D3—8D2)+2C5(20S15—4S14+39S10) +18C1 (3501 — Do D) +

+54D3(3S, — S7) — 288C5S9+54(S7, C3) Y —567(S,, Cs3)V +135C, D2,
Wo(a,z,y) = 3S¢D3+ 4S3D3 — 6D1 DSy,
Wiola,z,y) = 18D?Cy + 1555C, — 6D1C, Dy + 4CoD3 + 27D, S, — 6C1 Sy,
Wii(a,z,y) = 9CoD3 —6D3(C1Dy — Sy) +4CoD3 (D3 + Sy — 2S15) —
—12C3D3[5D581, — 4D5S15 — 7(S4, Co) V],

W12 (CL, xZ, y) = —480T6T8 + 9T135 — 4OT2T74 — 15T2T75

where
71 = 2C1DyD3—9C)(Sa5+2D3)+4Cy(9D, D3+ S14) —3C3(6Dy Dy+5Sg) +36 D35y,
Zy = 12D, Si7 + 2D5(3S1; — 2514) + 6Ds(Ss — 6S5) — 9(Sa5, Co) WV,
Zy = 48D}C3+12D3(C1D3—CyDy)+36D(CoS17—C38) —16 D38, — 1655514+
+2C0D5(3S11 + 2514) 4 3D3(8D,S; + 3CySs — 2C1.56) — 9545s
—216C5(S5, Cp) V) 4 6C5(DySs — 4(S14, Co) V) + 54Dy Dy(Ss + D3Ch).

Here the polynomials

Ay = Su/288, Ay = Sur/T2, Ag = (T2D1 A5 + (Sa, D2)'") /24,

(2

Ay = [9D1(S54—28845)+4(9511 —2514, D) P +8(3S15— a0 — 4555, D) "] /27/3%,

4 2
As = (523703)( )/27/357 Ag = (526,D3)( )/25/33
are affine invariants, whereas the polynomials

Ty = Cs, Ty= Ds, Tz= Sy3/18, Ty= Sy/6, T5= Sx/72,
Ts = [3C1(D] —9Ts + 18Ty) — 2C5(2D2D3 — Siz + 2519 — 6521) +
+2C5(2D3 — Sis + 8515)] /2%/3%,

Ty = [5Dy(D2+ 27Ty — 18T}) + 20D3Sh9 + 12(Shg, D3) " — 8Dy S17] /5/2° /3%,
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Ty = [9Dy(9T5—18T,— D2)+2Ds(DyDs—3Sh7— S19—9551) +18 (S5, Cs) " —
—6C5(2520 — 3552) + 18C1 906 + 2D5514] /2%/37,

Ty = [(D2— 9T+ 18Ty, Cy)? — 6(D2 — 9T; + 18Ty, Dy) — 12(Syg, Cy) Y
+12D5 556 + 432(A; — 5A5)Co] /27 /3%,

Tz = [27(T3,Cy)@ — 18(Ty, Co)® + 48D3Ssy — 216(Ty, Dy) M) + 36D2506 —
—1296C,A; — T344C5 A, + (D3, Cs) ] /27 /3%,

Tio = [(8S10 + 9501, Ds)" — Da(8Sa0 + 35as) + 18Dy Sa6 + 1296C Ay] /2*/3,

Tis = 8(9810 + 2551, Do) +3(9Ty — 187, — D2, 1) — 4(8y7, C5) @ +
+4(S14 — 17815, Ds)'Y — 8(S1a + Sis, C5) @ + 43204 (54, + 114,) +
+36D1 526 — 4D2(S1s + 4552)] /2°/3°,

Ty = (T,C)", Ty = (T, C5) /6, Toy = (Ty, D) f6,

Toe = (To,C3)'"V/4, Ty = (T, Cs)", Ty = (Ts, Cs)? /24,

Ty = (T, Ds)"/6, Ty = (To,D5)P/12, Tyr = (To,C5)? /12,

Ts = (To,D3)V/12, Tag = (To, C5) P /2432, Ty = (Tus, C5)'V /2,

Tu = ((Sas,Cs)V, Dg)® /5/2/3%,

Try = [27C(9T5 — 18Ty — D3)* + Cy ( — 6220811, C5 — 3(9T3 — 18Ty — Dj) x

X (2D5D3 — Si7 + 2519 — 6521)) + 2073611:C3 + Co(9T5 — 18Ty — D3) x
X (8D3+54D; Dy — 2751, +27S12—4S14+32515) —54C3(9T3 — 18Ty — D3) X
x (2D Dy — Sg + 2Sy) — 54D (9T — 18Ty — D3)Si6 —
—576T5(2D2D5 — S17 + 2519 — 6521)] /28/3%, Tigs = (Tra, C3)W,

Tiss = (T, 03)(2)/24, Tisr = (T, Ds)(l)/ﬁ, Tyo = (T, Ds)@)/m,

T = (T74’C3)(3)/36> T2 = ((T74,C3)(2),03)(1)/72

are T-comitants of cubic systems (2.1). We note that these polynomials are the elements of

the polynomial basis of T-comitants up to degree six constructed by Iu. Calin [37].

Next we consider the differential operator £ = x - Ly — y - Ly constructed in [10] and

acting on R|a, x, y], where

0 +a 0 + 1a i + ga 0 +a 0 +
8&1 Oa 20 " dar, 8(111 3 02 Oa 12 3 1 6&21 20 8(130
0 0 0 0 2 0 0

3 2% b b % b
005, T ey oy ghng o ghig Doy

0
Ly =3ap5— + 2a10
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0 0 0 1 0 2 0 0
Ly =3ap0 57— + 2a01 =— + a1o=— +

dao Oag dayy _a208 21 - gflnaam o aaos+
0 0 0 0 2 0 0
3b 2b b b —=b b
O o By 0 3 0 3 s by

Using this operator and the affine invariant py = Resultant, (p;»,(a,x,y),q;;(a,x,y))/yg we
construct the following polynomials: p;(a,z,y) = Z,—llﬁ(") (o), i = 1,..,9, where L& (1) =
L(LED () and LO (o) = pao.

These polynomials are in fact comitants of systems (2.1) with respect to the group
GL(2,R) (see [10]). The polynomial p;(a,z,y), i € {0,1,...,9} is homogeneous of de-
gree 6 in the coefficients of systems (2.1) and homogeneous of degree i in the variables x and

y. The geometrical meaning of these polynomial is revealed in the next lemma.

Lemma 2.1 (see [6], [10]). Assume that a cubic system (S) with coefficients a belongs to the
family (2.1). Then:
(i) The total multiplicity of all finite singularities of this system equals 9 —k if and only if

Joreveryi € {0,1,..., k—1} we have p;(a, z,y) = 0 in the ring R[z,y| and py(a, z,y) # 0. In
k

this case the factorization py(a,z,y) = H(Uﬂ —v;y) # 0 over C indicates the coordinates

[v; : u; = 0] of those finite smgularitieszzolf the system (S) which "have gone" to infinity.
Moreover the number of distinct factors in this factorization is less than or equal to four (the
mazximum number of infinite singularities of a cubic system) and the multiplicity of each one
of the factors w;x — vy gives us the number of the finite singularities of the system (S) which
have collapsed with the infinite singular point [v; : u; : 0].

(i1) The system (S) is degenerate (i.e. ged(P, Q) # const) if and only if p;(a,z,y) = 0
in Rz, y] for everyi=0,1,...,9.

The study of cubic systems when the total multiplicity of invariant straight lines (in-
cluding the line at infinity) equals nine was done in [83]. For this propose in [83] there are
proved some lemmas concerning the number of triplets and/or couples of parallel invariant
straight lines which could have a cubic system. In [27] we complete these results proving the

following theorem.

Theorem 2.2. If a cubic system (2.1) possesses a given number of triplets or/and couples of
invariant parallel affine lines real or/and complex, then the following conditions are satisfied,

respectively:
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(i) 2 triplets = V=V, =U;=0;
(ii) 1 triplet and 2 couples = V3=V, =Uy =0;
(11i) 1 triplet and 1 couple = Vy=V5=Uy=0;
(iv) 1 triplet = Vi=Uy,=0;

(v) 3 couples = V3=0;

(vi) 2 couples = V;=0.

Infinite singular points and associated homogeneous cubic canonical systems.
It is well known that the infinite singularities (real or/and complex) of systems (2.1) are
determined by the linear factors of the polynomial Cs(z,y) = yps(x,y) —xq(x,y). According
to [95] (see also [58]) we have the following result.

Lemma 2.2. The number of distinct factors (real and imaginary) of the polynomial C3 # 0

is determined by the following conditions:
[i] 4 real if D1 >0, Dy > 0, D3 > 0;
[ii] 2 real and 2 imaginary if Dy < 0;
[iii] 4 imaginary if D1 > 0 and for every (z,y) where DyD3 # 0 either Dy < 0 or D3 < 0;
[iv] 3 real (1 double, 2 simple) if Dy = 0, Dy > 0;
[v] 1 real and 2 imaginary (1 real double) if Dy = 0, D3 < 0;
[vi] 2 real (1 triple and 1 simple) if Dy = D3 =0, Dy # 0, Dy = 0;
[vii] 2 real (2 double) if Dy = D3 =0, Dy > 0, Dy # 0;
[viii] 2 imaginary (2 double) if Dy = D3 =0, Dy <0, Dy #0;
[ix] 1 real (of the multiplicity 4) if Dy = Dy = D3 =0
where D; fori=1,2,3,4 are the T'— comitants earlier defined in this subsection.

We consider the polynomial C3(a,z,y) # 0 as a quartic binary form. Here a € C is
imaginary if a ¢ R. It is well known that there exists ¢ € GL(2,R), g(z,y) = (u,v), such
that the transformed binary form gCs(a,z,y) = C3(a, g (u,v)) is one of the following 9
canonical forms:

(i) ay(z—y)(rz+sy), rs(r+s) #0; (v) 2®y(z—y); (vii) 2y
(i1) sz +y)(@® +y?); (v) 2*(@*+y*);  (vitd) (2% +y°)%
(iii)  (pr* + qy?)(=* + y*), pq > 0; (vi) %y; (iz) ot
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We note that each one of the above canonical forms corresponds to one of the cases enumer-
ated in the statement of Lemma 2.2.

On the other hand, applying the same transformation g to the initial system and calcu-
lating for the transformed system its polynomial Cs(a(g),wu,v) the following relation hold:
Cs(a(g), u,v) = det(g) Cs(a, x,y) = det(g) C3(a, g~ (u,v)) = ACs(a, g~ (u,v)), where we
may consider A =1 (via a time rescaling).

Taking into account that Cs(x,y) = yps(z,y) — zgs3(x,y), in [83] were constructed the
canonical forms of the cubic homogeneous systems having as the expressions for their poly-

nomials C3 the indicated canonical forms (i) — (ix):

o = (p+r)a® + (s +v)ay + qry®, Cs = ay(z —y)(re + sy),

(2.5)
v =prPy+ (r+v)zy® + (¢ + s)y>, rs(r+s) #0;
= (u+1)2® + (s +v)z*y +rzy?, Cs = x(sz+y) (2> +37), (2.6)
y = —sz® +urly +vzy? + (r — 1)y?;
o' =ur® + (p+q+ )2’y +ray’ + qp, Cs = (pr° + qy?) (2 + ), 27)
y' = —pa® +uxy + vry? + ry’, pq > 0;
ZU/ = 3(“ + 1)«'173 + (U - 1)372y + 7’1’1927 C3 = ny('r - y)7 (2 8)
Y = uxy +vzy® + ry?; |
v =urd+ (v+ )2’y +ray?, Oz = 2%(2? + y?), (2.9)
y = —2® + ur’y + vry® + ry?; |
o' = (u+1)2® + vty + ray®, Cs =2y, (2.10)
Y = uzty + vry® + ry’; .
o' =ua® +quty +ray?, Oy = (¢ —v)a’y?, (2.11)
v =urly +vzy? +ry’, q—v #0;
o =ur® + (v+ D2ty +ray’ + 45, Cs = (22 +42)% (2.12)
y = —2% + uzr’y + 3(v — Day® + ry?; .
= ux® + vty + ray?, Oy = 4,

yrray 3 (2.13)

y = —a® + uxy + vay? + ryd.
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Criteria for the existence of an invariant straight line with a given multiplicity.

0
dy
It is well known that a straight line L(z,y) = ux + vy +w = 0, (u,v) # (0,0) satisfies

9]
We consider systems (2.1) and their associated vector fields X = P(:L’,y)% + Q(z,y)

X(L) = uP(x,y) + vQ(z,y) = (ux + vy + w)R(x,y) for some polynomial R(z,y) if and
only if it is invariant under the flow of the systems. If some of the coefficients u, v, w of
an invariant straight line belongs to C \ R, then we say that the straight line is complex,

otherwise the straight line is real.

Definition 2.5 (see [108]). We say that an invariant affine straight line L(x,y) = ux+vy+
w = 0 (respectively the line at infinity Z = 0) for a cubic vector field X has multiplicity m
if there exists a sequence of real cubic vector fields X, converging to X, such that each Xy
has m (respectively m — 1) distinct invariant affine straight lines f,g = ufcx + viy + wi =0,
(ul,vl) # (0,0, (ul,vF,w]) € C* (j € {1,...m}, converging to f =0 as k — oo (with the
topology of their coefficients), and this does not occur for m + 1 (respectively m).

Consider an arbitrary affine line. In a natural way there arises the question: what are
the necessary and sufficient conditions for an arbitrary affine line to be invariant line of the
multiplicity k¢ In order to construct these conditions we shall use the algebraic method of
invariants of differential systems, developed by K.Sibirskii and his disciples (see for instance
[122], [136], [98], [6], [37] ). We recall further below some results obtained in [108], [109]
which will be needed.

Let us consider the polynomials C;(a, x,y) and D;(a,z,y),i = 0,1,2,3 given in (2.3). We
apply a translation z = 2’ + ¢, ¥y = ¥’ + yo to the polynomials P(a,z,y) and Q(a, x,y) from
the right-hand part of (2.1). Therefore we obtain P(a(a, zo, yo), 2, y") = P(a, 2’ +x0, ¥ + o),

Q(a(a, o, yo), 2", y") = Qa, 2’ + xo,y" + yo). Let us construct the following polynomials:

Qi(a, o, y0) = Res <Ci (a(a, zo, y0), 2", y'), Co(ala, o, yo), 2, y’)) /()
Gi(a, z,y) = Q(a, 205 Y0) | (wo=a, yo—yy € Rlaz,9] (i =1,2,3)
where Res, is the resultant of the above polynomials with respect the variable z’.
Notation 2.2. Assume G;(a, X,Y,Z) (i = 1,2,3) be the homogenization of QNi(a,x, Y), i.e.
Gi(a,X,Y,2) = Z°G\(a, X/ 2,Y ) Z), Gola, XY, Z) = Z¥Gy(a, X/ Z,Y ] 2),
Gs(a, XY, Z) = Z"*G3(a, X/ Z,Y | Z),

and H(a, X,Y,Z) = ged (gl(a, X,Y,7),Gola, X,Y, Z),Gs(a, X, Y, Z)) e Rla, X,Y, Z].
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The geometrical meaning of the above defined affine comitants is given by the following two

lemmas (see [83]):

Lemma 2.3. The straight line L(x,y) = ux + vy + w =0, u,v,w € C, (u,v) # (0,0) is an
invariant line for a vector field X if and only if L(x,y) is a common factor of the polynomials
Gi(a,z,y), Go(a, z,y) and Gs(a,z,y) over C, i.e. Gi(a,z,y) = (uz + vy + w)Wi(z,y) (i =
1,2,3), where ﬁ/;(x,y) € Clz,y).

Lemma 2.4. Consider a cubic system (2.1) and let a € R*® be its 20-tuple of coefficients.

1) If L(z,y) = uxr +vy +w =0, u,v,w € C, (u,v) # (0,0) is an invariant straight line
of multiplicity k for this system then [L(z,y)]* | ged(Gi, Ga, Gs) in Clz,y], i.e. there exist
Wi(a, z,y) € Clz,y] (i =1,2,3) such that

Gi(a,z,y) = (ux + vy +w)"Wila,z,y), i=1,2,3. (2.14)

2) If the line lo, : Z = 0 is of multiplicity k > 1 then Z*~' | gcd(G1, G2, G3), i.e. we have
2V H(a, X, Y, Z).

We underline that by P*(X,Y, Z),Q*(X,Y, Z) we denote the homogeneous polynomials

associated to the polynomials P(x,y), Q(z,y), i.e.
P(X,Y,2) =Z"P(X/Z,Y[Z), Q'(X,Y,Z) = Z"Q(X/Z,Y/Z) (2.15)

and C*(X,Y,Z)=YP*(X,Y,Z) - XQ*(X,Y, 2).

In order to determine the degree of the common factor of the polynomials Gi(a, x,y) for
i =1,2,3, we shall use the notion of the k** subresultant of two polynomials with respect to
a given indeterminate (see for instance, [87], [77]).

We say that the k—th subresultant with respect to variable z of the two polynomials f(z)
and g(z) is the (m +n — 2k) x (m + n — 2k) determinant

\
Qo aq a9 e vee Qman—92k—1
(m — k) — times
0 apg Qg e e Qman—2k-—2
RO(fg)=| ... ... .. ... .. ... X (2.16)
0 by b oo rr binoko (n— k) — times
bo bl bg e e bm+n—2k—1
J

in which there are m — k rows of a’s and n — k rows of b’s, and a;, = 0 for 7 > n, and b; = 0

for j > m.
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For k = 0 we obtain the standard resultant of two polynomials. In other words we can
say that the k—th subresultant with respect to the variable z of the two polynomials f(z)
and g(z) can be obtained by deleting the first and the last k& rows and columns from its
resultant written in the form (2.16) when k = 0.

The geometrical meaning of the subresultants is based on the following lemma.

Lemma 2.5. (see [87], [77]). Polynomials f(z) and g(z) have precisely k roots in common
(considering their multiplicities) if and only if the following conditions hold:

RO(f,g) =RV (f,9) = RP(f.g9) =---=RIV(f,9) =0#RP(f,9).

For the polynomials in more than one variables it is easy to deduce from Lemma 2.5 the

following result.

Lemma 2.6. Two polynomials f(a:l,xQ, ) and §(x1, Ta, ..., x,) have a common factor

of degree k with respect to the variable x; if and only if the following conditions are satisfied:

RO(F.5) = RO, ) = RO(F.4) = - = RED(F. ) = 0 # RY(F. ),
where Rg(f])(f, §) =0 Rlxy,...xj_1,Tj41, ..., Tp).

2.1.2. The scheme of the proofs of the Main Theorems

Let L(xz,y) = Ux + Vy + W = 0 be an invariant straight line of cubic systems (5). Then,
according to the definition of an invariant line (see p.46), we have UP(z,y) + VQ(z,y) =
(Uz+Vy+W)(Az*+2Bxy + Cy? + Dz + Ey + F), and this identity provides the following

10 relations:

qu (CL30 — )U + b30V = O EQQ (3&21 — QB)U + <3b21 — A)V = 0,
(3&12 — )U —+ (3b12 — 2B)V = 0, EQ4 = (103U + (bog — C)V = 0,
EQ5 ((1,20 — )U + bQQV — AW = 0,
(2.17)
Eqﬁ (20,11 - )U + <2b11 - D)V — 2BW = 0,

EQ7 :aogU + (bog - E)V —CW = 0, Eq8 = ((1,10 - F)U + blov — DW = O,

EQQ :amU + (b01 - F)V — FEW = 0, quo = CLOQU -+ boov — FW = 0.
Remark 2.1. Let C5 = H?Zl(aix + Biy),i = 1,2,3,4. Since infinite singularities of systems
(2.1) are located on the "ends" of the axes cyx + Py = 0, the invariant affine lines must

be of the form Ux + Vy+ W = 0, where U = «; and V = ;. In this case, considering

W as a parameter, siz equations among (2.17) become linear with respect to the parameters
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{A,B,C,D,E,F} (with the corresponding non—zero determinant) and we can determine
their values, which annulate some of the equations (2.17). So in what follows we will examine

only the non-zero equations containing the last parameter W.

According to [4] systems in CSILg could not have degenerate infinity because such systems
possess at most six invariant lines. So C3(x,y) # 0 and hence, at infinity there could be at
most four distinct singularities. Therefore considering the fact that in one direction we could
have maximum three parallel invariant lines we arrive at following possible configurations
(or potential configurations) of invariant straight lines: (3, 3, 1), (3, 2, 2), (3,2, 1, 1) and
(2, 2, 2, 1) (see definitions below).

Consider a system in CSlLg, i.e. this system possesses invariant lines of total multiplicity
eight. These lines form a configuration of type (3,3,1) if there exist two triplets of parallel
lines and one additional line, every set with different slopes. And we say that these lines
form a configuration of type (3,2,1,1) if there exist one triplet and one couple of parallel
lines and two additional lines, every set with different slopes. In a similar way are defined
configurations of types (3,2,2) and (2,2,2,1) and these four types of the configurations
exhaust all possible configurations formed by 8 invariant lines for a cubic system. Note that
in all configurations the invariant straight line which is omitted is the infinite one.

We say that invariant lines of a system in CSLLg form a potential configuration of type
(3,3,1) (respectively, (3,2,2); (3,2,1,1); (2,2,2,1)) if there exists a sequence of vector fields
Dy, as in Definition 2.5 having 7 affine distinct lines of type (3,3,1) (respectively, (3,2,2);
(3,2,1,1); (2,2,2,1)).

As it was proved in [27] systems (2.1) with four distinct infinite singularities could not
have invariant lines of total multiplicity eight in the configuration of type (3,2,2), conse-
quently neither the potential configuration (3,2,2). Thus in what follows we will consider

only three types of configurations:
() (3,3, 1) (i) (3.2, 1, 1) (iid) (22,2, 1).

Following Lemma 2.2 we split the family of cubic systems CSLg in 9 subfamilies, according
to the number of infinite singularities (real or complex) of systems (2.1) which are determined
by the linear factors of the polynomial Cs(x,y). For each one of these subfamilies the proof

of the corresponding Main Theorem proceeds in the steps indicated below.

1. First we construct the cubic homogeneous parts (ﬁg,@g) of systems for which the

corresponding necessary conditions, provided by Theorem 2.2 of the Thesis are satisfied

49



in order to have a given number of triplets or/and couples of invariant parallel lines in

the respective directions.

. Secondly, taking cubic systems & = P;, § = Q3 we we perturb them by adding
quadratic, linear and constant terms and using the equations (2.17) we determine these
terms in order to get the necessary number of invariant lines in the respective config-
uration. Thus the second step ends with the construction of the canonical systems

possessing the needed configuration. This leads us to the next remark.

Remark 2.2. If the perturbed systems have a triplet (respectively a couple) of parallel
lines in the direction Ux + Vy = 0 then the respective cubic homogeneous systems
with right-hand parts (153, Qg) necessarily have the invariant line Ux + Vy = 0 of the
multiplicity three (respectively two).

Thus the second step ends with the construction of the canonical systems possessing

the required configuration.

. The third step consists in the determination of the affine invariant conditions necessary
and sufficient for a cubic system to belong to the family of systems (constructed at the

second step) which possess the corresponding configuration of invariant lines.

. And finally, in the case of the existence of multiple invariant lines in a potential configu-
ration we construct the corresponding perturbed systems possessing 8 distinct invariant

lines (real and/or complex, including the line at infinity).

2.2. Classification of cubic systems according to their configurations of

invariant lines

According to Lemma 2.2 we split the family of cubic systems having 4 distinct infinite

singularities into three subfamilies depending on the types of these singularities and namely:

systems with four real, systems with two real and two complex and systems with four complex

infinite singularities. On the other hand in [27] (p. 1078) we proved that a cubic system

(S) with four complex distinct infinite singularities could not have invariant lines of total

multiplicity eight. Therefore we examine the first two above mentioned subfamilies and for

each one of these subfamilies the proof of the Main Theorem A proceeds in the first 3 steps

which were described earlier in Paragraph 2.1.2. We note that the 4th step is trivial in

this case because we have only multiple invariant straight lines which could perturb only
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in parallel lines and the perturbation is very simple to construct. Surely, here we take into
account the types of configurations which these systems can possess.
Our main result concerning these two subfamilies of systems is the following one.

Main Theorem A. Assume that a cubic system possesses invariant lines of total multiplicity
8, including the line at infinity with its own multiplicity. In addition we assume that this

system has four distinct infinite singularities. Then:

1. The system possesses exactly one of the 17 possible configurations of invariant lines

Config. 8.1 — Config. 8.17 given in Figure 2.1.
I1. This system possesses the specific configuration Config. 8.5 (j € {1,2,...,17} if and

only if the corresponding conditions included below are fulfilled. Moreover the system can be
brought via an affine transformation and time rescaling to the canonical forms, written below

next to the configuration:
1) Four real distinct infinite singularities < D; >0, Dy >0, D3 > 0:

Ay) Configuration of type (3,3,1) © Vi =Vo=L1=Ly=K;1 =0, K3 #0:
o Config. 8.1 & K3>0:1=uz(z+1)(z—a), y=y(y+1)(y—a), 0<a#1;
e Config. 8.2 < K;3<0:i=uza[(z+a)’+1], y=y|[(y+a)*+1], a#0;
e Config. 8.3 & K3=0: 2=2*1+2), y=29*(1+y).

Ay) Configuration of type (3,2,1,1) & Vs =Us=K;,=K5=Ks=0, Dy #0:

= 0,
. Config. 84 © L140andiy>0. 4%~ 2@ letn), r>
y=yly—D[A—r)z+ry+r];
= 0,
o Config. 8.5 < L1#0 and Ky < 0: {33 wz—@tr), r<
y=yly— D[ —r)z+ry+r];
o Config. 8.6 & L1=0: 2=r2® y=(—Dxy*+y3 r#0.

As) Configuration of type (2,2,2,1) & V3 =Ky =K4=Kg=0, D, #0:
22— 1) (re+ 2y +ry), r(rX —1) #0,
(

o Config. 8.7 & Kog>0: <
v —1)(z+2rz+y), (r+2)(2r+1)#£0;

1’2

2

+1
Yy +1

= (
= (" =1)
= (a?+1)(re+2y+ry), r(r? —1) #0,
= (" +1)

e Config. 8.8 & Koy<O0:
' (e+20a4y), (r+2)(2r+1)£0;

T =2*(rz+2y+ry), r(r*—1) #£0,

o Config. 89 & Kog=0: ¢
y=v*(x+2re+y), (r+2)2r+1)#0.

2) Two real and two complex distinct infinite singularities < Dy < 0:
Ay) Configuration of type (3,3,1) © Vi =Vo=L1=Ly=K; =0, K3 #0;
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(1-— x/4+x — %+ 2% — 3ay?,

e Config. 810 < K3>0:
(1—r?)y/4+2xy+322y—1y>, 1 #£0, 109, 1;

= 1+T )z /4 + 2% — y? + 2® — 3wy?,

e Config. 811 & K3<0:
L+ r?)y/4+ 22y +32%y —y°, 1 #0;

T =x/4+ 2% —y*+ 23— 3y’

e Config. 812 & K3=0:
v =1y/4+ 2xy + 3%y — 3.

As) Configuration of type (3,2,1,1) & Vs=Us =K, =K5=Ks=0, Dy #0:
(L4 r?)z[(z+r)2+1], r#£0,
e Config. 8183 < L1 #0: (1+7%)2y +2r(1 + r?)ay — ra’
+r:py T:L‘y —y;

(1+r¥a3, r#£0,
y——rx +r:py—rxy —y

e Config. 814 < L1 =0:

Ag) Configuration of type (2,2,2,1) V3 =Ky =K4=Kg=0, Dy #0:
(i = r(x—1)(1+r?—2x+2ry), r#0,
o Config. 815 & Ky>0: <g=—1+r)y+ B +r>)ry —ra®
=32’y — 2ry® + ray? — v

(5 = 201 +a2*)(ry —x —r), 1 #0,

o Config. 8.16 & Kog<O0: ¢y=r(r*+3)r+(1—-1r?)y—rz’

—32%y + ray? — y3;
b= =22%x—ry), r#£0,

e Config. 817 & Kg¢=0:
’ {y = —2ry? —ra® — 32%y + ray® — yi.

III. This system could not have a configuration of invariant lines of the type (3,3,2) and
neither could it have 4 complex ISPs.

Remark 2.3. If in a configuration an invariant straight line has multiplicity k > 1, then the
number k appears near the corresponding straight line and this line is in bold face. Real in-
variant straight lines are represented by continuous lines, whereas complex invariant straight
lines are represented by dashed lines. We indicate next to the real singular points of the
system, located on the invariant lines, their corresponding multiplicities. In order to describe
the various kinds of multiplicity for ISPs we use the notation (a,b). By this notation we
point out the mazimum number a (respectively b) of infinite (respectively finite) singularities

which can be obtained by perturbation of the multiple point.
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The symbols (D1, Do, ..., Ks,Ko) used above denote invariant polynomials defined in
Paragraph 2.1.1 of the paper.
Corollary. A cubic system with four distinct infinite singularities possesses the configuration
or potential configuration of a given type if and only if the following conditions are satisfied,

respectively:

(3,3,1) ~ V1:V2:£1:£2:K1:O, ’CQ#O;
(3,2,1,1) = V5:Z/{2:IC4:IC5:IC6:O, D47£0;
(2,2,2,1) = V3:K4:IC2:IC8:O, D4§£O

The proof of the Main Theorem A is organized as follows. In Paragraphs 2.2.1 and 2.2.2
we consider two subfamilies of cubic systems with four distinct infinite singularities, and
namely, systems with four real and respectively systems with two real and two imaginary
singular points at infinity following the fist two steps described in Paragraph 2.1.2. Next, in
Subsection 2.3, we construct the necessary and sufficient conditions (mentioned in the Main
Theorem A) for the realization of each one of the configurations, constructed in Subsection

2.1.

2.2.1. Cubic systems with four distinct real infinite singularities

Assuming that systems (2.2) possess four distinct real infinite singularities (i.e. the conditions
D; > 0, Dy > 0, D3 > 0 hold), according to Lemma 2.2 via a linear transformations they

could be brought to the family of systems

j::a+cx+dy+g:c2+2hxy+/€y2+153(37,y)7 (2.18)

§=b+ex+ fy+1z* + 2may + ny?* + Qs(z,y)

where Py(z,y) = (p+ 1) + (s + v)ay + qzy?,  Qs(z,y) = pzly + (r + v)ay® + (¢ + s)y°
for which we have C3 = zy(x — y)(rz + sy) and

rs(r+s) # 0. (2.19)

Systems with configuration (3, 3, 1). Since we have two triplets of parallel invariant
lines, according to Theorem 2.2 the conditions V; = V, = U; = 0 are necessary for systems
(2.18). Moreover in [83, Section 5.1] it was proved that in this case via a linear transformation

and time rescaling the cubic homogeneities of these systems could be brought to the forms:

Py=2’, Q3=y’. (2.20)
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Fig.2.1. Configurations of invariant lines for systems in CSLg with 4 ISPs

So applying a translation we may assume g = n = 0 in the quadratic parts of systems (2.18)

with the cubic homogeneities of the form (2.20). In such a way we get the family of systems

& =a+cx+dy+2hay+ ky®> + 2, §=b+ex + fy+ l2* + 2may + ¢ (2.21)

for which we calculate Cs(z,y) = zy(z — y)(z + y).



In order to find out the directions of two triplets according to Remark 2.2 we determine
the multiplicity of the invariant lines of system (2.20). For this system we calculate (see
the definition of the polynomial H(X,Y, Z) on the page 47, Notation 2.2): H(X,Y,Z) =
ged(G1,Gs,G3) = 3X3(X —Y)Y3(X +Y). So (2.20) possesses two triple invariant lines x = 0
and y = 0 and by Remark 2.2 systems (2.21) could have triplets of parallel invariant lines

only in these two directions.

(i) The direction x = 0. Considering equations (2.17) and Remark 2.1 we obtain
Eq; =k, Eq9=d—2hW, Eqo=a—cW — w? (2.22)

and obviously we can have a triplet of parallel invariant lines (which could coincide) in the
direction z = 0 if and only if £k = d = h = 0. Assuming that these conditions hold we

consider the another direction for the second triplet.

(ii) The direction y = 0. In this case we have
Eqs =1, Eqgs = e —2mW, Eqo=0— fW — w? (2.23)

and again we conclude that for the existence of three parallel invariant lines in the direction
y = 0 for systems (2.21) the conditions e = [ = m = 0 have to be satisfied.
It remains to examine the directions y = x and y = —x in order to determine the

conditions for the existence of exactly one invariant line in one of these two directions.

For the direction y = x we have
Eq¢;=—3W, Eq=f—c—3W?, Eqo=a+b—cW-W?
whereas for the direction y = —x we obtain
Eq:=—3W, Eq=c— f+3W?, Eqo=a—b—cW —-W3.

We observe that in each one of the cases we could have only one invariant line. Moreover
the necessary and sufficient conditions for the existence of such a line are c — f =a+b=10
in the first case and ¢ — f = a — b = 0 in the second case.

Thus we conclude that for the existence of a single invariant line in one of the mentioned

directions the following conditions are necessary and sufficient:

c—f=(a—b)a+b)=0, a*+b>#0.
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Since the respective family of systems is of the form

t=a+cx+2, y=b+cy+y’ (2.24)
we may assume b = a # 0 due to the rescaling y — —y in the case b = —a and we arrive at
the family of systems

t=a+cx+2, y=a+cy+y’ (2.25)

These systems possess the invariant lines defined by the equations
P 4ecx+a=0 x—y=0 y’+cy+a=0.

Since the discriminant of the polynomial z° 4 cz + ¢ equals £ = —(27a? +4¢?) (and clearly it
coincides with the discriminant of the polynomial 43 + cy + a) we conclude that the systems

above possess 7 invariant affine lines which are as follows:

¢§>0 = 7real simple distinct;
£ <0 = 3real and 4 complex all simple distinct;
¢§=0 = 3 simple and 2 double all real distinct.

As we have two triplets of parallel invariant lines it is clear that all 9 finite singularities (real
and/or complex) are located at the intersections of these lines. It remains to observe that
in the case of 4 complex lines we have only one real finite singularity: the intersection of the
three real lines.

Thus we obtain the configuration given by Config. 8.1 if € > 0, by Config. 8.2 if £ <0
and by Config. 8.3 if £ = 0 (see Figure 2.1).

Systems with configuration (3, 2, 1, 1). First we need to construct the cubic ho-
mogeneous parts (P, Q3) of systems (2.18) for which the conditions V4 = Vs = Uy = 0 are
fulfilled. According to [27, Section 3.3.1] the condition V5 = Uy = 0 implies V; = 0. More
exactly, we have the next remark.

Remark 2.4. In order to construct the whole class of systems possessing the configuration

or potential configuration (3,2,1,1) it is sufficient to consider the family of cubic systems

with the homogeneous cubic parts of the forms
t=rz®,  y=(— 1y’ +9° (2.26)
Since r # 0, due to a translation we may assume g = n = 0 in the quadratic parts of

systems (2.18) with the cubic homogeneities of the form (2.26). Considering Remark 2.4 we

get the next result.
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Lemma 2.7. Assume that a cubic system (2.18) possesses 7 invariant affine straight lines
with configuration or potential configuration (3, 2, 1, 1). Then via an affine transformation
and a time rescaling this system could be brought to a system belonging to the following
family:

@ =a+ cx +dy + 2hxy + ky* + 2, r(r+1) #0, (2.27)

y =b+ex + fy+ 2% + 2may + (r — Day® + ¢°.
In what follows we shall determine necessary and sufficient conditions for a system (2.27)
to have a configuration or potential configuration (3, 2, 1, 1). Considering Remark 2.2 for

the homogeneous systems (2.26) corresponding to (2.27) we calculate

H(X,Y,Z) =gcd(G1,G2,G3) = X*(X = Y)Y?*(rX +Y). (2.28)

So the invariant line x = 0 (respectively y = 0) of systems (2.26) is of multiplicity three
(respectively two). Hence by Remark 2.2 the systems (2.27) could possess one triplet (re-
spectively one couple) of invariant lines in the direction x = 0 (respectively y = 0). How-
ever for some values of the parameter r the common divisor ged(Gy, Ga, G3) could contain
additional factors. To detect them we calculate: Resx(Go/H, Gi/H) = (r — 1)(2 4+ r)(1 +
2r)Y?3, Resx(Gs3/H, Gi/H) = (r—1)(2+7r)(1+2r)(4—7r)(4r—1)Y>, Resy(Gs/H, Gi/H) =
(r—1(2+7r)(1+2r)X3 Resy(Gs/H, Gi/H) = (r—1)(2+7r)(1+2r)(r —4)(4r — 1) X3
Therefore in order to have a nonconstant common factor of the polynomials G,/H, Go/H
and G3/H the condition (r — 1)(2 + r)(1 + 2r) = 0 has to be satisfied. However in [27]
(see pages 1052-1053) it was proved that in this case systems (2.27) could not have 7 affine
invariant straight lines.

So we assume  (r—1)(1+2r)(24+7r) #0 and we shall examine all four directions
(r =0,y =0,y = x,y = —rz) defined by the factors of C5(z,y).

(i) The direction x = 0. Considering the equations (2.17) and Remark 2.1 we obtain

Eq.=k, Eqo=d—2hW, Eqo=a—cW —rW? (2.29)

and obviously we can have a triplet of parallel invariant line (which could coincide) in the
direction x = 0 if and only if k =d = h = 0.

(ii) The direction y = 0. In this case considering the equations (2.17) and above condi-

tions we have

Eg =1,Eqgg=¢—2mW + (r —1)W? Eqo=0b— fW —W?. (2.30)

So we conclude that for the existence of a couple of parallel invariant lines for systems (2.27)

in this direction it is necessary and sufficient [ = 0 and Rg[),) (Egs, Eqo) = Rg,[l,) (Fqs, Eqio) = 0.
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We calculate R%})(qu,quo) = —4m? +e(r —1) — f(r —1)> = 0 and as r # 1 we have
e = [4m* + f(r — 1)*]/(r — 1). Then we obtain R%AO/)(E(]gg,quo) = [8m? + 2fm(r — 1)* +
b(r — 1)%]/(r — 1)* = 0 and hence we get b = —2m[4m? + f(r — 1)?]/(r — 1)%.

Thus in order to have a triplet in the direction x = 0 and a couple in the direction y = 0

in the case r — 1 # 0 the following conditions are necessary and sufficient for systems (2.27):

k=d=h=1=0, e=[4m°+ f(r—1)*]/(r—1), b==2m[4m’+ f(r—1)*] /¢ —1)*. (2.31)

(11i) The direction y = x. In this case we have

Eqr=1-2h—k+2m—(1+2r)W =0, Eqy=e+f—c—d+2(I—h+m)W —3rW?=0, (232
2.32

Eqo=b—a+(e—c)W+IW?*—rW?=0.
Since 2r + 1 # 0 these equations could have only one common solution. Considering the

conditions (2.31) the equation Eg; = 0 gives W = 2m/(2r +1). Then the equations Eqg = 0
and Eqg = 0 yield

12m?r(2 2m3r(1 2
c— fri mr(24r) Ca=— 6 fmr _2mr( +'r—|—'r’). (2.33)
(=1 +7r)(1+2r)2 (r—1(1+2r) (r—131+2r)3
(iv) The direction rx +y = 0. In this case we have
Eqs=1—2mr—2hr* +kr® —r(2+r)W, Eq = b+ar—(f+dr)W+krW?—W3, ( )
2.34

Eqg=e+cr— fr—dr*—2(m-+hr—kr) W — (1+2r)W?2,

Since r(r 4+ 2) # 0, considering the conditions (2.31) and (2.33) the equation Fgs = 0 gives
W = —2m/(r 4+ 2). Then the equations Fqg = 0 and Eq;o = 0 take the form

6m(1+r)(1+r+r2)U(f,m,r)

(r—1)(2+7)(1+2r) =0

EQS = (T + ]')U(fv m,T) = 07 ECho = -

where U(f,m,r) = f(r — 1) + [12m?*(1 + 5r + 1572 + 573 + )] /[(r — 1)(2 + 7)%(1 + 2r)?].
Since r + 1 # 0 the condition Egs = 0 gives U(f,m,r) = 0 and then Eg;y = 0. In this
12m?(1 + 5r + 1572 4 513 + r4)
(r—1)2(2+7)%(1 + 2r)?
into account (2.31) and (2.33) we arrive at the following relations among the parameters of

systems (2.27) in the case (r — 1)(2+r)(1 + 2r) # 0:

12m?(1 + 5r + 15r% + 513 + 1)
(r—1)22+r)2(1+2r)2

case the condition U(f,m,r) = 0 implies f = and taking

k=d=h=1=0, f=

_ 84T+ L 08wl gt r?)

e RN (T s 1 CEao e A
_ 216m°r CAmP(r = 1)1+ Tr 412

B R e D G e,
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So we obtain the following 2-parameter family of systems

. 6m 6m 6m
‘U:T[‘”+<r—1)(2+r)][x_(r—1)(1+2r)Hx_<1+2r)(2+7»)]’
. 2m(r — 1 2m(1l + 7r + r? 2m
v= [?“ (2+r()(1 +)2r)] [ (r— 1§(2++ r)(+1 +)2r)} [@“ (r=1z - (r— 1)]

Since (r—1)(2+7)(1+2r) # 0 we set a new parameter u as follows: m = %(r—l)(Q—i—r)(l—i—Q'r)

and this leads to the following systems:

#=rlz+ul+2r)] [z —u@+r)][z—ulr-—1),

(2.36)
Y= [y + u(r — 1)2/3} [y +u(l 4 7r+ TQ)/3} [y +(r—Dax—ul2+7r)(1+ 27“)/3}.
1—
Assume first that u # 0. Since r # 0 by means of the transformation x; = 31 3 T, Y =
u
—1)2
_3y L 5 ) , t1 = 9ru*t systems (2.36) become the systems (we keep the old notations
U r

for variables)
i=z(z-1(z+r), y=yly-1[A-r)z+ry+r]. (2.37)

We observe that the above systems possess seven invariant affine lines Ly = x, Ly, =
x—1, Ls=ax+r, Ly=vy, Ly=y—1, L¢ =x—vy, Ly = x+ ry in the configuration
(3,2,1,1). Since r(r 4+ 1) # 0 we conclude that we could not have coinciding invariant lines.

On the other hand systems (2.37) possess 9 finite singularities: (0,0), (0,1), (0,—1), (1,0),
(—r,0), (1,1),(1,—1/r),(=r,1),(—r,—r). We observe that 8 singular point are located at
the intersections of the invariant lines, whereas the ninth one (and namely, (0,-1)) is located
on the invariant line L, = 0. Moreover, the positions of the invariant lines which form the
triplet depends on the parameter r. More precisely, if » > 0 then the line L; is placed
between the parallel invariant lines L, and L3 and in the case r < 0 the lines Ly and L3
are located on the right with respect to L;. Thus taking into consideration that on the line
L, it is located the unique point of the intersection of 4 invariant lines Lq, Ly, Lg and Ly
(the origin of coordinate), we arrive at two different configurations. Namely we obtain the
configuration given by Config. 8.4 if r > 0 and by Config. 8.5 if r < 0 (see Figure 2.1).

Assume now u = 0. Then systems (2.36) become the homogeneous systems (2.26) pos-
sessing invariant lines z = 0 (triple), y = 0 (double), y = x and y = —rz (see (2.28)). This
leads to the configuration Config. 8.6 (see Figure 2.1).

Thus we arrive at the next result.

Lemma 2.8. A system (2.27) possesses the configuration or potential configuration of in-
variant lines of the type (3,2,1,1) only in the case (r — 1)(1 +2r)(2 4+ r) # 0. Moreover if
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this system possesses such a configuration then it could be written either in the form (2.37)
or (2.26).

Systems with configuration (2, 2, 2, 1). As a first step we need to construct the
cubic homogeneous parts (Ps, Qs) of systems (2.18) for which we force the condition Vs = 0.
In |27, Section 3.4.1] it was proved that in this case the cubic homogeneities could be brought

to the form:
b =ra®+ 2+ )ty §=1+2r)ay’ + ¢ (2.38)

Since in systems (2.18) with the homogenous cubic parts of the form (2.38) due to a
translation we may assume n = 0, we arrive at the next result.

Lemma 2.9. Assume that a cubic system (2.18) possesses 7 invariant affine straight lines
with configuration or potential configuration (2,2,2,1). Then via an affine transformation
and a time rescaling this system could be brought to a system belonging to the following
family:
& =a+ cx + dy + gr* + 2hay + ky* + ra® + (2 + )2y, (2:39)
y =b+ex + fy+ o> + 2may + (1 + 2r)ay* +y°, r(r+1) #£0.
In what follows we shall determine necessary and sufficient conditions for a system (2.39)

to have a configuration or potential configuration (2,2,2,1). Considering Remark 2.2 for the

homogeneous systems (2.38), corresponding to systems (2.39) we calculate
H(X,Y,Z) = ged(Gr, Go, Gs) = X2(X — Y)Y2(rX + V)% (2.40)

So each one of the invariant lines z = 0, y = 0 and rz + y = 0 of systems (2.38) is of
multiplicity two and in the direction y = x there exists one line.

We claim that in order to have exactly three couples of invariant straight lines, for systems
(2.39) the condition (r +2)(2r +1)(r — 1) # 0 must hold. Indeed using the equations (2.17)
we evaluate them for each one of the four directions.

(i) For the direction x = 0 we obtain

Eqi =k, Eq=d—2hW + (2+1r)W?, Eqo=a—cW +gW?—rW? (2.41)

and to have exactly two parallel invariant lines in this direction the condition r + 2 # 0 is
necessary.

(71) For the direction y = 0 we have

Egs =1, BEgg=¢—2mW + (1 +2r)W?, Eqo=0b— fW — W3, (2.42)

60



and it is evident, the condition 1 + 2r # 0 must be satisfied (in order to have exactly two
parallel invariant lines in this direction).

(#1i) For the direction y = x we calculate

Egs =1—g—2h—k+2m=3(1+r)W, Eqs = ef —c—d+(l—g+k)W+(1-r)W?

(2.43)
Eqo=—a+b+dW — fW — kEW? - W3,
and as r + 1 # 0 in this direction could be at most one invariant line.
(iv) For the direction y = —rz we obtain
Egs=1+(g—2m)r—2hr*+kr®  Eqo=b+ar—(f+dr)W+krW?—W?3, (244
2.44

Eqg=e+(c— f)r—dr*—2(m~+2hr —2kr® )W+ (1—r)W2

We observe, that to have exactly two invariant lines in this direction it is necessary r—1 # 0.

So we conclude that the three needed couples of parallel invariant lines could be only in
the directions © = 0, y = 0 and y = —rz and for this the condition (r+2)(2r+1)(r—1) #0
must hold. So our claim is proved.

Since 7 + 2 # 0 without loss of generality in systems (2.39) we may assume h = 0 due
to the translation = = x; +h(1 +2r)/(3(2+ 7)), vy = y1 — h/(2+ ), which conserves
the previous relation n = 0. So we have to force the existence of parallel lines in the above
mentioned directions. Considering (2.41), (2.42), (2.44) and h = 0 we obtain: k =1 = 0,
(g — 2m) = 0 and this implies g = 2m.

Now we look for the sufficient conditions under the parameters of systems (2.39) for the

existence of three couples of parallel lines, assuming that the following conditions hold:
k=1l=h=0, g=2m. (2.45)

(i) Direction x = 0. Considering (2.41) we get Eqy = d + (2 +r)W? = 0, Eq =
a—cW +2mW? —rW3 = 0 and by Lemma 2.5 in order to have two common solutions
the following conditions are necessary and sufficient: R%,?,)(qu, Eqo) = RS)(EQQ, Eq) = 0.
Since R%,)(qu, Eqo) = —(2+7r)(2c+ cr —dr) and r(r 4+ 2) # 0 we obtain d = ¢(2 + 1) /r
and we calculate R%,?,)(qu, Eqo) = (2+71)3(2em — ar)?/r? = 0. Therefore we get a = 2cm/r
and this implies Fqg = (2 +7)(c +1W?)/r, Eqo = (2m — rW)(c+ rW?)/r and hence, we
have two common solutions, which could be real or complex, distinct or coinciding. On the

other hand for the parameters of systems (2.39) we obtain the following relations:

(r—1)(r+2)(2r+1)#0, k=1=h=0, g=2m, d=c(2+7r)/r, a=2cm/r. (2.46)

61



(ii) Direction y = 0. Taking into account (2.42) and (2.46) in this case we obtain
Eqs = e —2mW + (14 2r)W? = 0, Eqp = b— fW — W3 = 0 and R\)(EqsEq0) =
e(1+2r)— f(1+2r)> —4m? = 0 and this implies e = f(1 + 2r) + 4m?/(1 + 2r). Then
we calculate R (qu, Eqio) = [8m3 4+ 2fm(1+2r)% + b(1 + 2r)?] 2/(1 +27)3 = 0 and hence
we get b= —2[4m® + fm(1+ 2r)?] /(1 + 2r). Considering the new obtained conditions we

arrive at the following relations among the parameters of systems (2.39):

(r—=1D(r+2)2r+1)#0, k=l=h=0, g=2m, d=c(2+7r)/r, a=2cm/r, (2.47)
= FO+20) + 4m2J(1+2r), b= —2[dm® + fm(1+ 2r)2] /(1 + 2r)? '

(iii) Direction y = —rx. Considering (2.44) we get
Egs= (1+7)(f —cr) +4m?/(1 +2r) — 2mW — (r — 1)W? = 0,
Eqio = 2cm — 8m? /(14 2r)* —2fm/(1+2r) — (2¢ + f +cr)W — W3 =0,
R\ (Eqs, Eqio) = 2¢(r — 1) — 2fr(r — 1) — 12m?r/(1 +2r) = 0
and therefore we obtain ¢ = fr + 6m?r/[(r — 1)(1 + 2r)]. Then we calculate

E — 2
R(O)(E ) _ 144m27“2(1 + 7“)2 [f(r 1)2(1 + 27“)2 3m2(1 — 9 4742)} .
w 48, £2q10 (2 7«)6(1 2T)+4 +

and clearly we have either m = 0 or m # 0 and f = —3m?*(1—2r+4r%)/[(r—1)?(1+2r)?].
1) The case m = 0. Then by (2.47) we get the conditions
(r=1r+2)2r+1)#0, k=l=h=g=m=a=0b=0,

(2.48)
d=f2+r), e=f(1+2r), c=fr

and for the direction y = —rz we obtain FEqg = (1 — r)(f + 2fr + fr2 + W?), Eq =
—W(f + 2fr + fr* + W?). So we have two common solutions, which could be real or
complex, distinct or coinciding. In this case for the last direction (i.e. y = x) we calculate
Eqs = =3(1 +7r)W, Eqgs = (1 —r)W?, Eqqo= W(f+ fr —W?) and the common solution

is W = 0. Thus we get the family of systems

i=(f+a)(re+2y+ry), 7= (f+y)(z+2rz+y) (2.49)

with the condition r(r* — 1)(r + 2)(2r + 1) # 0 and f € {—1,0,1} due to the rescaling
(z,y,t) = (|f|'2x, | f|"?y, t/|f]) if f # 0. These systems possess the following invariant
lines: 2+ f =0, >+ f=0, y—z=0, (re+y)*+ f(1+7r)>=0. We observe that
the line y = x is real and all other lines are distinct real (respectively complex) if f < 0

(respectively f > 0) and we have three double invariant lines in the case f = 0.
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Thus we obtain the configurations either Config. 8.7 if f < 0 or Config. 8.8 if f > 0 or

Config. 8.9 if f =0 (see Figure 2.1).

3m?(1 — 2r + 4r?%)
(=14 7r)%(1+2r)?
direction y = x we could not have any invariant line. Indeed, considering (2.43) we obtain

2) The case f = —

and m # 0. We claim that in this case in the

Egs=-3(1+r\W =0, Eqg=-8m*2+7)/[(r —1)(1+2r)] —2mW + (1 —r)W? =0

and we observe that due to r 4+ 1 # 0 these equations could have only the common solution
W = 0. However in this case we must have m(2 4 r) = 0 which contradicts m(2 4 r) # 0.

So our claim is proved.

2.2.2. Cubic systems with 2 real and 2 complex infinite singularities

According to Lemma 2.2 in this case the condition D; < 0 holds and the systems (2.2) due

to a linear transformation and time rescaling could be brought to the systems

T =a+cr+dy+ gr?+ 2hzy + ky* + (u+ 1)x3 + (s + )2y + ray?, (2.50)

y=">b+ex+ fy+ 12+ 2may + ny* — sa® + uxy + vry? + (r — 1)y

For these systems we have Cs = z(sx + y)(2? + ?) and hence, infinite singular points are
situated at the “ends” of the straight lines: * = 0, y = —sz and y = +iz. In what follows
we split our examination in three cases depending on the type of configuration of invariant

straight lines which these systems can possess.

Systems with configuration (3, 3, 1). Since we have two triplets of parallel invariant
lines, according to Theorem 2.2 the conditions V; = V, = U; = 0 are necessary for systems
(2.50). Moreover in [83, Section 6.1] it was proved that providing the conditions above, a
cubic homogenous system with two real and two complex (all distinct) infinite singularities

via a linear transformation and time rescaling could be brought either to the system
T=a3 y=—y> if L4 <0,
or to the system
T =a%—3xy?, y=232%y—y® if L4 >0.

For the first system we calculate H(a, X,Y,Z) = 3X3Y3(X?2 +Y?), Cs(x,y) = zy(2? +y?),
whereas for the second one we have H(a, X,Y,7Z) = 6XY (X2+Y?)3, Cs(z,y) = —2zy(2?+
y?). In the first case we must have two triplets of parallel lines in the real directions and

hence, forcing the existence of a line in the complex direction we get 8 invariant affine lines.
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Thus it remains to consider only the systems with cubic homogeneities of the second
type. We observe that due to a translation we may assume g = n = 0 in the quadratic parts

of the systems (2.50) and so we examine the family of systems

& =a+ cx+dy+ 2hzy + ky? + 2° — 3xy?,

(2.51)
y=0b+ex+ fy+ 12>+ 2may + 32%y — y°.
(i) The direction x + iy = 0. In this case we obtain
Eqo=a+ib— (c+ie)W +ilW? — W3 Eqs =1+ 2h+i(k +2m), (2.52)

Eg=d+e+i(f—c)—(l—ik)W.

As all the parameters of systems (2.51) are real we conclude, that to have exactly three
parallel invariant lines (which could coincide) in this direction it is necessary and sufficient
to be satisfied the conditions | =k =h=m =0,d = —e and f =c.

Thus we arrive to the family of systems
t=a+cr—ey+a® -3y’ y=0b+er+cy+ 3Py —y°> (2.53)
for which we shall examine simultaneously the real directions: z = 0 and y = 0.
For the direction x = 0 we calculate

Eq =3W, Eq=—e, FEqo=a—cW —W3, (2.54)

whereas for the direction y = 0 we have

Eqs=-=3W, Eg=e, Eqo=b—cW+W?> (2.55)

We observe that in each one of the cases we could have only one invariant line defined by
W = 0. Moreover the necessary and sufficient conditions for the existence of such line are
e = a = 0 in the first case and e = b = 0 in the second case. We conclude that for the
existence of exactly one invariant line in one of the real directions for systems (2.53), the
following conditions are necessary and sufficient: e = ab = 0, a? + b? # 0. Consequently
we arrive at systems for which we may assume b = 0 due to the change (z,y,t) — (y,x, —t)

in the case a = 0. So we get the family of systems

i =a+cr+a® -3y, §=cy+ 3ty —y° (2.56)
possessing the following invariant straight lines:

y=0, (x+iy)+eclz+iy)+a=0, (x—iy)®+clx—1iy)+a=0.
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Since the discriminant of the cubic polynomial ¢(z) = 23 + cz + a, where z = x + iy
equals &€ = —(27a*+4¢?), we conclude that the above systems possess 7 invariant affine lines

(considered with their multiplicities), which are as follows:

£#0 = one real simple and 6 complex distinct simple;

¢§=0 = one real simple, two complex simple and 2 complex double, all distinct.

As we have two triplets of parallel complex invariant lines it is clear that all 9 finite singu-
larities (real and/or complex) are located at the intersections of these lines. Moreover, as
there exist three pair of complex conjugate lines we have three real finite singularities, which
are distinct if £ # 0 and two of them coincide if £ = 0.

We observe that the singular points (z;,0), i = 1,2,3, where z; are the solutions of
the cubic equation 23 + cz + a = 0 are located on the real invariant line y = 0. As the
discriminant of this equation is also &, we deduce that all the real singularities are located
on the real line y = 0 if £ > 0 and there are one real and two complex singularities on this
line if £ < 0.

Thus we obtain the configuration corresponding to Config. 8.10 if € > 0, Config. 8.11
if £ <0 and Config. 8.12 it £ = 0 (see Figure 2.1).

Systems with configuration (3, 2, 1, 1). According to Theorem 2.2, if a cubic sys-
tem possesses 7 invariant straight lines in the configuration (3,2, 1, 1), then necessarily the
conditions V; = V5 = Uy = 0 hold. So, as a first step, we need to force these conditions to
be satisfied for systems (2.50). Using the mentioned conditions in |27, Section 3.7.1] we have
determined the corresponding homogeneous cubic parts. More precisely, we have arrived to

the following two homogeneous systems:

b =22 ¢ =32+ (2.57)

and

i=(145)2% §=—s2®+ 2y — sy’ —y°. (2.58)

On the other hand using the invariant polynomials we have distinguished the above

systems as it is mentioned in the next remark.

Remark 2.5. We note that for system (2.57) we have V3 = 0, whereas for systems (2.58)
we have V3 = —32(9 + s¥)2%(sx +y)? # 0. So for V4 = Vs = Us = 0 we get system (2.57) if
V3 = 0 and the family of systems (2.58) if V3 # 0. We also observe that for system (2.57)

we have Dy = 0.
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Thus for the further examination it remains two families of systems with cubic homo-

geneities (2.57) and (2.58).

a) The family of systems with cubic homogeneities (2.57). For system (2.57) we calculate
H(X,Y,Z) = ged(G1,Gs,G3) = 6X3Y (X% +Y?)? and by Remark 2.2 the cubic systems with
homogeneous parts (2.57) could possess one triplet of invariant lines only in the direction
x = 0. As regard the two couples of parallel lines we conclude that they must be complex
and in complex directions y = £ix. Therefore it is clear that in this case we could not have

the configuration or potential configuration of the type (3, 2, 1, 1).

b) The family of systems with cubic homogeneities (2.58). For homogeneous cubic systems
(2.58) we have
H(X,Y,Z)=(1+s)X3sX +Y)2(X*+Y?). (2.59)
Hence systems (2.58) possess one triple (x = 0) and one double (sz+y = 0) real lines as well
as two complex invariant lines y = +iz. So by Remark 2.2 we conclude, that cubic systems
& =a + cx + dy + 2hay + ky® + (1 + s,

(2.60)
y =b+ex + fy+ 12* + 2may — sz + 22’y — sawy® — y°

with the cubic homogeneities (2.58) (here we assume g = n = 0 due to a rescaling) could
have a triplet only in the direction x = 0 and a couple of parallel lines only in the direction
y = —sx. Moreover these systems could have two simple complex conjugate invariant lines.
Using the equations (2.17) we evaluate them for each one of these directions.

(i) The direction x = 0. In this case we obtain

Eq:=k, Eq=d—2nW, Eqo=a—cW —(1+s*)W?3 (2.61)

and to have exactly three parallel invariant lines in this direction the condition k =d =h =0
is necessary and sufficient.
(i) The direction sz +y = 0. Then for the systems (2.60) with £k = d = h = 0 we

calculate

Egs =1—2ms, Eqgs=e+s(c— f) —2mW +2sW? Eqqo=b+as— fW+W?*> (2.62)

and to have exactly two parallel invariant lines in this direction the conditions [ = 2ms
and s # 0 are necessary. Moreover in order to have two invariant lines in the direction
sx+1y = 0 the following additional conditions are necessary and sufficient: RS[),) (Eqs, Eqio) =
R%,%,)(qu,Eqm) = 0. Assuming | = 2ms (then F¢; = 0) we calculate RS)(E(]g,quo) =
—2[es —2m? 4+ (c+ f)s?] = 0 and as s # 0 we obtain e = [2m? — (c + f)s?|/s. Then
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we calculate R\ (Eqs, Equo) = 8(fms? + bs® + as® — m?®)2/s® = 0, and this yields b =
—[fms? + as* —m?] /5.

(iti) The direction x + iy = 0. In this case we obtain the equations Egs = i(i +s)[2m +
(B+is)W] =0, Egs = c— f+i(2m?*/s — cs — fs) — 2mW + (is — 3)W? = 0, Eqo =

a+i(m3/s® — fm/s —as) — fW — W3 = 0. So for the existence of an invariant line in this

complex direction we must have W = —2m/(3 4 is) and then we calculate
48m?s? 6m? (s — 18s* — 27)
Eqs = (c— i
== D+ ey Z{<C+f>s+ 5(9 + 52)? ]

Eqo=a+

6fm  T2m3(s*—3) . 3fm(3+s?)  9m3(s? — 3)(s* — 185 — 27)
9+s2  (9+s2)3 _Z[ s(94s2) $3(9 + s2)3 ]

Since the coefficients of cubic systems (2.60) are real, the conditions Egs = Fq;0 = 0 lead to

the following four equalities:

48m?s? 6m?(s* — 18s* — 27
o Byt
- 6fm 72m3(s* — 3) Cus 3fm(3 + s?) B Im3(s* — 3)(s* — 18s? — 27) _0
9+ 52 (9 + s2)3 s(9+ s?) $3(9 4 s2)3 '

Herein we obtain the following relations

_27m2(s2 —3)(1+ s?) _ 3m?(27 + 1857 4 7s")

= s2(9 + s2)2 =

54m3(1 + s?)
Qg = -
82(9+ 52)2 ’ 82(9+82)2

and therefore we get the following dependencies among the parameters of systems (2.60):

2 2(_ 2 1 2 2 2 _
k:d:h:O,l:Qms,c:—7m(23+82(2+5),e:8m8(8 9)
s2(9 + s?) (9 + s2)? (2.63)
F 3m?(27 + 18s% + 7s*) 54m3(1 + s?) 2m3(9 + 17s?) '
= aa= - =
s2(9 + s2)? ’ s2(9+ s2) s(9+ s2)?
Thus we arrive to the family of systems
6m 6m 9m?

(14 2 o 2, M _omt
i =( +5)(9c 9+52)[x+9+82x+82<9+82) , or

y=b+ex+ fy+ o2msx® + 2maxy — sx® + 523:23/ — s:z:y2 — y3,

where the parameters b, e and f have the values indicated above.

Assume first m # 0. Since s # 0 it is easy to find out that via the transformation

9+ 52 2 9+ 52 25° 81m?

= sz — —8, Y1 = M i, t, = _>™ 4 the above systems could
9m 3 9Im 9 s2(9 + s2)2

be brought to the 1-parameter family of systems (we keep the old notations of variables)

X1

& =(1+s)z[(z+s)” + 1],
(2.65)
g =(1+ s%)%y + 25(1 + s¥)ay — sz® + s?2%y — sxy? — .
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These systems possess the following invariant lines: Ly = x, Ly = x + s+ 14, Ly = x +
s — i, Ly=sx+y, Ly =sr+y+1+5s? Lg=y+ir, Ly =y—ixr and it is clear that all
these lines are distinct.

Systems (2.65) possess the following 3 real and 6 complex finite singularities: (0,0),
(0,£(1+5%), (i—s,£(1+1is)), (—i—s,£(1—is)), (i—s,s(s—1i)), (—i—s,s(s+1)).
We observe that all singular points except (0,1 + s?) are located at the intersections of the
invariant lines and this leads to the configuration Config. 8.13 (see Figure 1).

Assume now m = 0. Then systems (2.64) become the homogeneous systems (2.58) and
considering (2.59) we deduce that these systems possess two real invariant straight lines
x = 0 (triple) and y + sz = 0 (double), as well as two complex lines y = +iz. Therefore in

this case we obtain the configuration given by Config. §.14 from Figure 2.1.

Systems with configuration (2, 2, 2, 1). Firstly, according to Theorem 2.2, for a
system (2.50) we need to force the condition V5 = 0. In [27, Section 3.8.1] it was shown that

in this case systems (2.50) have the homogeneous cubic part
&= —22% 4+ 2s2%y, § = —s2® — 32y + sxy® — 1. (2.66)

Moreover, as due to a translation in the quadratic part of systems (S) we can consider
g =n =0, we arrive at the following family of systems:

i =a+ cx + dy + 2hay + ky® — 223 + 252y, (2.67)
U =b+ex+ fy+ 12?4+ 2may — sa® — 32%y + sxy® — o

Remark 2.6. We remark that due to the change y — —y for (2.67) we may assume s > 0.

For homogeneous cubic system (2.66) we have H(X,Y, Z) = 2X?(sX + Y)(X? + Y?)2
So systems (2.66) possess three double invariant lines: the real line x = 0 and two complex
invariant lines y = +ix. Hence by Remark 2.2 we conclude, that cubic systems (2.67) could
have three couples of parallel lines only in these directions. Moreover these systems could

have one simple real invariant line in the direction y = —sx.

(i) The direction x = 0. In this case we obtain the following non-vanishing equations:
Eq; =k, Eqy = d—2hW +2sW?, Eqy = a—cW +2W3. Therefore to have exactly two
parallel invariant lines in this direction it is necessary and sufficient Eq; = 0, s # 0 and
R%,?,)(qu,quo) = R%,)(qu,quo) = 0. So k = 0 and then we calculate R%)(qu,Eqw) =
4(2h? —ds — cs*) = 0. This yields d = (2h* — cs?) /s and we have R%?/)(qu, Eqyo) = 8(—2h3+
chs* + as)?/s® = 0 which implies a = h(2h? — cs?)/s®.
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(ii) The direction x + iy = 0. We obtain Eq;=2m—i(I4+2h), Eqo=(2h3—chs?)/s>+ib—
(c+ie)W+ilW?+(2+is)W3, Eqy = (2h%)/s —cs+e+i(f —c) —2(l+h+im)W + (3i — s)W?
and to have exactly two parallel invariant lines in this direction it is necessary Eq; = 0. As
the parameters of cubic systems are real the equality EFq; = 0 gives m = 0, [ = —2h. So

considering the relations

k=0, d=(2h* —cs*)/s, a=h(2h* —cs?)/s®, m =0, | =—2h, (2.68)

determined at this moment among the parameters of systems (2.67), we examine the fourth
direction: sz +y = 0.
(111) The direction sx +y = 0. Considering the conditions (2.68) we find out the next
equations which do not vanish
Eqs = (1+5%)(3W —2h), Eqs = e+ (c — f — 2h?)s + cs® — 2hsW + 4sW?, (2.60)
Eqio=0b—ch+2h*/s* — (f +2h* — cs) )W + W3,
Hence the unique value for the parameter W given by the equality Fgs = 0 is W = 2h/3.
}W:%/g =e+ (c— f)s+cs® — 14h%*s/9 = 0, quo}wz%/g -
b—h(3c+2f—2cs*)/3+2h3(27—145%)/(27s*) = 0 and we get e = (f—c)s—cs®*+14h%s/9, b=
h[(27c+ 18 + 28h?)s? — 18cs* — 54h?] /(27s%). Therefore, considering the above mentioned

Then calculations yield: FEgg

equations for the direction x + iy = 0 we obtain Eqy = 2h*(9 + 7s?))/(9s) — 2cs + fs —
csd +i(f — )+ 2hW + (3i — s)W? and Eqyg = h(2h* — cs?)/s® — ih(54h* — 2Tcs® — 18 fs* —
28h%s? + 18cs*) /(27s%) — [c +i(fs — s — ¢s® + 14h?s/9)W — 2ihW? + (2 + is)W3 and the

conditions
RI(/IO/)(E%, Eqy) = R%)(qu, Eqyp) =0 (2.70)

have to be satisfied. We calculate
R%/[I/)(E%j Eq) = ®1(c, f,h,s) +iPs(c, f, h,5) =0,

where ®; = (3—5?)(c+2f—cs*)+2h%(27—75%)/9, @y = 8fs—4cs(s*—1)+4h?(552—9)/(3s).
Therefore the relation ®; = 0 gives f = [3cs?*(s*> — 1) + h%*(9 — 5s?)|/(6¢?) and then we
obtain ®; = h*(s* —9)?/9s®> = 0. So we have either s = +3 or h = 0 and in both cases the
conditions (2.70) are fulfilled.

In the case s = +3 by Remark 2.6 we may assume s = 3 and we get f = 2(6¢c — h?)/3.
Then we obtain ®4(c, f, h,s) = ®y(c, f, h,s) =0 and R%,?)(EQQ, Eq0) = 0. In such a way we
arrive at the following relations among the parameters of systems (2.67):

s=3, k=m=0,1=—2h, d=(2h* —9¢)/3, e = 2(4h* — 27¢)/3, )
2.71
f=2(6c—h?)/3, a= h(2n* —9c)/27, b= h(10h* — 63c)/27
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and this leads to systems (for the further necessity we set here h = h; and ¢ = ¢1)

& =[(h1462)*+3(hi—6c1)] (h1 —3z+9y) /54,

o
Y=97

In the case h = 0 we arrive at the following relations among the parameters of systems

(2.67):

9 9 (2.72)
(IOh% —63c)+ 3 (4h% —27c1)x+ 3 (6¢1— h%)y—thxQ —32% —32%y+3xy® — v

k=m=h=1=0, d=—cs, e=—cs(3+s%)/2,
(2.73)
f=c(s*=1)/2, a=b=0

and this leads to the following family of systems:

i =(c — 22%)(x — sy),
( )(z — sy) 24
= —cs(3+5%)1/2 4+ c(s — 1)y/2 — sa® — 32y + swy® — 3°.

We observe that systems (2.72) (respectively systems (2.74)) possess two parallel invariant
lines in the direction = 0, which are real if 6¢; — h? > 0 (respectively ¢ > 0); complex if
6c; — h3 < 0 (respectively ¢ < 0) and they coincide if 6¢; — h? = 0 (respectively ¢ = 0).

It is easy to check that in the case (6¢; — h?)c # 0 as well as in the case 6¢; — h? = ¢ =0
systems (2.72) could be brought to the systems (2.74) with s = 3 via the transformation
x1 = ar+hia/6, y1 = ay+hia/6, t; =t/a? where a = \/6c/(6¢; — h?) if (6¢; —h3)e > 0
and a = 1 if 6¢; — h? = c = 0.

Thus it was proved the next lemma.

Lemma 2.10. A system (2.67) possesses the configuration or potential configuration of in-
variant lines (2,2,2,1) if and only this system via an affine transformation and time rescaling
could be brought to a cubic system belonging to the subfamily (2.74), which is defined in the
family (2.67) by the conditions

s#40, k=m=h=1=0, d=—cs, e=—cs(3+5%)/2, f=c(s*~1)/2, a=b=0. (2.75)
Next we examine systems (2.74), considering each one of the cases: ¢ > 0, ¢ < 0 and

c=0.
1) The case ¢ > 0. Then we may assume ¢ = 2u? # 0 and via the transformation

(z,y,t) = (—(2z + D)u, (s — 2y)u, t/(4u?)) systems (2.74) can be brought to the systems
i =x(r —1)(1+4 s* — 22 + 2sy),
(2.76)
§=—sx° —y — s’y + 3y + sxy — 3%y — 2sy° + sxy® — y°.

These systems possesses the invariant lines:

xr=0, z=1, y=—sr, y==diz, yti(zr—1)+s=0
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and considering its nine finite singularities: (0,0), (1, —s), (1/2,—s/2), (1, %), (0, —s=* i),
(1 +is)/2, (i —s)/2), ((1—is)/2,(—i—s)/2) we arrive at the configuration Config. 8.15
(see Figure 2.1).

2) The case ¢ < 0. Then we may assume ¢ = —2u? # 0 and due to the rescaling

z,y,t) — (ux,uy,t/u?) we obtain the systems
(z,y y y

& =2(1+a%)(sy —z — s), (277
y=5(s* +3)x + (1 — s?)y — sz® — 322y + sxy® — o>
These systems possess the invariant lines y = —sx, = = +i, y — iz + (1 — is) = 0,
y+ix £ (1 +is) = 0 and the nine finite singularities: (0,0), (-s,-1), (s, 1), (4, is = 2),
( —1i, —is * 2), (i, —is), ( —1, is). Therefore we arrive at the configuration Config. 8.16
from Figure 2.1.
3) The case ¢ = 0. Then systems (2.74) become the homogeneous systems (2.66), which
possess the real invariant lines = 0 (double) and y = —sx (simple) as well as the complex

invariant lines y = 4iz (both doubles). As a result we get the configuration of invariant

lines given by Config. 8.17 in Figure 2.1.

2.3. Invariant criteria for the realization of the configurations with four distinct

infinite singularities

2.3.1. Conditions for Config. 8.1-Config. 8.9

According to Lemma 2.2 the conditions D; > 0, Dy > 0, D3 > 0 are necessary and sufficient
for a cubic systems to have four real distinct infinite singularities and via a linear transforma-
tion a cubic system could be brought to the form (2.18). Next we will prove the statements
Al), A2) and A3) of the Main Theorem A which lead to the configurations Config. 8.1 -
8.3, Config. 8.4 - 8.6 and Config. 8.7 - 8.9, respectively.

The statements A;). By Theorem 2.2 for the cubic systems with two triplets of
parallel invariant lines the conditions V; = V, = U, = 0 are satisfied and in this case a cubic
system (2.18) via a linear transformation and a time rescaling could be brought to the form
(2.21). Moreover, it was proved earlier in the previous subsection that systems (2.21) have
the configurations Config. 8.1 - 8.3 if and only if the conditions

k=d=h=l=e=m=c—f=a>"-b0"=0, a*>+b*#0 (2.78)

are fulfilled. Since for these systems the conditions V; = V, = U; = 0 hold, according to
the statement A;) of the Main Theorem A it remains to prove that the conditions (2.78) are
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equivalent to £1 = L5 = K1 = 0 and Ky # 0 and to distinguish Config. 8.1 - 8.5.

For systems (2.21) we calculate £, = —283*(lz® + 2ma?y — 2hay® — ky?®) and hence
the condition £; = 0 gives | = m = h = k = 0. Then we obtain £; = 0 and L, =
2735[ —ex? —6(c— floy + dyﬂ and clearly the condition £3 = 0 impliesse=d=c— f =0
and this leads to the family of systems (2.24).

Next for systems (2.24) we calculate K; = 218315547119 - 41(a? — V*)(2? — y?), Ko =
—27x'y*(bx — ay). So clearly the condition a* — b* = 0 is equivalent to K; = 0, whereas the
condition a? + b* # 0 is equivalent to Koy # 0.

As it was mentioned earlier we could consider b = a and then for systems (2.25) we
need the expression Discrim [a + cx + 23, 2] = —(27a® + 4¢®) = £ which governs the type
of the invariant lines (real, complex or coinciding) of these systems for which we calculate
K3 = —5400(27a* + 4¢3) a2t (z — y)*y*(x + y)?(2* + y?). So clearly 27a” + 4¢® = 0 if and only
if K3 = 0 and sign (K3) = —sign (27a? + 4¢3) = sign (€).

To complete the proof of the statement A;) of the Main Theorem A we construct the
respective canonical systems corresponding to each of the configurations. We consider sys-
tems (2.25). Since the equation 2® + cz + a = 0 possesses at least one real solution, say
z = zp then applying the translation x = 1 + 29, ¥y = y1 + 20 to the systems (2.25) we get
the family of systems

i=a(f+gr+2%), y=y(f+agy+v°). (2.79)

a) Assume first £ > 0. Then the systems above possess three distinct real lines in the
direction x = 0 as well as three such lines in the direction y = 0. Therefore ¢g> —4f > 0
and setting g2 — 4f = u? > 0 we obtain f = (¢* — u?)/4 where g*> — u® # 0 because all the
lines are distinct. Then via the rescaling (z,y,t) — (22/(g — u), 2y/(g — u), 4t/(g — u)?)

we obtain the following 1-parameter family of systems

t=z(x+1)(x—a), y=yly+1)(y—a), (2.80)

where a = (g + u)/(u — g). These systems possess the invariant lines t =0, x = —1, x = a
y=0,y=-1,y=a,y=n=x.

We claim that the parameter a # 0 could be considered positive and different from 1.
Indeed suppose that a < 0. If @ < —1 then via the transformation (z,y,t) — (—z —1, —y —
1,t) we obtain the systems & = z(x+1)(z—d’), ¥ =y(y+1)(y—d’), where ' = —(1+a) >0

as a < —1.
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Assume now —1 < a < 0. Then applying the transformation (x,y,t) — (a(x +1), aly +
1),t/a*) we get the above systems with ' = —(1+a)/a > 0as —1 < a < 0.

On the other hand considering the conditions provided by the statement A;) of the Main
Theorem A we calculate for systems (2.80): Ko = (a — 1)(2+ a)(1 + 2a)z*(z — y)y*. So the
condition Ky # 0 implies a # 1. Therefore our claim is proved and for the canonical systems
(2.80) we assume a > 0 and a # 1.

b) Admitting ¢ < 0 we have g> — 4f < 0 and we can set g> —4f = —u? < 0. Then
[ = (9> +u?)/4 and after the additional rescaling (z,y,t) — (uz/2, uy/2, 4t/u®) we arrive

at the systems
t=zl@+a)’+1], §=ylly+a?+1], (2.81)

where a = g/u. We remark that these systems possess the invariant lines = 0, x = —a %1,
y=0,y=—axi, y=x For these systems we have Ky = 2a(9 + a*)z*(z — y)y* and
considering the condition Iy # 0 we obtain a # 0.

c¢) Suppose finally £ = 0, i.e. the equation 2z* + cz + a = 0 possesses a real solution zg
of the multiplicity at least two. Then applying the translation © = z1 + 29, y = y1 + 2o to
the systems (2.25) we get the family of systems % = 2?(g + z), ¢ = y?(g + y). For these
systems we calculate Ky = —2¢%2% (2 — y)y* and hence the condition Ky # 0 yields g # 0.
Therefore via the rescaling (z,y,t) — (g, gy, t/g*) we obtain the system

t=2*1+2z), y=v*(1+y). (2.82)

The statements As). According to Lemma 2.8 for the existence of the configuration
(3,2,1,1) the condition (r—1)(2+7)(1+42r) # 0 is necessary. On the other hand for systems
(2.27) we have Dy = —1152(r — 1)(2+r)(1+2r) and hence the condition above is equivalent
to Dy # 0.

Now we concentrate our attention on the conditions (2.35) and according to the statement
As) of the Main Theorem A we prove that these conditions are equivalent to Ky = K5 =
=K

¢ = 0. For systems (2.27) we calculate
Ki=124+7)(1+2r)2°/9 — 2h(—1 + r)ray/3 +2(r — 1)(—=h + hr — 3kr)xy?/9 — kry®

and due to the condition r(r — 1)(2 4+ r)(1 + 2r) # 0 clearly the condition Iy = 0 gives
k=1=h=0. Then we calculate

ICs = Zyat + Zoxdy + Zsa®y? + Zyxy® + Zsy®,
where
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7y = — 30r [37»(1 —r)(e— )+ e(d+ 1+ 4r%) — dmP(r — 1)],
Zy = — 10[54fr2 —27dr*(r — 1) +8e(r — 1)(2+7)(1 +2r) — 18cr(1 + 7 +7?)—
—8m(2+7)(1 + 27‘)} /3,

Zy =10(r — 1) [5d’r(r 1) 2e(1 4 Tr ) — 2f (44 4+ 4r?) — 24m2] ,

Zy =10 [60(1 7 r2) — d(r — 1)(4 — 53r + 472) — 6F(4 + 7+ 4r?) — 72m2] /3,

Zs =30d(1+ Tr + 7).
So we have the following relation: Zs — (r — 1)Z = 20d(r — 1)*(2 — 197 + 2r?) /3. Therefore
the conditions Z3 = Z, = Z5 = 0 imply d = 0 and then the relations 7, = Z, = Z3 = 0 give:

108m2r(1+r +1r?) CAmP(r = 1)1+ Tr +r?)
- D22+ +2n? ° T @+r21+2n?
_12m?(1 + 5r 4 1577 + 5% 4 1)
f=- (r—1)2(2+7)2(1 + 2r)2

Thus we obtain the respective conditions from (2.35) and it remains to find out the invariant

(2.83)

conditions corresponding to the expressions for the parameters a and b. For systems (2.27)
with the conditions k = [ = h = 0 and (2.83) we calculate: Coefficient[C, z%y*] = —6480(r —
1)2r3[b(r —1)(2+7)2(142r)2 +8m*(1+ 7r+7r2)]/ [(2+7)?(142r)?]. So due to the condition
r(r —1)(2 + r)(1 + 2r) # 0 the condition K¢ = 0 implies b = —8m>*(1 + 7r + r?)/[(r —
1)(2 4 r)*(1 + 2r)?] and then we calculate: Coefficient[Kg, 2%y%] = 7560(1 — r)r®[216m*r —
a(=1+r)*(2+r)%(1 4+ 2r)?]/[(2 + r)*(1 + 2r)?]. Therefore the condition K¢ = 0 implies
a = 216m3r/[(r —1)*(2+7)*(1 4 2r)?] and we arrive at the conditions (2.35). It remains to
note that in this case Kg = 0.

On the other hand the conditions u # 0 and u = 0 (see the notation for the parameter u
on the page 59) lead to different configurations of invariant lines for systems (2.36). So we
need an invariant polynomial which govern this condition. For these systems we calculate
L1 = —6912u(r — 1)r(2 +7r)(1+ 2r)z*y and due to the condition r(r — 1)(2+r)(1+2r) # 0
the condition u = 0 is equivalent to £; = 0 and we get Config. 8.6.

As it was shown above in the case u # 0 we obtain the family of systems (2.37) which
possess two distinct configurations (Config. 8.4 and Config. 8.5) depending on the sign
of the parameter 7. On the other hand for systems (2.37) we have K7 = 4r and hence this
invariant polynomial distinguishes the mentioned configurations of invariant lines.

Thus the statement Ajy) of the Main Theorem A is proved.
The statements Ajz). We showed earlier in the previous subsection that a system (2.39)

with h = 0 possesses the configuration or potential configuration of invariant lines (2, 2,2, 1)
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if and only if the following conditions are satisfied:

(r=1D(r+2)2r+1)#0, k=l=g=m=a=5b=0,
)7

(2.84)
d=f(2+7r), e=f(1+2r), c= fr

Following the statement Aj) of the Main Theorem A we shall prove that these conditions
are equivalent to Dy # 0, V3 =K, =Ky = Kg = 0. First of all we observe that for systems
(2.39) with A = 0, i.e. for systems

& =a+cr+dy+ gr® + ky? +rad + (2 4+ )2y, (2.85)

y=0b+er+ fy+lz®+ 2may + (1 + 2r)zy* + o

we have Dy = —1152(r — 1)(2+ r)(1 + 2r). Hence the first condition (2.84) is equivalent to
Dy # 0. For systems (2.85) we calculate Ky = 2[I{(r — 1)(2 4 r)a® + (2+ )3l + g — 2m +
2gr — mr)ziy +

+3(2m — kr +mr — 2kr?)zy® + k(r — 1)(1 + 2r)y?] and it is obvious to detect that due to
(r—1)(r +2)(2r + 1) # 0 the condition ICy = 0 is equivalent to k =1 =g =m = 0.

Next we examine the conditions for the coefficients of linear terms given in (2.84). Con-
sidering the conditions above we calculate Ky = Zy2* + Zyxdy + Zsx*y® + Zywy? + Zsy,
where

7y =—5r’(dc+e — f +8cr — der — 2f7),

Zy =r(16¢ + 40e — 40 f 4 89cr — 3dr — Ter — 83 fr + 6¢r? — 6dr? — 60 fr?),

Z3 = —16c — 40e + 40 f — 134cr + 28dr — 49er + 89 fr — 89cr? + 49dr? — 28er’+

+ 134 fr* — 40cr® + 40dr® + 16 13,

Zy = —60c — 6e + 6f — 83cr — Tdr — 3er + 89 fr — 40cr? + 40dr?® 4 16 fr?,

Zs =5(2c+4d — 8f + cr — dr — 4fr).
It is not too difficult to detect, that the relations Z; = Zy = Z5 = 0 yield c = fr,d = f(2+7)
and e = f(1 + 2r) and then we get g = 0. Thus we obtain the respective conditions from
(2.84) and it remains to find out the invariant conditions equivalent to a = b = 0. We observe
that for systems (2.85) in this case we have Ky = —322y?(rz+y)?(bx —ay)(x+2rz+ 2y +ry)?
and evidently the condition Iy = 0 is equivalent to a = b = 0.

In such a way we get the 2-parameter family of systems (2.49) possessing the configuration
Config. 8.7 if f < 0; Config. 8.8 if f > 0 and Config. 8.9 if f =0 (see Figure 2.1).

On the other hand for these systems we calculate Ky = —180f(1 + r)%2?y*(rx + y)* and
as r(r +1) # 0 we conclude that f = 0 if and only if Ky = 0 and sign (K9) = —sign (f).
This completes the proof of the statement Ajs) of the Main Theorem A.
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2.3.2. Conditions for Config. 8.10-Config. 8.17

According to Lemma 2.2 the conditions D; < 0 are necessary and sufficient for a cubic
systems to have two real and two complex all distinct infinite singularities and via a linear
transformation a cubic system could be brought to the form (2.50). Next we will prove the
statements Ay), As) and Ag) of the Main Theorem A which lead to the configurations Config.
8.10 - 8.12, Config. 8.13, 8.14 and Config. 8.15 - 8.17, respectively.

The statements A4). It was shown earlier that for having the configurations of the
type (3,3, 1) the conditions

k=h=l=m=e=d=c—f=ab=0, a*+b*#0

must hold for systems (2.51). Following the statement A4) of the Main Theorem A we prove

that these conditions are equivalent to the affine invariant conditions

Vi=Vo=U1=L=Ly=K, =0, Ky #0.

For systems (2.51) we calculate £1 = 283*[(31+2h) 23+ (k+6m)a?y—(I+6h)zy*— (3k+2m)y?]
and hence the condition £; = 0 gives | = h = k = m = 0. Then we obtain £; =0, L, =
2835[(7d — 5e)a® — 2(c — flwy + (5d — Te)y?] and clearly the condition £, = 0 implies
e=d=c— f =0 and we arrive at the family of systems (2.53) with e = 0. So it remains
to determine the invariant polynomials which govern the conditions ab = 0 and a® + b* # 0
for these systems. We calculate Ky = 23235517419 - 43abzy, Ko = —27(bx — ay)(z? + y*)*.
So clearly the above mentioned condition ab = 0 is equivalent to K; = 0 and a? + b # 0 is
equivalent to ICo # 0, respectively.

As it was mentioned earlier (see page 65) we could consider b = 0 and then for the
corresponding systems we need the expression Discrim [a + cz + 23, 2] = —(27a® + 4¢®) = ¢
which governs the type of the invariant lines (distinct or coinciding) of these systems. We
calculate K3 = 2193352(27a% + 4¢®)2?y*(x — y)?(2* + y?)*. So clearly 4a? + 27¢* = 0 if and
only if 3 = 0 and sign (K3) = —sign (27a* + 4¢*) = sign (£).

To complete the proof of the statement A,) of the Main Theorem A it remains to construct
the respective canonical systems for each one of the configurations. Since on the line y = 0
of systems (2.56) there exist a real solution xq of the cubic equation 23 + cx + a = 0, then

via the translation (x,y) — (z + o, y) we get the family of systems

i =cix+dia® —diy? + 2% = 3wy, §=yler + 2dyx + 32% — o), (2.86)
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where ¢; = ¢+ 322 and d; = 3zy. Then on the invariant line y = 0 besides the singular point
(0,0) there are locate two more singularities: (x7,0), where 19 are the solution of the
quadratic equation ¢; + dyx + 2% = 0. The discriminant of this equation equals § = d? — 4¢,
and obviously we must have sign (§) = sign () and § = 0 if and only if £ = 0. For systems
(2.86) we calculate Ky = d;(2d? — 9¢1)y(2? + y?)* and by the statement A4) of the Main
Theorem A the condition d; # 0 must be satisfied.

a) Assume first £ # 0. Then we can set di — 4c; = u?sign () and we obtain ¢; =
(d? — u’sign (£))/4. Since d; # 0 and sign () = sign (K3) the systems (2.86) after the
rescaling (x,y,t) — (dix, dyy,t/d?) could be brought to the systems

i =gr+a*—y +2° - 3xy®, y= gy+2xy+ 327y —°, (2.87)

where g = [1 — a®sign (K3)]/4 # 0. So depending of the sign of the invariant polynomial K3
we get the corresponding canonical systems given by the Main Theorem A (see the statement
A)).

b) Suppose now £ = 0. Then we have ¢; = d?/4 and due to the same rescaling applied
above we obtain systems (2.87) with a = 0.

The statements Ajs). According to Remark 2.5 the condition V3 # 0 distinguishes the
systems (2.57) and (2.58). On the other hand for the existence of the configuration (3,2, 1,1)
the condition s # 0 is necessary. For systems (2.60) we have Dy = 2304s(9+ s*) and hence,
the above condition could be substituted by D, # 0.

Now we concentrate our attention on the conditions (2.63). Following the statement As)
of the Main Theorem A we prove that these conditions for systems (2.60) are equivalent to
the affine invariant conditions Iy = IC5 = Kg = 0.

First we claim that the condition K, = 0 is equivalent to kK = h = 0 and [ = 2ms. Indeed,
for systems (2.60) we calculate Coefficient[KCy, 3] = k(s? + 1) and clearly the condition
K4 = 0 implies £ = 0. Then we have Coefficient[K,, zy?] = 8hs?/9 = 0, i.e. h =0 and in
this case we calculate Ky = (2ms — 1)(9 + s*)2*/9 = 0 and this implies [ = 2ms. So our
claim is proved. So it remains to prove that for the family of systems

i =a+cx+dy+ (14523,

(2.88)
§ =b+ex + fy+ 2msz® + 2may + ny® — s2® + s’y — swy® — y°
the conditions
2Tm* (=34 s*)(1 + s?) 8m?s(s* —9)
d= O, C= — y €= ’
s2(9 + s2)2 (9+ s2)2 (2.89)
f 3m?(27 + 18s% + 7s*) 54m3(1 + s?) ) 2m3(9 + 17s?) '
= Qg = - —=
s2(9 + s2)? ’ s394+ s2)2 s(9 + s2)?
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are equivalent to the conditions 5 = K¢ = 0.

Indeed, if for the above systems the conditions (2.89) are fulfilled then ICs = K = 0. Con-
versely, assume that K5 = Kg = 0 for systems (2.88). Calculations yield Coefficient[Ks5, y*] =
30d(9 + 5s%) = 0 and this implies d = 0. Then we obtain K5 = 10Z,2*/3 + 202,23y /3 +
20Z3zy*(sx + y), where

71 =cs(81 4 1805 — 5s*) + fs(5s* — 1085 — 81) + (81 + 1625 — 47s") + 136m?s®,

Zy =c(28* 4+ 275* — 27) + £(27 + 9s® — 2s*) + 8es(9 + s?) + 4m?(8s* — 9),

Z3 =c(9 + 5s%) + f(7s* — 9) — 12m”>.
Solving the system of equations Z; = Z, = Z3 = 0 with respect to the parameters ¢, f and e
we get the respective expressions from (2.89). Considering these values of the parameters we

calculate Coefficient[Ks, z°y5] = 40(9+5s?)?(225+4935%) (as?(9+s?)2+54m?(1+s?)) /[9s*(9+
s*)?] = 0 and this implies a = —54m?3(1+5?)/[s*(9+s%)?]. Then we obtain

_ﬁ [b5<9 + 52)2 _ 2m3<9 + 1752)]x6<3x + y)2 [(82 o 3)81’ N (9 + 582)3/] %

[s°(2781 + 57185” + 409s*)2* + 4s(9 + s%)(1255” — 33)zy + (9 + 55°)(407s* — 225)y”]

K¢ =

and we observe that the condition K¢ = 0 implies b = 2m3(9 + 17s%)/[s(9 + s%)?]. So we get
for the parameters a and b the expressions given in (2.89) and this completes the proof of
the fact, that the conditions (2.89) are equivalent to the conditions K5 = K = 0.

It remains to find out the invariant polynomial which governs the condition m = 0 for
systems (2.64). For these systems we calculate £; = 41472m(1 + s*)z*(sz + y) and it is
clear that the condition £; = 0 is equivalent to m = 0. Thus the statement A;) of the Main
Theorem A is proved.

The statements Ag). Considering the statement Ag) of the Main Theorem A and

Lemma 2.10 we prove that the affine invariant conditions
Di#0, V3=K;4=K;=Kg=0 (2.90)

applied to a cubic system (2.67) force this system to be from the class determined by Lemma
2.10. Indeed, for the family of systems (2.67) we have D, = 2304s(9 + s?) and hence the
condition s # 0 is equivalent to Dy # 0. Assume that for a system (2.67) the condition
K4 = 0 is satisfied. Then we obtain Coefficient[Ky,4?] = —2k(9 + s?)/9 and hence the
condition s = 0 implies & = 0. In this case we obtain Ky = 2[(6ms — 9h — 2ls* — 3hs?)z® —

25(31+6h+2ms)x*y — (9h+6ms — hs®)zy?] and equalizing with zero the first two coefficients
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of the polynomial Iy due to s # 0 we get

3h(9 + s?) _ 3h(s*—9) 4h(s* — 9)(s? + 9)xy?

e S = — i 2.91
01252 0 25(9 + 2s2)’ K (291)

l=—
9(9 + 252

Therefore the condition K4 = 0 gives either h = 0, or s = £3.

1) The case h = 0. Then we obtain k =1 =m = h = 0 and we calculate

Ky = —32%(bxr — ay)(3z + s’z — 2sy)*(2* + )%,

ng = Z1I‘4 + nggy + Z3x2y2 + 324xy3 —+ 5Z5y4,

where Z; = —2(99d — 63e — 9f s+ 15ds? — 10es* — 32¢s® — 10fs3), Zy = 2(3c+6f + 159ds —
103es —3fs?+50ds?), Zs = 2(54d+2Te+105cs+ 21 fs+45ds* —20es? +8cs®> —20fs%), Z, =
6(—9c — 18 + 3ds — es + 10cs® — fs?), Zs = 10(—3d — cs + 4fs + 2ds?).

So setting Zy = Z, = Z5 = 0 we find out that d = —cs, e = —cs(3+5?) /2, f = c(s*—1)/2
and then g = 0. On the other hand the condition Ky = 0 obviously gives a = b = 0 and
hence in this case we arrive at the conditions (2.75).

2) The case s = £3. By Remark 2.6 we may assume s = 3. Then K4 = 0 and we calculate
Ks = Zia* + Zhady + Zha*y® + 3Z,xy® + 5Z%y*,

where Z] = 18(96¢ — 26d + 17e + 33f — 6h?), Z) = 6(c + 609d — 103e — 7f — 136h?), Z =
—18(59¢ + 51d — 17e — 53f — 24h?), Z; = 6(81c — 41> +9d — 3e — 27f), ZL = —10(3¢c —
15d — 12f 4+ 2h?). Setting Z, = Z} = Z. = 0 we obtain d = (2h* —9¢)/3, e = 2(4h* —27¢)/3,
f =2(6c—h*)/3 and then Ks = 0 and Ky = —42?(2z — y)*(2® + y*)?[(27b+ 63ch — 10h*)z +
(=27a — 9ch + 2h*)y]. Therefore the condition Ky = 0 yields a = h(2h* — 9¢)/27, b =
h(10h* — 63c)/27 and we arrive at the conditions (2.71) corresponding to the case s = 3.
These conditions lead to the systems (2.72), which via an affine transformation and time
rescaling could be brought to systems (2.74) as it was shown on the page 70.

Next we consider the necessary and sufficient conditions to distinguish the configurations
Config. 8.15 — Config. 8.17. For systems (2.74) we calculate Ko = 90c(1 + s%)2x?(z?* +y*)2.
Therefore we obtain that K¢ = 0 if and only if ¢ = 0. Moreover if Ko # 0 then sign (Ky) =
sign (¢). Thus we get Config. 8.15 if Ko > 0, Config. 8.16 if Ky < 0 and Config. 8.17 if
K¢ = 0. This completes the proof of the statement Ag) of the Main Theorem A.
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2.4. Conclusions on Chapter 2

In Chapter 2 we give 17 configurations (Config. 8.1 — Config. 8.17, see Figure 2.1) of
invariant lines of systems in CSILg possessing 4 distinct infinite singularities.

On the other hand in [127] and [128] the same 17 configurations are also obtained by
A. Subi, V.Repegco, V.Putuntica with a minor difference. Namely, in [127] and [128] the
authors do not include in the definition of configuration of invariant lines the real singularities
located on the invariant lines. More precisely, in these articles cubic systems with exactly 7
invariant affine lines considered with their parallel multiplicity are examined. The authors
say that an invariant line f(z,y) = 0 where f(z,y) = ux + vy +w of a cubic system (2.1) has
parallel multiplicity 1 < k < 3 if the identity X(f) = f*R(x,y) holds for some polynomial
R(z,y) with coefficients in C. Taking into account the line at infinity, in fact the authors
considered systems in CSLLg. This coincidence is a natural one. Indeed, in our thesis we
consider the class of cubic systems in CSLLg having four distinct ISPs. And clearly a system
in such a family could not have IL of, say, "non-parallel” multiplicity, because for these lines
we must have at least one infinite singular point defined by a multiple linear factor of the
form Cs(z,y) = yps(z,y) — xqs(x, y) when we factorize C5 over C. The cases of singularities
at infinity defined by multiple factors of C3 are considered in Chapters 3 and 4. We underline
that in contrast to the results obtained in the papers [127] and [128] in this chapter we also

find out the invariant criteria for the realization of each one of the 17 configurations.

The results exhibited in Chapter 2 were published in [20,27].
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3. CUBIC SYSTEMS WITH INVARIANT LINES OF TOTAL
MULTIPLICITY EIGHT AND EITHER THREE DISTINCT OR ONE
INFINITE SINGULARITIES

According to Lemma 2.2 we split the family of cubic systems having 3 distinct infinite sin-
gularities in two subfamilies: 1) systems with one double and two simple all real infinite
singularities and 2) systems with one double real and two simple complex infinite singulari-
ties. In this chapter we also consider the subfamily of systems possessing exactly one infinite
singularity. For each one of these three subfamilies the proofs of the corresponding theorems
proceed in 4 steps described in Paragraph 2.1.2.

It is clear that if for perturbed systems some condition K (z,y) = 0 holds, where K (z,y)
is an invariant polynomial, then this condition must hold also for the initial (not-perturbed)
systems. So considering the Corollary from the Main Theorem A we arrive at the next

remark.

Remark 3.1. Assume that a cubic system with at most three distinct infinite singulari-
ties possesses a potential configuration of a given type. Then for this system the following

conditions must be satisfied, respectively:

(al) (37 37 1) = Vi=Vy = Ll = £2 = ICl = O’
((1,2) (3727171) = V5:Z/{2:IC4:/C5:IC6:0;
((1,3) (27 27 27 ]-) = Vg = ’C4 = ’CQ = ICS =0.

In this chapter we prove the following two theorems:

Main Theorem B. Assume that a non-degenerate cubic system (i.e. E?:o u? #0) possesses
invariant straight lines of total multiplicity 8, including the line at infinity with its own
multiplicity. In addition we assume that this system has three distinct infinite singularities,
i.e. the conditions D1 = 0 and D3 # 0 hold. Then:

I. This system has only real infinite singularities and it possesses one of the five pos-
sible configurations Figure 3.1, endowed with the corresponding conditions included below.
Moreover the system could be brought via an affine transformation and time rescaling to the
canonical forms, written below next to the configurations.

II. This system could not have a configuration of invariant lines of of the type (3,3,1)

r(3,2,2). And this system has:

By) Configuration of type (3,2,1,1) &V, =Vs=K;,=K;=K¢=0:

i =x(2x? — 9z — zy — y?),

o Config. 818 < K;#0, L #0: { 9
y=-v"(9+y);
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2 -y —y?),

T =ux(z

g =-y%

K; =0, L #0, = (1-2)z(l+y),
Vs =L=0 : {y:y(l—ery—x?).

e Config. 819 & K;#0,L,=0: {

e Config. 8.20 <

Bsy) Configuration of type (2,2,2,1) & Vs =K, =Ky=Ks=0, L;#0:

= (22 = 1)(z +y),

o Config. 8.21 & Kq>0:
1 ’ {y=2x<y2—1>;

&= (1+2%)(z +y),

e Config. 8.22 & Kg<O0:

2 (2)

(2)
2 ) (2) n (9) 3 2

D) -
\d_/

Config. 818 Config. 8.19 Config. 8.20

(22) (22)

@

()

Config. 8.21 Config. 8.22

Fig. 3.1. Configurations of invariant lines for systems in CSLg with 3 ISPs

Main Theorem C. Assume that a non-degenerate cubic system (i.e. Z?:o u? # 0) pos-
sesses invariant straight lines of total multiplicity 8, including the line at infinity with its own
multiplicity. In addition we assume that this system has exactly one infinite singularity de-
fined by a unique real factor of degree four of Cs3(x,y), i.e. the conditions Dy = Dy = D3 =0
hold. Then this system possesses the specific configuration Config. 8.j (j € {48,...,51})
(see Figure 3.2) if and only if the corresponding conditions included below are fulfilled. More-
over it can be brought via an affine transformation and time rescaling to the canonical form,

written below next to the conditions:

V= Lo = Now = Wy = Wy — | P =,
Config. 8.48 < ! ? % ! ? & e
| =W =W,=0 = 2y—a3;
V= L0 = Now = Wy = Wy — | P =,
Config. 8.49 < ! ? % ' ? & re
| = Nig=W5=0, Ws #0 y=y—a*— %

82



V=L = Ny =Wy = Wy = P = 2(1+2),
Config. 8.50 « | + 2 =TT ]@{x #(1 +2)

| =Wy =Wio=0, Nozg #0 y=y+ay—a%

Vs =Ki=K5s =Ks = K9 = :

= 2%(1+ ),
COnﬁg 851 = = N2 = IC6 = Wll = W12 = 0, = .

Y= —1—-3z+2%y—23

Vi 40

8,9) ®,9) (8,9) 8,9
7 , s 3
&)} (&)}
Config. 8.48 Config. 8.49 Config. 8. 50 Config. 8.51

Fig. 3.2. Configurations of invariant lines for systems in CSLg with one ISP

The proofs of the above theorems are organized as follows. In Subsections 3.1 we consider
the family of systems with three singularities at infinity. Since in [28] we have proved that
systems with one real and two complex infinite singularities could not belong to CSLg, then in
this subsection we consider only the subfamily of systems with three real infinite singularities.
So we prove here Main Theorem B following all the steps described in Paragraph 2.1.2.

In Subsections 3.2 in the same manner we examine the family of systems with exactly

one (real) infinite singularity proving Main Theorem C.

3.1. Cubic systems with three distinct infinite singularities

Assuming that systems (2.2) possess three real distinct infinite singularities (i.e. the condi-
tions D; = 0, D3 > 0 hold), according to Lemma 2.2 via a linear transformation they could

be brought to the family of systems

& =a+cr+dy+ gr® + 2hay + ky® 4+ (u+ D2 + (v — Da’y + roy?, (3.1)

y=b+exr+ fy+1x® +2mry +ny® +ur’y + vy’ +ry’, Oz =2y(r —y). .
In what follows for the above systems we construct step by step their canonical forms and
corresponding configurations of invariant lines which could be of the types mentioned in
Remark 3.1.

3.1.1. Construction of normal forms and of the corresponding configurations

of invariant lines

We note that due to the existence of 3 distinct infinite singularities, only the configuration

(3, 3, 1) could have 8 distinct invariant straight lines, whereas the configurations of other
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type could be only potential configurations for systems (3.1) (see the respective definition

on p. 49).

Systems with configuration (3, 3,1). Since we have two triplets of parallel in-
variant straight lines, according to Theorem 2.2 the condition V; = V, = 0 is neces-
sary for systems (3.1). For these systems we calculate: V; = 16 Z?:O Vyjzt iyl Vo =
82310 Voja* Iyl where

Vio = u(3 + 2u), Vi1 = —2u + 4uv + 3v, Vip = —1 — 20 + dru + 3r + 207,
Vis =2r(20 — 1), Vig = 2%, Voo = =30 — 2u, Vo1 = 6r +4v — 2, Voy = —2r.

Consequently, the condition Vi4; = 2r? = 0 implies 7 = 0 and then we obtain the following
contradictory relations: Vig = u(2u+3) = 0, 4Vo0+3Vs = —2(4u+3) = 0. So the conditions
V) =V, = 0 cannot be satisfied for systems (3.1).

Systems with potential configuration (3,2,1,1). First we construct the correspond-
ing cubic homogeneities for systems (3.1). According to Theorem 2.2, if a cubic system pos-
sesses 7 invariant straight lines in the configuration (3,2, 1, 1), then necessarily the conditions

Vi = Vs =U, =0 hold. So we consider the homogeneous cubic part of systems (3.1)
b= (u+1D)a®+ (v — 12y +ray?, ¢ =ury +vay® +ry? (3.2)

and we force the conditions V, = Vs = Us = 0 to be satisfied. For systems (3.2) we have

4
Vs = 3% jZOVg)jx‘l_jyj, where Vs = 6r°u, Vs = —r?(1+1r +v).

1) The caser # 0. Then u = 0, v=—(r+1) and we get V;=18432(r*—1)2?y(z—y) = 0
and Uy = —12288(r*—1) (z—y)y(62*+r*zy—r?y*) = 0. So the condition V; = 0 implies U = 0
(and in this case V5 = 0). Thus in the case r = —1 we get the system

3

= — 2Py —ay?, y=—v> (3.3)

In the case r = 1 we obtain the system which via the transformation (z,y,t) — (z,2 —

y, —t) can be brought to system (3.3).

2) The caser = 0. We determine Vo = u(—2+v)(1+u+v) =0, V; = 9216(v —1)va?y(y —
z) =0 and Up = 12288(1 — v)a? [u(ww — 3 — 3u)z? + v(2uwv — 3 — 4u)zy + v(1 — v + v?)y?]
and therefore we get either v = 0 and u(u+1) = 0 or v = 1 and u(u+ 2) = 0. We note that
in both cases the condition V5 =V, = 0 holds and this implies Uy = 0.

a) The subcase v = 0. Then for u = —1 we get the system
T =%y, §=—xy. (3.4)

In the case u = 0 we arrive at a system which can be brought to system (3.4) due to the

transformation (z,y,t) — (z,z —y, —t).
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b) The subcase v = 1. Since the additional condition u(u + 2) = 0 holds, we obtain the

systeme

T=a2  g=axy’ (3.5)
in the case u = 0. If u = —2 we get systems which due to the transformation (x,y,t) —
(x,z —y, —t) could be brought to system (3.5).

Thus for the further investigation we will use three different homogeneous systems: (3.3),
(3.4) and (3.5). We observe that for system (3.3) we have K7 = —4 # 0, whereas for systems
(3.4) and (3.5) the condition /7 = 0 holds. Moreover for system (3.4) we have Vs = 0 and
for system (3.5) we have Vs = 19223y # 0 On the other hand as it was shown above the

condition V,; = V5 = 0 implies Uy = 0. So we arrive at the following remark.

Remark 3.2. If Vy, = V5 = 0 then systems (3.2) due to a linear transformation can be
brought to system (3.3) if K7 # 0; to system (3.4) if K7 = Vs = 0 and to system (3.5) if
K7 =0 and Vs # 0.

Next step consists of the construction of the canonical systems which possess the required
configuration. We shall examine each one of the cases, when the homogeneous cubic part of

systems (3.1) corresponds either to system (3.3) or (3.4) or (3.5).

A) Systems with cubic homogeneous parts (3.3). In this case due to a translation
we may assume that in the quadratic part of the cubic systems the condition ¢ = n = 0
holds. So we consider the family of systems

i =a+ cx+dy + 2hay + ky® + 2° — 2%y — 2y’ »

y =b+ex + fy+ lo* + 2may — v°. (36)
In what follows we shall determine necessary and sufficient conditions for a system (3.6) to
have a potential configuration of invariant lines of type (3, 2, 1, 1).

Taking into consideration Remark 3.1 we observe that in this case for systems (3.6)
the conditions Ky = K5 = K¢ = 0 must be fulfilled. We calculate Ky = —l23 + (7] —
8m)z?y /9 + (I + 4m)xy?/9 + (2h + k + 2m)y®/9 and therefore the condition K, = 0 gives
| =m = 0 and k = —2h. Then we obtain Coefficient|[Ks, z!] = 150e = 0, i.e. ¢ = 0
and we get Ks = 20(7c + 5f + 12h%)z%y(x — y) + 40(c + 4d — f + 16h*)zy®/3 — 10(5c +
47d — 5f — 136h%)y*/3. In this case the condition K5 = 0 implies ¢ = —21h% d = 8h?
and f = 27h®. As regard, in this case, the third condition we have Coefficient[Ks, 2%y°] =
—493000(b+54h*) /9 = 0, Coefficient[Kq, y''] = 40(409a —32b+12178h3)/9 = 0 which gives
b = —54h% and a = —34h? and this implies K¢ = 0. Therefore we arrive at the family of
systems & = —(2h + z)(17h* + 2hx — 2* — 4hy + zy + y?), y = —(3h — y)*(6h +y) which

after the translation of the origin of coordinates to the singular paint (—2h, 3h) becomes
i =x(—9hr +1* —2y—9?), = —y*(9h+y). (3.7)
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Moreover we may assume h € {0, 1} due to the rescaling (z,y, t) — (hz, hy,t/h?) in the case
h # 0. For these systems we have H(a, XY, 7) = —X*(X - Y)Y*(X =Y —9hZ)(Y +9hZ).
Thus systems (3.7) possess 5 real invariant affine straight lines (two of them being double)
of total multiplicity 7, and namely: Lo =2, Lss=y, Ls=y+9h, L¢=2—y, L7=
x —y — 9h. On the other hand systems (3.7) possess finite singularities of total multiplicity
9: Mi234(0,0) M56(9h,0), M;(0,—=9h), Ms(—9h,—9h), My(9h, —9h).

Since h € {0,1} we get two configurations. More exactly, in the case h = 1 we obtain
Config. 8.18 and in the case h = 0 systems (3.7) become cubic homogeneous, possessing

one triple and two double ILLs. This leads to Config. 8.19 (see Figure 3.1).

B) Systems with cubic homogeneous parts (3.4). In this case we may assume (due

to a translation) g = m = 0 and therefore we consider the family of systems

T =a+cx+dy+2hry + ky* — 2%y, y= b+ex+ fy+lx®+ny* — 2%y (3.8)

for which Cs(z,y) = 2%(xz — y)y. For these systems we also could apply Remark 3.1 and we
calculate Ky = 2(y — ) ((h—n)z® + 2kzy — ky?) /9. So the condition Ky = 0 yields k = 0 and
n = h and then we have Coefficient|[Ks, zy3] = —40(4d+3h?)/3 = 0, Coefficient[Ks, x%y?] =
20(4c — 3d — f — 3h?) = 0. These relations imply d = —3h?/4, f = (16¢ — 3h?)/4 and then
we calculate K5 = 10(39¢ + 13e + 12lh — 12h2)z* /3 — 40(3c + e + 3lh — 3h?)x3y/3. Hence
the condition K5 = 0 gives e = —3(c+ hl — h?) and h(h — 1) = 0 and we consider two cases:
h=0and [l =h#0.

1) The case h =0. Then K4 = K5 = 0 and for systems (3.8) we calculate

Coefficient [KCg, 2°y°] = 6320a/9 = 0, Coefficient[Ks, 2%y°] = —40(881a + 67b)/9 = 0,
Coefficient[KCg, 2"y*] = 8(10175a + 1675b 4 7872¢1)/9 = 0,

which gives a = b = ¢l = 0 and this implies g = 0. On the other hand we note that ¢ # 0,

otherwise systems (3.8) become degenerate. So [ = 0 and we get the family of systems
i =cx — 2%y, = —3cx+4cy — 2%y, (3.9)

where ¢ # 0. Hence we may assume ¢ € {—1, 1} due to the rescaling (z,y,t) — (\/[c]z, /|c]y,
t/c). For the above systems we calculate H(X,Y, Z) = —4cX (X —Y)Z? and by Lemma 2.4
these systems have invariant lines of total multiplicity 5 (here the line at infinity is a triple
one). Since ¢ € {—1, 1} we deduce that in the case h = 0 we could not obtain a configuration
of invariant lines of type (3,2,1,1).

2) The case l = h # 0. Then we have again Ky = K5 = 0 and for systems (3.8) we calculate
Ko = 102°(z — y)*[(364a + 268b + 852ch + 67h?)x — 8(79a + 791ch)y] /9. So the condition
K = 0 implies a = —791ch /79 = ay and b = h(220616¢ — 5293h?) /21172 = by and we arrive
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at the 2-parameter family of systems

& =ag + cx — 3h%y /4 + 2hay — 2y, (3.10)

1 =by — 3cx + ha® + (16c — 3h?)y/4 — 2%y + hy?,
for which we have H(X,Y, Z) = 275677279732 [268h(X —Y)?2—-1072¢(X = Y)Z + h(5476¢ —
67h?)Z?]. So the above systems have invariant lines of total multiplicity 4 and neither in
the direction z = 0 nor in the direction y = 0. However in order to have the configuration
(3,2,1,1) we need at least one line in the direction y = 0. Considering the above systems
and the equations (2.17) for the direction y = 0 we obtain Eqs = —3c¢ = 0, i.e. ¢ = 0.
This leads to the systems & = (2x — h)(3h — 2z)y/4, v = (y — h)(h? — 4% + 4hy)/4
for which h # 0 (otherwise we get a degenerate system). Then via the transformation

(x,y,t) = (h(2z +1)/2, h(y + 1),t/h?) we obtain the system
i =(1-w)a(l+y), y=y(l-z-2"+y) (3.11)

for which we have H(X,Y,Z) = X?YZ(X —=Y)(X — Z)(Y — X + Z). Thus system (3.11)
besides the double line at infinity (see Lemma 2.4) possesses 5 affine real invariant straight
lines of total multiplicity 6, and namely: Lis =2, Ly =y, Lu =x—y, Ly =2 —y—1, Ly =
x — 1.

On the other hand we observe that systems (3.11) possess finite singularities of total
multiplicity 6: M;(0,0), My3(0,—1), My(1,0), Ms(1,1), Me(—1,—1). Taking into account
Lemma 2.1 for these systems we calculate: pg = p1 = s = 0, uz = —x?y. Therefore since
i3 # 0 by Lemma 2.1 two finite singular points “have gone" to infinity and collapsed with
the singular point [0, 1,0] located on the “end" of the invariant line z = 0 and one infinite
singularity “has gone" to infinity and collapsed with the singular point [1,0, 0] located on
the “end" of the invariant line y = 0. So we get the configuration given by Config. §.20.

C) Systems with cubic homogeneous parts (3.5). Due to a translation we may
assume that in the quadratic parts of cubic systems the condition g = m = 0 holds. So we

consider the family of systems

& =a+ cx +dy + 2hay + ky* + 23, = b+ex+ fy+ l2® + ny® + xy? (3.12)

for which Cs(x,y) = 2*(z — y)y. Taking into consideration Remark 3.1 we impose the
conditions Ky = K5 = Kg = 0 to be satisfied for systems (3.12). We calculate K, =
2z (lx? —3hxy+hy*—3ky?) /9 and therefore the condition Ky = 0 gives h = k = [ = 0. Then we
obtain Coefficient [Ks, %] = —40d/3 = 0, i.e. d = 0 and we get K5 = 1022 [9(3c—4e—3[)z*+
2(9¢ — 8¢ +9n?)xy + 6(c — 4 f + 3n?)y?] /3. Therefore the condition K5 = 0 implies ¢ = —3n?,
e = —9n*/4 and f = 0. Forcing the condition K = 0 we have Coefficient|[Kq, 2°y5] =
—2680(a + 2n3)/9 = 0 and Coefficient[Ks, 2%y?] = —1620(4b + 9n®) = 0. These relations
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give us a = —2n3, b = —9n3/4 which implies Kg = 0. However in this case we get a family
of degenerate systems and hence, we conclude that systems (3.12) could not have invariant

straight lines of total multiplicity eight.

Systems with potential configuration (2,2,2,1). As a first step we construct the
cubic homogeneous parts of systems (3.1) for which the condition above is fulfilled. So
we shall consider the family of systems (3.2) and we force the condition V3 = 0 to be
satisfied. A straightforward computation of the value of Vs for systems (3.2) yields: V3 =

4
32 Z ngx‘l’j y’, where

=0

Vio = —u(3 +u), Va1 = 2u(2 —v), Vs =2+ 3r — 2ru+v — v?

(3.13)
V33 = _QT(l + U), V34 = —T'2.

So the condition V34 = implies r = 0 and then V33 = 0 and Vs = (2 —v)(1 + v). Taking into
account (3.13) we consider two cases: u # 0 and u = 0.

1) The case u # 0. By (3.13), the conditions V5; = 0, ¢ = 0,1,2 yield u = —3 and v = 2
and hence, we arrive at the cubic homogeneous system & = —2x° 4+ 22y, 7 = —32%y + 22y

2) The case u = 0. Considering (3.13) and the condition r = 0 we get Vig = V31 = V33 =
V33 =0 and V33 = (2 — v)(1 4 v). In the case v = 2 we obtain the system

=23+ 2y, =2y (3.14)

which can be brought to the above system via the change (z,y,t) — (z,x —y, —t). The case
v = —1 leads to the system

3

b=a%— 2%, §=—xy’ (3.15)

Thus for the further investigation it remains to use two different homogeneous systems:
(3.14) and (3.15). We observe that for system (3.14) we have £; = —8x* # 0, whereas for

system (3.15) the condition £; = 0 holds. So we arrive at the following remark.

Remark 3.3. If V3 = 0 then systems (3.2) due to a linear transformation can be brought to
system (3.14) if L7 # 0 and to system (3.15) if L7 = 0.

In what follows we construct the canonical systems which have either the cubic homo-
geneities (3.14) or (3.15).

A) Systems with cubic homogeneous parts (3.14). Due to a translation we may
assume that in the quadratic part of cubic systems (3.1) the condition g = n = 0 holds. So

we consider the family of systems

& =a+cx+dy+ 2hxy + ky* + 2% + 2%y, gy = b+ex+ fy+la* + 2may + 220y*  (3.16)
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and by Remark 3.1 we impose the conditions Iy = Ky = Kg = 0 to be satisfied for these
systems. We calculate Ky = 2[lz® — (6h + m)a?y + 2(2h — 3k)zy? + 2ky?] /9 and hence the
condition Ky = 0 yields h = k = [ = m = 0. Then we have Ky = —321y*(2x + y)?(bz — ay)
and Kg = —10(4c — 2e — f)z* — 6(c — d — 10f)2x%y — 8(5c — 5d — 2f)x*y?. Obviously the
condition /Cy = 0 implies b = a = 0, whereas the condition g = 0 gives d = ¢, e = 2¢ and

f =0. So we get the systems
i=(cta’)aty), §=2lct+y) (3:.17)

for which we calculate: H(X,Y,Z) = —2(X — Y)(X? + cZ?)*(Y? 4 cZ?%). We observe that
¢ # 0, otherwise we get a degenerate system. Moreover due to the rescaling (z,y,t) —
(\/Iclz, v/Icly, t/c) we may consider ¢ € {—1,1}. The above systems possess invariant affine
straight lines of total multiplicity 7, and namely: 2? + ¢ = 0 (both double and either real if
¢ = —1, or complex if ¢ = 1), 4> + ¢ = 0 (both simple and either real if ¢ = —1 or complex
if c=1) and y = x (simple).

Considering Lemma 2.1 for these systems we calculate: pg = pu; = 0, pp = —8cx?. If
¢ # 0 by the same lemma two finite singular points have gone to infinity and collapsed with
the singular point [0, 1, 0] located on the “end" of the invariant line x = 0. Moreover systems
(3.17) became degenerate if ¢ = 0. As a result we obtain Config. 8.21 in the case ¢ = —1
and Config. 8.22 in the case ¢ =1 (see Figure 3.1).

B) Systems with cubic homogeneous parts (3.15). In this case due to a translation

we may assume for systems (3.1) the condition ¢ = n = 0 holds. So we consider the family

of systems
& =a+cr+dy+2hay+ky*+a3—22%y, = b+ex+ fy+lrd4+2may—ay?, (3.18)
for which considering Remark 3.1 we calculate Ky = —2[2clz® + (4m — 3h)z%y — (h +

3k)xy? + k:y3] /9. So the condition Ky = 0 yields h = k =1 = m = 0 and then we have
Ky = =32t (z—y)?y?(bx—ay), Ks = 5(4c— f)at—(16c+3d—40f)x3y+4(de+7d—10 f)z?y>2.
Therefore the condition Ky = 0 implies b = a = 0 and the condition Kg = 0 gives ¢ = d =
f = 0 and this leads to degenerate systems. Thus we conclude that cubic systems (3.18)

could not possess invariant straight lines in the potential configuration of type (2, 2, 2, 1).

3.1.2. Invariant criteria for the realization of the configurations with three

distinct infinite singularities

I. Conditions for Config. 8.18, 8.19 and 8.20. It was shown earlier that systems
(3.1) could possess the potential configuration of invariant straight lines (3,2,1,1) only if
their homogeneous cubic parts via a linear transformation could be brought to the form
(3.3) (respectively (3.4)) and for this the conditions Vs = V5 = 0 and K7 # 0 (respectively
K:=Vs= O) necessarily must hold (see Remark 3.2).
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1) The case IC; # 0. Then for V, = V5 = 0 and K7 # 0 a cubic system (3.1) due to an
affine transformation could be brought to the form (3.6). And forcing the coefficients of these
systems to satisfy the conditions Ky = K5 = K¢ = 0 (see Remark 3.1) and using an additional
translation we arrive at the systems (3.7). These systems possess two configurations, given
by the values of the parameter h. So to distinguish Config. 8.18 (h # 0) from configuration
Config. 8.19 (h = 0) it remains to determine the invariant polynomial which is responsible
for this condition. We calculate £, = 41472hy?(y — x) and therefore the condition £; = 0
is equivalent to h = 0. Thus if for systems (3.6) the conditions Ky = K5 = K¢ = 0 are
satisfied then we get the configuration given by Config. 8.18 if L1 # 0 and by Config. 8.19
it £; =0.

2) The case K7 = 0. As it was mentioned above in this case the condition Vs = 0 must
hold and we consider systems (3.12).

Forcing the coefficients of these systems to satisfy the condition Ky = K5 = 0 we get for
the coefficients of quadratic terms the relations: £k = 0, n = h and h(h — 1) = 0. It was
proved (see page 86) that in the case h = 0 systems (3.8) could not possess a configuration of
type (3,2,1,1). So we have to distinguish the case h # 0 from A = 0. On the other hand for
systems (3.8) with k¥ = 0 and n = h we have £, = 4608hx(x — y)?. and Hence this invariant
polynomial governs the condition h # 0.

If £4 # 0 then due to the additional condition g = 0 systems (3.8) become as systems
(3.10) for which the condition ¢ = 0 has to be satisfied. On the other hand for these systems
we calculate L5 = —16¢ and hence Lg = 0 is equivalent to ¢ = 0.

Thus systems (3.1) possess the (unique) configuration Config. 8.20 if and only if the
conditions Vy = V5 = Vs =0, Ky = K5 = K¢ = K7 = Lg = 0 and L1 # 0 are satisfied. This
complete the proof of the statement B;) of Main Theorem B.

II. Conditions for Config. 8.21 and 8.22. By Remark 3.3 the condition £7 # 0 must
be satisfied for systems (3.2) and therefore, we arrive at systems (3.16) (after a translation).
So forcing the coefficients of these these systems to satisfy the condition Ky = Ky = g =0
we arrive at the systems (3.17) with ¢ € {—1,1}. For these systems we calculate Ky =
—180cz*y? and as ¢ # 0 we conclude that sign (Kg) = —sign (c).

Thus systems (3.1) belong to CSLg if and only if the conditions V3 = Ky = Ko = Kg =0
and L; # 0 are satisfied. Moreover we have the configuration given by Config. 8.21 if
Ko > 0 and by Config. 8.22 if Ky < 0 (see Figure 3.1).

This complete the proof of the statement Bs) of Main Theorem B.
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3.1.3. Perturbations of normal forms

To finish the proof of the Main Theorem B it remains to construct for the normal forms given
in this theorem the corresponding perturbations, which prove that the respective invariant
straight lines have the indicated multiplicities. Here we construct such perturbations and
for each configuration Configs. 8.j, j = 18,19,20,21,22 we give: (i) the corresponding
normal form and its invariant straight lines; (i¢) the respective perturbed normal form with
its invariant straight lines and (#ii) the configuration Configs. 8.5, 7 = 18,19,20,21,22
corresponding to the perturbed system.

T = —x(9hz — 2 + zy + y?),
Config. 8.18:

y=—vy*(9 +y);

Invariant lines: Lo =x, Lya=y, Ls=y+9, Le=x—y, Lr=x—y—9;

81
i = -a 5)23;—91;2 — 9exy + 2® + (e — Da?y — (1 + 2¢)zy?,
Config. 8.18.: 1 ©
. +e
=0 g)zy[y(»S — 1)y 9] [y(e — )y + 9]

Li=xz, Lo=(1—¢e)(x+ey)+9, Ly=y, Ly=(1—¢)y— 9,
Ly=(1-¢e)y+9, Li=(1—-¢e)(x—y)+ 9, Ly=(1—¢)(r—y)—9.

Invariant lines:

@

: @ &) €
(

(1) (1)

Fig. 3.3. Perturbation of normal form corresponding to the configuration
Config. 8.18

Config. 8.19:

Invariant lines: Lio =, L3as =Yy, Le7 =2 —y;

81e3
r=— . c 50— 9ex® — 92wy + 2° + (¢ — 1)y — (1 + 2¢)ay?,
Config. 8.19.: (11?
g = T ly(e = 1)y — 9¢] [y(e — 1)y + 9¢7];
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le.ﬁU, L2:(1—5)(.T—|—8y)+9827 L3:y7 L4:<1_8)y+987
Ly=(1-¢)y—9e% Le= (1 —¢)(z —y)%, Ly = (1 —e)(z —y) + 9%

Invariant lines:

@

Fig. 3.4. Perturbation of normal form corresponding to the configuration
Config. 8.19

&= (1—z)z(l+y),
Config. 8.20:
j=y(l—z+y—a?);

Invariant lines: Lo =z, Ls=vy, Lu=a—vy, Ls=ao—y—1, Le=a—1, Ly: Z = 0;

1
x’:x[ﬁ—x+y+sx2—(l+25)xy},
Config. 8.20.: 1+€€
- 2 2.

Li=x Ly=x+cy, Ly=y, Ly=x—y, Ly = (1+2)(z—y) — 1,
Invariant lines:
Li=(1+4+2)z—1, Ly=c(1+2)(z—y)—1—c¢.

(2.2)

2
o) n <,

11)

@)
(2)

Fig. 3.5. Perturbation of normal form corresponding to the configuration
Config. 8.20

&= (2? = 1)(z +y),

y=2z(y* — 1);

Config. 8.21:

Invariant lines: Lis=x—1, Lyy=x+1, Ly=y—1, Le=y+1, Ly =2 —y;
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Con x':1+8[(1+5)x2—1)Hx+(1+45)y],
onfig. 8.21.:

j = 1+E[(1+5)x+5y][(1+5)y2—1)};

Lig=(1+e)a? =1, Lyys= (1+¢)(x+2ey)? — (1 +2¢)?,
Invariant lines:
L576 = (1+€)y2—1, L7:l‘—y

Fig. 3.6. Perturbation of normal form corresponding to the configuration
Config. 8.21

&= (z* +1)(z +y),
Config. 8.22:
§=2x(y® + 1);

Invariant lines: Lis=x—1, Lsg=x+1, Ly=y—1, Le=y+1, Ly =2 —y;

1
T = (1+e)z? +1)| |z + (1+4e)y],
Config. 8.22.: 1 ;_ < [ } [ y]

Lig=(1+¢e)a?+1, Log=(1+¢)(z+2ey)*+ (1 + 2¢)?,
Invariant lines:
L576 = (1+€)’y2+1, L7:l‘—’y

(2.2)

1

(O] _—

Fig. 3.7. Perturbation of normal form corresponding to the configuration
Config. 8.22
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3.2. Cubic systems with exactly one infinite singularity

Assume that a cubic system possesses exactly one infinite singularity which is determined by
one real factor of degree four of the polynomial C'5. Then considering Lemma 2.2 we obtain

that systems (2.1) via a linear transformation become:

z' = po+ pi(x,y) + p2(z, y) + uz® + vay + ray?, (3.19)

Y =q +q(z,y) + @(r,y) — 2* +uPy +vry® + ry?

with C5 = z*. Hence, the infinite singular point is located at the “end” of the straight lines
x = 0.

3.2.1. Construction of cubic homogeneities

We split our examination depending on the possible potential types of configurations, i.e.
we consider systems (3.19) and apply Theorem 2.2.
1) Configuration (3, 3, 1). By Theorem 2.2 in order to have the configuration (3, 3, 1)

the necessary condition V; =V, = U1 = 0 must be fulfilled. So we calculate
V1 = 32(ux® + vy + ry?)?, Vo = 96rz?, Uy = 128(v? — 4ru).

Evidently that the condition V; = 0 which is equivalent to u = v = r = 0 implies Vo, = U =

0. Therefore we get the following form of cubic systems

g =potpitpn YV=q@+q-+aqp-—2a" (3.20)

2) Configuration (3, 2, 1, 1). By the same theorem in this case the conditions V, = Vs =
Uy = 0 necessarily hold. Considering (3.19) we force these conditions to be satisfied. We
obtain Coefficient[Vs, 921/32] = —3r? 4+ 2ruv — v = 0, Coefficient|[Vs, 9zy3/128] = —r® = 0.
The above conditions imply r = v = 0 which leads to V5 = 0 and this gives Uy =V, = 0.

Thus we have systems with the following cubic part

T =po+p+pturd, ¥ =q+q+q—a>+ury (3.21)

for which we calculate V; = 32u?z*. We detect that if u = 0, i.e. V; = 0, we get systems
(3.20). If u # 0, i.e. Vi # 0, applying the rescaling (z,y,t) — (uz,y,t/u?) we can set u = 1

and we get the systems

=potpitp+a’, Y =qw+a+e-—°+27y. (3.22)

3) Configuration (2,2, 2, 1). By Theorem 2.2 in order to have the mentioned config-
uration the necessary condition V3 = 0 must be satisfied. We get Coefficient[Vs, y*/32] =
—r?, Coefficient[Vs, 2%y?/32] = —2ru — v?, Coefficient[Vs, 21/32] = 3v — u?. Thus V3 = 0 is

equivalent to u = v = r = 0 and therefore we obtain again systems (3.20).
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Lemma 3.1. Assume that for a homogeneous cubic system the conditions D1 = Dy =
D3 = 0 hold. Then via a linear transformation and time rescaling this system can be brought
to the one of the canonical form (]5, @) indicated bellow if and only if the corresponding
conditions are satisfied. Moreover the cubic systems with these homogeneities can have only

the configurations of invariant straight lines of the type given next to each homogeneity:
(i) Vi=0 = (P,Q)=(0,-2°) = (3,3,1), (3,2,1,1), (2,2,2,1);
(i) Vi 20, Vs =0 = (P,Q) = (2, -2 +2%) = (3,2,1,1).
Also we need the following result:

Remark 3.4. Any invariant line of the form x+a =0 (i.e. in the direction x = 0) of cubic

systems (2.1) must be a factor of the polynomials P(x,y), i.e. (z+ «) | P(z,y).

Indeed, according to the definition, for an invariant line ux + vy + w = 0 we have
uP +vQ = (ux + vy + w)R(z,y), where the cofactor R(z,y) generically is a polynomial of
degree two. In our particular case (i.e. u =1,v = 0,w = a) we obtain P(z) = (z + a)R(z),
which means that (x 4+ «) divides P(z). We mention that this remark could be applied for
any cubic system when we examine the direction x = 0. Similarly, for an invariant line

y + 8 =0 in the the direction y = 0 it is necessary (y + ) | Q(z,y).
3.2.2. Construction of canonical forms and of the corresponding configurations
of invariant lines

In what follows we consider two families of systems, the cubic homogeneities of which are
given by Lemma 3.1. Since each one of these cubic homogeneities leads to the given type of
configurations (see Lemma 3.1), in order to construct the corresponding canonical form we

shall apply first the respective necessary conditions given by Remark 3.1.

3.2.2.1. Construction of the normal form with cubic homogeneities (0, —2?)

In this case due to a translation of the origin of coordinates we can consider [ = 0 and hence

we get the cubic systems
& =a+cr+dy+ gx® + 2hxy + ky?, §=b+ex+ fy+2may +ny® — 2° (3.23)

for which we have H(X,Y,Z) = Z. So we force the necessary conditions given by Remark
3.1 which correspond to each type of configuration. We divide our examination in three

subcases defined by (a;)—(as3) of the mentioned remark.

(a1) For systems (3.23) we calculate: £; = Ky = 0 and
Ly = —20736[(4h* + 14km + hn + 4n*)2® — Tk(h — n)zy — Tk*y®) = 0.

95



The above condition implies & = 0 and as the discriminant of the binary form 4h? + hn + 4n?

is negative we obtain h = n = 0.

(az) In the same manner in the case of the configuration (3,2,1,1) we determine K4 =
K = 0 and K5 = —120kz®(2hax + nx + ky). Therefore K5 = 0 is equivalent to k = 0.

(az) We calculate Ky = 0, Ky = —22*(nz — ky)(mz? — hzy + nzy — ky?)? and Kg =
12k(h + n)z*. We detect that the condition Ky = 0 is equivalent to either k = n = 0 or
k=m =0 and n = —h and this implies Kg = 0.

From the above results the next proposition follows.

Proposition 3.1. Assume that a cubic systems (3.23) possesses a potential configuration of

a given type. Then for this system the following conditions hold, respectively:

(3,3,1) = k=n=h=0 & Lo=0;
(3,2,1,1) = k=0 & Ks=0;
(2,2,2,1) = k=n=0 or k=m=h—-h=0 & Ky=0.

Systems with configuration (3,3,1). So considering systems (3.23) for k=n=h = 0
we calculate the equations (2.17) (setting U = 1, V = 0, see Remark 2.1):

Eq=...=FEq=0, Eq=d, Eqo=a—cW+gW?.

Remark 3.5. According to [129] a cubic system could not have invariant line of multiplicity

greater than or equal to 8.

So by this remark we need to have at least one invariant affine line and therefore in what

follows we assume d = 0. This leads to the family of systems
t=a+cr+gr*=Plx), y=b+exr+ fy+2may—2°=Q(x,y) (3.24)

for which we have H(X, Z) = Z*(gX? 4+ ¢XZ + aZ?). We conclude that the degree of H is
four and we need to increase this degree up to seven, i.e. we have to find out a common factor

of degree three of the polynomials G;/H, i = 1,2,3 (see Lemmas 2.3,2.4). We calculate
Gi/H =F(X,Y,Z), Go/H=ZP(X,Z2)Fs(X,Y,Z), Gs/H =242*[P*(X,Z)]

where P*(X, Z) is the homogenized form of the polynomial P(x) and F;(X,Y,Z) (respec-
tively F»(X,Y, Z)) is a polynomial of degree 4 (respectively 8) with respect to the variables.

It is clear that systems (3.24) are degenerate if and only if the polynomials P(x) and
Q(z,y) have a non-constant common factor (depending on z), i.e. the following condition

must hold:
o(y) = R (P(x), Q(x,y)) # 0. (3.25)
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We remark that the required common factor of the polynomials G;/H, i = 1,2,3 could
contain as a factor Z*, A =0,...,3. Next we split our examination depending on the value

of the parameter .

1) The case A = 3. Then the following condition must hold:
RO(Z%, F) = RY (2%, F) = RS(Z°, Fy) = 0.

For a system (3.24) we calculate Rg?)(Z3, Fi) = (g + 2m)3X ' which vanishes if and only if

g = —2m. In this case we get
(1) 3 _ 4 B 2y12 (2) (73 _ .
R, (Z°,F\) = X*[(2c+ f)X —8m?Y|*, R, (Z°, F\) = X[3aX —4m(eX + 2fY)].

and the condition R(Zl)(Zg,Fl) = R(Zz)(Z?’,Fl) = 0gives m = a = f 4+ 2c = 0. Thus for
g=m=a=0and f = —2c we get systems & = cx, y = b+ex—ax®—2cy for which we have
® = A(b—2cy) # 0. Since ¢ # 0 applying the transformation (z,y,t) — (z, (b+2y)/(2¢),t/c)
we can set ¢ = 1 and b = 0 which leads to the systems & =z, § = ex — 2y — 23 with
H(X,Z) = XZ5 Moreover we may assume ¢ = 0 due to the transformation (z,y,t) —

(x, y+ex/3, t) and so, the above systems became

t=x, §=-2y—2a° (3.26)

On the other hand considering Lemma 2.1 for these systems we calculate: pg = ... =
pr =0, pug = —22°%. By Lemma 2.1 eight finite singular points from 9 have gone to infinity
and collapsed with the singular point [0, 1, 0] located on the “end" of the invariant line = = 0.
Moreover the remaining finite singular point is (0, 0).

Thus a system (3.26) possess invariant straight lines: Ly : x =0, Lo 7:Z =0 and we
get the configuration Config. 8.48 (see Figure 3.2).

2) The case A = 2. Then the condition RY)(Z2, F}) = R} (Z2, F}) = 0 must be satisfied.

We calculate
RY(Z%, F) = (g +2m)*X®, R} (2% F)) = X?[(2¢ + f)X + 2m(g — 2m)Y].

It is evident that g +2m = 2c+ f = m =0 (i.e. ¢ =m = 0,f = —2c¢) is equivalent to
R(ZO)(Z 2 F) = R(ZI)(Z 2 F1) = 0. Moreover here we consider a # 0 otherwise we arrive at the
previous case. So considering these conditions we get systems for which the polynomial H
has degree 6 and therefore we need one additional linear common factor of the polynomials

G:;/H,i=1,2,3. For the corresponding systems we calculate
Rg]) (F1/227 Pr(X, Z)) = —372c"Y — (a® + bc® — ac’e) 7]

which cannot vanishes (since a # 0). Thus, in the case A = 2 we cannot obtain systems with

invariant lines of total multiplicity eight.
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3) The case A = 1. We have F| |z—o= (g + 2m)X* and it is evident that the condition
g = —2m gives F| = ZF,, where F} = (2¢ + f)X® — 8m?X?Y + Zf(X,Y,Z), i.e. the
additional condition (2c+ f)? +m? # 0 must hold. In this case we obtain systems for which
the polynomial H has degree 5 but must be 7. Therefore we need a common factor of degree
2 depending on X of the mentioned polynomials, i.e. the condition Rg?) (F’l, [P*(X, Z)]3) =
Rg}) (F1,[P*(X, Z)]?) = 0 must be satisfied. We calculate

Coefﬁcient[Rg?) (Fl, [P*(X, Z))*),Y°Z"] = 512m° (cf+ f*—2am)?(2¢* —cf — f*+18am)® = 0.

This condition is equivalent to m(cf + f2 — 2am)(2¢® — c¢f — f? + 18am) = 0 from which it
results the following two subcases:

a) The subcase m # 0. Then (cf + f* — 2am)(2¢* — cf — f2 + 18am) = 0 and we have
two possibilities.

First we examine the possibility cf + f? —2am = 0. Then a = f(c+ f)/(2m) and in this
case we get

Coefficient[RY (Fy, [P*(X, Z)]*), Y3 Z'%) = 8(c + 2/)°(f* — 4efm? + 8m*)* = 0,
d = (f* — defm?® + 8m®)p(y) # 0.

We detect that the above conditions yield ¢ = —2f (Which gives a = —f?/ (Zm)) and this
implies
RO (Fy, [P*(X, 2)*) =0, RY (Fy, [PX(X, Z)P) = —243(f* — 4e fm® +8bm*)> 210 / (16m*) #0.
So in this case we could not obtain systems with invariant lines of total multiplicity 8.

Now we consider the possibility 2¢* —cf — f2+18am = 0, i.e. a = (f —c)(2¢+ f)/(18m).

Then we obtain
R (Fy, [P*(X, 2)]*) =0, Coefficient[RY (Fy, [P*(X, Z)]), Y° 2°] = =213 (c+-2f)°m!! =0,

Since m # 0 from the above equality it results ¢ = —2f which yields a = —f*/(2m) and

therefore we arrive at the previous possibility.

b) The subcase m = 0. Then 2¢+ f # 0 and we obtain

RO (F,[P(X, 2)P) = —(c = [)*2c+ [P ZP[EfY + (a® + b — ac®e) Z]* =0,
® =a®+bc® — ac’e + A fy # 0.

Since ® # 0 and 2c + f # 0 the above equality is equivalent to f = ¢ # 0 and we calculate
RY (B, [PH(X, 2)]P) = 27¢7(3a2 — 2e)2 20 = 0, i.e. e = 3a2/c®. So we arrive at the systems

t=a+cr, y=>b+cy+3air/? —2®

for which we have Rg?) (gg/H, gl/H) = —16ac®Z5. Therefore the condition a # 0 do not

allow us to have invariant lines of total multiplicity 9, including the line at infinity. In this
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case we apply the transformation (z,y,t) — (—a(3z +1)/c, (2a®> — bc® — 27a®y)/c*, t/c) and

the above systems became of the form
t=x, y=y-—a’—2° (3.27)

with H(X, Z) = X374

Considering Lemma, 2.1 for these systems we calculate: pg=...= pu; =0, ug = 2% By
the same lemma eight finite singular points from 9 have gone to infinity and collapsed with
the singular point [0, 1, 0] located on the “end" of the invariant line x = 0. On the other
hand system (3.27) possesses the finite singular point (0,0) and the invariant straight lines:
Lissz: =0, Ly r7:Z =0. This leads to Config. 849 given in Figure 3.2.

4) The case A = 0. Then Z does not divide F}, i.e. the condition g+ 2m # 0 must be sat-
isfied and therefore we impose the condition RO (Fy, [P*(X, Z)]?) = RV (F, [P*(X, 2))®) =
Rg?)(Fl, [P(X, Z)]3) = 0 to be satisfied. We calculate

Coefﬁcient[Rg?)(Fl, [P*(X, 2)]*),Y*Z*] = 16¢°(g — 2m)*m* = 0

which due to g + 2m # 0 implies three subcases: ¢ = 0, m # 0, m = 0, g # 0 and
g=2m # 0.

a) If g = 0 (and m # 0) then we get  Coefficient[R (Fy, [P*(X, Z)]?), Y Z7] =
—32¢%m® = 0, i.e. ¢ =0 (due to m # 0). However in this case we obtain the contradictory
conditions Rg?)(Fl, [P*(X, Z)]?) = 64a®>m5 2% =0 (m # 0) and ® = a® # 0.

b) If m =0 (and g # 0) then

Coefﬁcient[Rg?)(Fl, [P*(X, 2)]*),Y?Z5 = — f2¢%[9¢® + 12¢f — 9% — 4g(3a + 2eg)] = 0

and this condition implies other f =0 or 9¢® + 12¢f — 9f% — 4g(3a + 2¢eg) = 0.

So we suppose first f = 0 which implies
Coefficient[R (Fy, [P*(X, Z)?), 2% = —g3(* — 4ag)>®* = 0.
Since ® # 0 the above condition leads to a = ¢?/(4g). In this case we get
RO (F, [P*(X, 2)]?) = —(& — 4ceg® + 8bg?)° 25 /(1024g) = 0

which contradicts the condition ® = (¢3 — 4ceg? + 8bg®)?/(6493) # 0.
Now we examine the condition 9¢? + 12cf — 9f2 — 4g(3a + 2eg) = 0, and f # 0, i.e.
a=(9¢+ 12cf — 9f* — 8eg?)/(12g). Then

Coefficient[RY (Fy, [P*(X, Z)]*), Y°2'] = 8f6¢"2(3¢* + 6¢f — 3f — 4eg?)?/27 = 0
which is equivalent to e = 3(c? + 2¢f — f?)/(4g?). However in this case we get
Coefficient| R (Fy, [P*(X, Z)]?), Y52 = —32f54™ £ 0.
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Thus, if m = 0, g # 0 then we cannot obtain systems with eight invariant straight lines

(considering the infinite one and their multiplicities).

c) Assume now g = 2m # 0/ Then we calculate
Coefﬁcient[Rg?)(Fl, [P*(X, Z2)]*),Y?Z5] = 1024m®(cf — f* — 2am)*> =0

from which it results @ = (¢ — f)f/(2m). This condition implies Rg?)(Fl, [P*(X,Z2)]}) =0

and

R (Fy, [P*(X, Z)]%) = 8bm® — (2c—5 ) (c— f)?—de fm? 2 (f*—de fm? +8bm®)> 2" | (2m) =0,
d = (f3 — defm?® + 8bm®)d(y) # 0.

Therefore it remains to only examine the equality 8om? — (2c — 5f)(c — f)? — defm? = 0,
ie. b= [(2c—5f)(c— f)? +4efm?]/(8m?) which implies

RY(Fy, [P*(X, 2)]°) = 24(c — 2f)"(2c = f)*(c — fym*Z® =0,
d(y) = (c — 2f)%(2c — £)(3c* — 6ef + 3% — dem? — 8m3y)/(8m?) # 0.

We detect that the above conditions are equivalent to f = ¢ # 0 (due to ® # 0) and this
gives g = 2m,a = 0 and b = ec/(2m). On the other hand for the corresponding systems
we get RE?’(QQ/H, Gi/H) = 12¢*m?Z3 # 0, i.e. we could not have invariant lines of total
multiplicity 9. In this case applying an additional transformation (z, y,t) — (cx/(2m), (c*y—

4em?)/(8m?3),t/c) we arrive at the systems
t=z(l+z), y=y+ay—2a° (3.28)

with H(X,Z) = X*Z%(X + 7).

Taking into consideration Lemma 2.1 for the above system we calculate: pg = ... =
pr = pg = 0, pug = 2% By Lemma 2.1 eight finite singular points from nine have gone
to infinity and collapsed with the singular point [0,1,0] and the invariant straight lines
Ligza: =0, Ly: 2+1=0, Lg7:Z = 0. Therefore we get the configuration given by
Config. 8.50 (see Figure 3.2).

Systems with configuration (3,2,1,1) Considering systems (3.23) for k = 0 (see Propo-
sition 3.1) we evaluate equations (2.17) for the direction x =0 (i.e. U =1,V =0):

Eq=...=Fq =0, Eq=d—2hW, Eqo=a—cW + gW? (3.29)

It is clear that in the case h # 0 we could have only one invariant affine line in the direction
x = 0 and in order to have two such lines the condition A = 0 is necessary. So we split our

examination in two cases: h =0 and h # 0.
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1) The case h = 0. By Remark 3.5 the in order to have invariant lines of multiplicity 8
there must be at least one invariant affine line. So the condition d = 0 must be satisfied and

considering also the condition k = 0 we get the following systems
t=a+cr+gr®=Px), §=0b+er+ fy+2may+ny’ —2°=Q(z,y) (3.30)

for which H(X,Z) = Z*(gX? + ¢XZ + aZ?). Since the degree of H is four we have to find

out a common factor of degree three of the polynomials G;/H, i = 1,2, 3. We calculate
G/H=F(X,Y,Z), Gy/H=-nX®+72F(X,Y,Z), Gs/H =247*P*(X,2)]?

where P*(X,Y) is the homogenized form of the polynomial P(x) and Fy(X,Y,Z) (respec-
tively F»(X,Y, Z)) is a polynomial of degree 4 (respectively 5) with respect to the variables.

We observe that in the case n = 0 we get systems (3.24) for which we already have
detected all possible configurations of invariant lines of total multiplicity eight.

We claim that in the case n # 0 for non-degenerate systems (3.30) the polynomials
G1/H and P*(X,Z) could not have a common factor depending on X, i.e. the condition
RY (Fy, P(X,Z)) # 0 holds.

Indeed, since n # 0 we may assume n = 1 due to the rescaling (z,y,t) — (x/n,y/n* nt)
and we calculate Coefficient[RY (Fy, P*(X, Z)),Y®22] = 442. So supposing that the condi-
tion Rg?)(Fl, P(X,Z)) =0 holds we get g = 0. Therefore we have

RO(F, P*(X, 2)),Y*Z% = 2mZ°—2cY + (% — cf + 2am) Z][Y >+
+c(ef —2am)Y Z + (a® + bc® — ac’e)Z?] = 0

and this implies either m = 0 or ¢ = a = 0, however in the second case we get degenerate

systems. So m = 0 and setting F| = Fi|,—,—0 we calculate

RO(F, PX(X,2)) = Z'(2Y — ¢Z + [Z2)(2Y +2cZ + [Z)[*Y? + S fY Z+
+(a® 4+ bc® — ac’e) 2% =0, (y) = Sy* + S fy + (a® + b’ — ac’e) # 0.

The contradiction we obtained completes the proof of our claim.

2) The case h # 0. Then we may assume h = 1 due to the rescaling (z,y,t) —
(z/h,y/h? ht) and therefore the condition R(0)y,(Eq, Eqo) = d*g — 2cd + 4a = 0 gives
a = d(2c¢—dg)/4. Therefore applying the transformation (z,y,t) — (z—d/2,y+(dg—h)/2,t)

we get the family of systems
i =gx®+2zy=P(x), §=b+ fy+ex+ny’+I12*+2may—2°=Q(z,y). (3.31)

For these systems we calculate H(X,Z) = XZ and G,/H = 2X%+ Zf(X,Y,Z), G3/H =
2473X3(gX + 2Y)% We observe that the above polynomials cannot have Z as a common
factor. On the other hand evidently the factor g X + 2Y cannot give a line in the direction
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x = 0. Therefore a common factor of maximum degree of the polynomials G;/H and G3/H
could be only X3. Taking into consideration that for systems (3.31) the polynomial H has
degree two (but should be seven) we conclude that in this case we cannot obtain systems

with invariant lines of total multiplicity eight.

Systems with configuration (2,2,2,1). So we consider systems (3.23) for £ =n = 0 and
k =m =n—h = 0 and in both these case we solve the equations (2.17) setting U =1, V = 0:

quz...qu8IO, EQQId—QhVV, Eqw:a—cW—l—gWQ.

Thus we arrive at the same equations (3.29) as in the case of systems (3.23) for k£ = 0. Since
setting the condition n = 0 we get a subfamily of the systems which are already examined,
we conclude that in the case under examination we could not have invariant lines of total
multiplicity eight.

The above results lead as to the following proposition:

Proposition 3.2. Non-degenerate systems (3.24) possess invariant lines of total multiplicity

eight if and only if one of the following sets of conditions hold:

g=m=a=0, f=-2¢, c#0; (3.32)
g=m=0, f=c, e=3da*/c* ac#0; (3.33)
a=0, g=2m, f=c¢ b=ec/(2m), mc#0. (3.34)

3.2.2.2. Construction of the normal form with cubic homogeneities (z?, —2° + 2?y)

. In this case due to the translation of the origin of coordinates to the point (xg, 7o) =

(—m, —l — 3m) we can consider [ = m =0 and hence we get the cubic systems
i =a+cr+dy+ gt +2hay +ky*+ 2 g=bter+ fy+ny’+aty—2*.  (3.35)

Next we force the necessary conditions given by Remark 3.1 which correspond to the type of
configuration (3,2, 1,1). We calculate Ky = —2?[(2h+n)z+ky]/9 =0, K5 = —1200h%z* =0

which imply £ = h = n = 0. Herein calculations lead to
K¢ = —40(96a — 68cg + 1739dg — 136 f g)x* /27 — 6560dgx'"y/27.
It is evident that the condition K¢ = 0 implies
d-g=0, 24a—17cg—34fg=0. (3.36)

Considering systems (3.35) for k = n = h = 0 we calculate the equations (2.17) for the
direction x = 0 (ie U =1, V. =0): Equ = ... = Eqs = 0, FEq = d, Eqqo = a —
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cW + gW? — W3, On the other hand we detect that for the corresponding systems we have
G1/H|z—o = X, therefore all three polynomials G;/H, i = 1,2, 3 could not have as a common
factor Z. So we shall examine only the conditions given by the resultants with respect to X.

Clearly the condition d = 0 is necessary for the existence of at least one invariant affine
line and in this case the systems possess exactly three such lines (which could be real or

complex, distinct or coinciding). Therefore we arrive at the systems
t=a+cr+grt+ 2 =Plx) y=b+ter+ fy+a’y—2°=Q(z,y). (3.37)
For these systems we calculate

G/H=F(X,Y,Z), G/H=P (X, 2)F(X,Y,Z), G3/H =?24[P*(X,2)},
H(X,Z)= X+ gX2Z + cXZ* + aZ® = PX(X, 2).

Since the polynomial H has degree 3 we conclude that we need to find out a common factor
of degree four of the polynomials G;/H, i = 1,2,3 depending on X, i.e. the condition
RO (Fy, [P]?) = RY (Fy, [P*]?) = RY (Fy, [P*]?) = RY (Fy, [P*]?) = 0 has to be satisfied.

We calculate Coefficient [Rg?)(Fl, [P*]?),Y*Z8] = (c— f)* = 0 and this condition is equiv-
alent to f = ¢ which leads to Coefﬁcient[Rg)(Fl, [P*]3), Y824 = 256(a — cg)® = 0, ie.
a = cg. Then considering (3.36) we get cg = 0 and we divide our examination in two cases:
g=0and c=0, g #0.

1) First we examine the case ¢ = 0. Then ¢(y) = (b+ cy)p # 0 and Rgp(Fl, [P*]?) =
64c5e233 732 = () which gives ec = 0. If ¢ = 0 then we get RS (Fy, [P*]?) = —12807 22 = 0,
i.e. b =0 which contradicts with ¢ = b® # 0.

Soe =0, ¢ # 0 and in this case we have p(y) = (b*+¢®)(b+cy) # 0 and Rg?)(Fl, [P*]?) =
—128b(b*+c?)3 22! = 0,1.e. b = 0. However this condition implies Rg?)(Fl, [P*]?) = 645212 £
0 (since ¢ # 0). Therefore if e = 0 and ¢ # 0 we could not obtain systems with invariant

lines of total multiplicity eight.
2) Now we consider the case ¢ =0, g # 0. Then Rg?)(Fl, [P*]?) = Rgp(Fl, [P*]?) = 0 and

RY(Fy, [PP) = =320°(2b — eg — ¢°)2 2% = 0.

In addition p(y) = b*(b—eg+g3+g%y) # 0 and hence the above relation gives 20—eg—g® = 0,
ie. b= g(e+g?)/2. Then Rg?)(Fl, [P*]?) = (e+¢?)°(e+3g%)Z'?* = 0 which implies e = —3g?
since p(y) = ¢(e + ¢*)*(3g% — e + 2gy) /8 # 0. Therefore we arrive at the systems

i=a*(g+1x), §=—g" -3¢z +a%y -2’

and since g # 0 due to the rescaling (z,y,t) — (g, gy,t/g?) the above systems become of
the form

t=2*(1+z), §=-1-3z+2*y—2a° (3.38)
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with H(X,Z) = X3(X + Z)%.

Taking into consideration Lemma 2.1 for the above system we calculate: pg = ... =
pr =0, pug = 2% and hence eight finite singular points from nine have gone to infinity and
collapsed with the singular point [0, 1,0] located on the “end" of the invariant line x = 0.
Additionally we determine that system (3.38) possesses the finite singular point (—1, —3)
and the invariant straight lines: Li23 : x = 0, L4 7 : x4+ 1 = 0. This leads to the
configuration Config. 8.51.

Proposition 3.3. Non-degenerate systems (3.35) possess invariant lines of total multiplicity

eight if and only if the following set of conditions hold:

k=n=h=a=c=f=0, b=—¢° e=-3¢°, g¢g#0. (3.39)

3.2.3. Invariant criteria for the realization of the configurations with exactly

one infinite singularity

According to Lemma 2.2 the conditions D; = Dy = D3 = 0 are necessary and sufficient for a
cubic system to have exactly one infinite singularity, namely it is determined by the unique
factor of degree four of Cs(x,y). After a linear transformation such a cubic system could be
brought to the form (3.19). By Lemma 3.1 these systems could have one of the following two
cubic homogeneities: (0, —z%) and (:E?’, 22y — x?’). Moreover, according to the same lemma,
these two cases of homogeneities are distinguished by the invariant polynomials V; and Vs.
Therefore we consider systems (3.23) and respectively (3.35) and in what follows we find out
the invariant conditions which are equivalent to the conditions given by Propositions 3.2 and

3.3, respectively.

1) Conditions for systems (3.23) According to Proposition 3.2 the condition k = h =
n = 0 which is equivalent to £5 = 0 (see Proposition 3.1) is necessary for systems (3.23) to

have invariant lines of total multiplicity eight. For the corresponding systems we calculate:

Nyz = m?z®, Wy = —6(g +m)z® =0, Wy = 12(72d + 13g* — 54gm + 53m?)a.

a) Conditions (3.32). It is evident that Nog = W; = W5 = 0 is equivalent to m =
g = d = 0. Then we calculate W5 = 8(2c¢ + f)x* which is equivalent to f = —2c and this
condition implies W, = 108ax?. Therefore the condition W, = 0 gives a = 0 and we arrive at
non-degenerate systems (where pug = —2c¢*z® # 0) which, as it was shown earlier (see page
97), via a transformation could be brought to systems (3.26).

Thus if for systems (3.23) the conditions Lo = Nog = Wy = Wo = W3 =W, =0, pg #0
hold then we get the configuration Config. 8.48.

b) Conditions (3.33). As it was shown above So the condition Ny3 = Wp = Wy = 0
implies m = g = d = 0 and then Nj5 = 12(f — ¢)2*. So the condition f = c is given by
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Nig = 0. In this case we obtain ug = c*z® and Wy = 12(3a% — c?e)a2. Therefore the condition
Ws = 0 leads to e = 3a?/c? for ¢ # 0, i.e. ug # 0. For the corresponding non-degenerate
systems the condition a # 0 does not allow to have invariant lines of total multiplicitynine
and this condition is equivalent to Ws = —12az® # 0. Then due to a transformation the
corresponding systems become of the form (3.27).

Ws = —12az® # 0 is satisfied, i.e.

So if for systems (3.23) the conditions Lo = No3 = Wi = Wy = Njg = W5 =0, pusWs # 0
hold then we obtain Config. 8.49.

c) Conditions (3.34). According to this set of conditions we have m # 0, i.e. Nog # 0. We
calculate N3 = 12(2m—g)x° and clearly the condition g = 2m is equivalent to N3 = 0. In this
case we obtain Wy = 48dma? and hence the condition d = 0 is governed by the polynomial
W. So considering the conditions g = 2m and d = 0 we get Wg = 1728(c — f)maz® and since
m # 0 the condition Wy = 0 is equivalent to f = c¢. Then we obtain Wy = —864am3x? and
evidently that the condition Wy = 0 gives a = 0. Setting a = 0 we get Wiy = 72m(ce—2bm)x?
and due to m # 0 it is clear that the condition b = ce/(2m) is equivalent to Wiy, = 0.
Assuming that this condition is fulfilled, for the corresponding systems we get us = c*az8 # 0
and applying a transformation (see page 100) these systems become of the form (3.28).

Thus if for systems (3.23) the conditions Lo = N3 = W7 = Wy = Wy = Wig = 0, ugNag #
0 hold then we get the configuration Config. 8.50.

2) Conditions for systems (3.35). It was proved that the condition k = h =n =0 is
equivalent to Ky = K5 = 0 (see the page 102). In this case we get Kg = 88dz?/9 = 0 which

implies d = 0 and then we calculate
Ko =20(f —c)x%/9, Ny = —(c+ f)z*/3, Kg=160(17cg + 34fg — 24a)z" /27.

It is evident that the condition K9 = Ny = K4 = 0 gives ¢ = f = a = 0. Then we
obtain Wy, = —9216(b + ¢3)z!! and therefore b = —g¢? is equivalent to Wy, = 0. Setting
this condition we calculate Wiy = 20g(e + 3¢%)z! /9 and ug = ¢%2® # 0 (otherwise we get
degenerate systems). So the condition e = —3¢? is equivalent to Wi, = 0 and then due to a
transformation (see page 104) we arrive at the system (3.38).

Thus if for systems (3.35) the conditions Ky = K5 = Kg = Kg = Ny = Kg = Wiy =
Wis = 0, ug # 0 hold then we have Config. 8.51.

3.2.4. Perturbations of canonical forms

To end the proof of the Main Theorem C it remains to construct for the normal forms
given by this theorem the corresponding perturbations, which prove that the respective
invariant straight lines have the indicated multiplicities. In this section we construct such

perturbations and for each configuration Configs. 8.7, j = 48,...,51 we give:
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Invariant lines:

e the corresponding normal form and its invariant straight lines;
e the respective perturbed normal form and its invariant straight lines;

e the configuration Config. 8.j., j = 48,...,51 which corresponds to the perturbed

systems.
Config. 8.48: T=x, y=-2y—a’
Invariant lines: Li: 2=0, Ly 7: Z=0
1 = z(1 + 2% — 6y%e?),
Config. 8.48.:

= —13 — 2y — 4y3e3;

Lys = 2% + i+ (2 + 2i)aye® + 2iy?e?,

Y
Ly =z, Lyz=12% —i+ (2 — 2i)zye? — 2iy*e3,
Loz =1+ 222 — daye? + 2y%e3.

(8,4)

@ 3

Fig. 3.8. Perturbation of normal form corresponding to the configuration

Config. 8.48
Config. 8.49: t=x, y=y—a>—7z%
Invariant lines: Liss: 2=0, Ly 7: Z=0;

i = (9 — 6ze + 4xe?)(9 4 6ze — 10xe? 4 4ae?) /81,
Config. 8.49: g = [323(1 — e)(2e — 3)® + 322(3 — 2¢)*(y(e —1)e? — 3)+
+3zye?(2e —3)[6 + y(e—1)e?] + y(9+ye®) (9 + y(e —1)e?)] /81;

Ly =2, Ly = 2xe—ye®—3x, Ly = 2xe+ye?—3x, Ly = 9—6xe+4xe2,
Invariant lines: Ly =9+ 2xe(3 — e+ 2e%), Lg =9+ ye® + ze(2e — 3),
L; =9+ y(e — 1)e® + xe(3 — be + 22).
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(8,4)

w
ot

o) g

Fig. 3.9. Perturbation of normal form corresponding to the configuration
Config. 8.49

Config. 8.50: t=z2(1+2), y=y+ary—a?

Invariant lines: Ligsss: x=0, Ly:x+1=0, Lgr: Z =0

T =2z(1 —ae)(1 4+ z + ze — 2ye),
Config. 8.50.:
y=y+ay—x®— 2y’ — 2*y(3e—4)e + 6xy*(e —1)e* — 4y3(e —1)e3;

Li=x, Ly =2 —2ye, Ly =x —ye, Ly = x — 2ye + 2ye?,

Invariant lines:
Ly =1+x —xe —2ye +2ye?, Lg =xc — 1, L; = 1+xe—2ye2.

(8,4)

Fig. 3.10. Perturbation of normal form corresponding to the configuration

Config. 8.50
Config. 8.51: it=22(1+2), y=-1-3z+2%y— 2%
Invariant lines: Lissg: x=0, Liser: x+1=0;

(i = z(1+x)(z — e — 2z¢),

y=—[143z+2°— 2%y — 4y°(c — 1)%* — y(e — 1)e(3+ 2¢)+
+2y%(e — 1)%e%(1 + 3e) — ay(e — 1)e(7 — 9 — 24e? + 36&3)+
Config. 8.51c: +323(e — 1)e(3 — 4e — 122 + 54e® — 72e* + 36¢°) +
+22y%(e — 1)%%(1 + 32 — 18e% + 182%)+
+3z(s — 1)e(2 + 3¢) + 223e(3c — 2)(1 — 6e* + 6¢°)—
—z%ye(18¢ + 1262 — 1683 + 360 — 324e® + 108% — 7)] /(e — 1)%;
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Li=z Ly=c+2(2e—1), Ly =1 —2y(c — 1)e + z(1 — 6¢ + 6¢?),
Invariant lines: Li=1+4=x, Ly=1-2y(e—1)e +x(1 — 6 + 6¢2),
Le=1—y(e—1)e+x(1-3c+3¢?), Ly = 1 —2y(e—1)e?+x(1—6c>+6¢%).

(8:4)

Fig. 3.11. Perturbation of normal form corresponding to the configuration
Config. 8.51

3.3. Conclusions on Chapter 3

We remark that in Chapter 3 we use for the first time the perturbation of the cubic systems
with multiple lines in order to prove that these systems indeed possess invariant lines of
indicated multiplicity. It arise the question: why this multiplicity could not be deduced
applying the respective definitions and propositions from Chapter 27

More precisely, according to [43, Definition 5.1| each line (L = ux + vy + w = 0) of
multiplicity & divide £ (X) (= —G;) and according to [43, Main Theorem| it follows the
existence of a perturbation of vector filed X which implies the appearance in the vicinity of
the line L = 0 exactly k distinct invariant straight lines. However this is valid for each line
separately and this does not guaranty that there exists such a perturbation which implies
the appearance of the corresponding numbers of lines in the vicinities of several lines simul-
taneously. So the constructed perturbations are necessary to complete the proofs of Main
Theorems B and C and hence, each of the configurations Configs. 8.18-8.22 and Configs.
8.48-8.51 indeed contain invariant lines of total multiplicity eight. We note that we have
constructed the corresponding perturbations also for the family of systems in CSILg with two
distinct infinite singularities (see the proof of Main Theorem D).

The interesting fact is that all 9 canonical systems constructed in this chapter for systems
in CSILg with either three or exactly one infinite singular points are with constant coefficients.

Finally we underline that the configurations given by Config. 8.48, 8.49 and Config.
8.51 were also detected by Suba and Vacaras in [130-132]. More precisely, the configuration
Config. 8.48 possesses the infinite line of the multiplicity 7 and it was proved in [130] that this
multiplicity is maximal for a cubic system. But it is important to underline that in contrast
with these authors in Chapter 4 necessary and sufficient conditions for the realization of
the configurations given by Config.8.48, 8.49 and Config.8.51 were determined.

The results presented in Chapter 3 were published in [22,25].
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4. CUBIC SYSTEMS WITH INVARIANT LINES OF TOTAL
MULTIPLICITY EIGHT AND TWO DISTINCT INFINITE
SINGULARITIES

Taking into account Lemma 2.2 we split the family of cubic systems having 2 distinct infinite
singularities in three subfamilies which infinite singularities are determined by the following
factors of the polynomial C5(z,y): 1) two double real factors; 2) two double complex factors
and 3) one triple and one simple real factors. For each one of these three subfamilies the
proof of the corresponding theorem proceeds in 4 steps described in Paragraph 2.1.2.

In this chapter we prove the following theorem ( [17,29]):

Main Theorem D. Assume that a non-degenerate cubic system (i.e. E?:o u? # 0) possesses
invariant straight lines of total multiplicity 8, including the line at infinity with its own
multiplicity. In addition we assume that this system has two distinct infinite singularities,
i.e. the conditions D1 = D3 =0 and Dy # 0 hold. Then:

1. This system could not have the infinite singularities defined by two double factors of
the invariant polynomial Cs(x,y).

II. The system has the infinite singularities defined by one triple and one simple real
factors of Cs(x,y) (i.e. D1 = D3 =Dy =0 and Dy # 0) and could possess only one of the
25 possible configurations Config. 8.23 — Config. 8.47 of invariant lines given in Figure 4.1.

III. This system possesses the specific configuration Config. 8.7 (j € {23,24,...,47})

if and only if the corresponding conditions included below are fulfilled. Moreover it can be

brought via an affine transformation and time rescaling to the canonical form, written below:

e Config. 823 < NoN3# 0,V =V3=K5=N;=Ny,=N;=Ng=DN;=0:
= (x—1)z(l+ ),
{?J:x—y+x2+3xy;
o Config. 8.2/ - 8.27 < Ny #0,Ns =0, V,=Vs=Ks=N, = Ny=Ng=Ns=0, Ny # 0:
Config.8.24 < Nij; <0 (r <0);
&= a(r+ 2z +2?), Config.8.25 < Nyo>0,N;3>0 (0<r<1);
g =(r+2x)y, r(9r —8)#£0; |Config.8.26 < Nig=0 (r=1);
Config.8.27 < Nip <0 (r > 1);
o Config. 8.28 - 8.30 < Ny #0,Ny = 0, V;=V3=Ks5 =N, = N5 = Ny = Ny =0, Ny3 £0:
Config.8.28 < Ni5 <0 (r <0);
Config.8.29 < N1, <0,N15>0 (0<r<1);
y=2y(e—r),r(r—1) #0; Config.8.30 < Ny >0 (r > 1);

i=x(r—2z+z?%),(9r—8)# 0

° COnﬁg 831, 8.32 & N2 = N3:V1:V3:IC5:N1:N17:N18:O, N10N16 7£ 0:
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&= x(r+2?), {C’onﬁg.S.B’] < Ny <0 (r=-1);

g=x—2ry, re{-1,1} Config.8.33< Nyg >0, (r=1);

&= a3,

Config. 8.33 & No=N3=V, =V3=K5=N;=N;jg=N17=N15=0, N5 #0:
y=1+u;

Config. 8.34 - 8.38 < No=N3=V=V3=K5=N;=N13=N19=0, Nig#0:
(Config. 8.34 < Noi <0 (r <0);

Config. 8.85 < Ny >0,Noy >0 (0 <7 < 1/4);
Config. 8.36 < Noy =0 (r =1/4);

Config. 8.37 < Ny <0 (r > 1/4);

\C’onﬁg. 8.38 < Ny =0 (r=0);

i =az(r+x+2?%),

y=14ry, (9r—2)#0;

COnﬁgSSQ, 840 = Vl = £1 = £2 = N22 = N23 = N24 = 0, Vg]CG # 0:
& =a(r+ax+a?), {Conﬁg. 8.89 & g <0 (r<1/4);

§=(r+2x+32%)y; (Config. 840 < pg>0(r>1/4);

Config.8.41- 8.43 < Vi =Ly =Ly = Ny = No3=Kg=0, V3Noy # 0:
Config. 8.41 < pug <0 (r <0);
Config. 8.42 < ug =0 (r=0);
Config. 8.43 < g >0 (r > 0);

T =az(r + %),

y=1+ry+32%y;

Conﬁ98447847 S Vs=Uy = Ky= IC5 = ICG = Nos = Nos = Nog = Noy = 0,
V1V3 75 0:
Config. 844 & pe <0 (=2<r<—1);
P=a(l4a)r+2+ 0+ sl | Config. 845 © s> 0, Nos < 0 (r < —2);
y=[r+2+ 3+ 2r)x+ ra?y; Config. 8.46 < e >0, Nog >0 (r > —1);
Config. 847 < pe =0 (r=-1).

We have proved in [26] that systems in CSLLg could not have the infinite singularities
defined by two double factors of the invariant polynomial C5(z,y). So for the further inves-
tigation we consider only cubic systems with infinite singularities defined by one triple and
one simple real factors of C'(x,y) and we prove the above theorem taking into consideration
the steps defined in Paragraph 1.2.6. (see page 50).

According to Lemma 2.2 in this case we consider the following family of cubic systems:

v =a+ cx + dy + g2 + 2hxy + ky? + (u+ 12’ + vy + ray?, (4.1)

y =b+ex + fy+ 12 + 2may + ny? + ur’y + voy® +ry? .
with O3 = 23y. Hence, the infinite singular points are situated at the “ends” of the straight
lines x = 0 and y = 0.

The cubic homogeneous systems in the case under consideration were constructed in
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Config. 8.47
Fig. 4.1. Configurations of invariant lines for systems in CSLg with 2 ISPs

[17, Proposition 9]. More precisely considering the proof of Proposition 9 [17] we have the

next result.
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Lemma 4.1 ([17]). Assume that for a cubic homogeneous system the conditions Dy =
Dy = Dy = 0 and Dy # 0 hold. Then via a linear transformation and time rescaling
this system can be brought to one of the canonical form (153,623) indicated bellow if and
only if the corresponding conditions are satisfied. Moreover the cubic systems with these
homogeneities could have only the configurations of invariant lines of the type given next to

each homogeneity:
e Vi=V3=0 = (P,Q;)=(z%0) = (3,3,1),(3,2,1,1),(2,2,2,1);
e V=0 Vs£0 = (P5,0Qs) =(%3%) = (3,3,1);
o VI#0, V3=0 = (55,03 =(22%32%) = (2,2,2,1);

e VIVs#£0, Vs=Uy =0 = (P5,Q3)= ((ut+1)2?, uz?y), w(u+3)(2u+3)#0 = (3,2,1,1).

4.1. Construction of canonical forms and of the corresponding configurations

of invariant lines

We have showed in [17] that systems (4.1) possessing the homogeneity (2z3,3z%y) could
not have invariant lines of total multiplicity eight and thus, in the further investigation we
consider only the following three cubic parts: (z%,0), (2*,32%) and ((u+1)z®, ua?y) (for
u(u+3)(2u+3)#£0).

4.1.1. Systems with cubic homogeneous parts (z3,0)

In this case, considering (4.1) via a translation of the origin of coordinates we can consider

g =0 and hence we get the cubic systems
i =a+cx+ 2 +dy+2hay + ky?, ¢ =b+ex + 122+ fy+ 2may + ny? (4.2)

for which we have H(X,Y, Z) = Z (see Notation 2.2).

Now we force the necessary conditions given in Remark 3.1 (p. 81) which correspond
to each type of configuration. We claim that if any of the conditions (a;), (a2) or (as3) are
satisfied for a system (4.2) then K = h = n = 0 and this condition is equivalent to K5 = 0.
We divide the proof of this claim in three subcases defined by (a;)—(as).

(ay). For systems (4.2) we calculate: £; = 0 and Coefficient[Ls, zy] = —20736(12h% +
Tkm —6hn+3n?) = 0, Coefficient[KCy, y?] = 3967 - 2183%517319k5 = 0. Therefore we get k = 0
and as the discriminant of the binary form 4h? — 2hn + n? is negative we obtain h = n = 0
(and this implies Lo = K7 = 0).

(ag). In the same manner in the case of the configuration (3,2,1,1) we determine K4 =
K¢ = 0 and K5 = —180m(h —n)x* + 60(4h? — 3km — 2hn + n?)x3y — 240k*zy>. From K5 = 0
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it results & = 0 and we get the same binary form 4h? — 2hn + n? which leads to h = n = 0.
Consequently s = 0 if and only if k =h =n = 0.

(az). We calculate Ky = 0 and Coefficient[Ls, 2%y"] = 2k* = 0, i.e. k = 0. Then
calculations yield
Coefficient[KCy, 2°y*] = —2n(h—n)*=0

and
Coefficient [KCs, 2°y] = 2(4h* + 14hn + n?*) =0.

Evidently we obtain h = n = 0 (then Ky = Kg = 0) and this completes the proof of the

claim.

Remark 4.1. Since for systems (4.1) the condition k = h =n = 0 is equivalent to K5 = 0

we assume this condition to be fulfilled.

We begin with the examination of the direction x = 0 (U = 1, V = 0). So, considering
(2.17) and Remark 2.1 for systems (4.2) we have:

Eq=d, FEqo=a—cW —W3.

So in the direction z = 0 we could have three invariant lines (which could coincide) and this

occurs if and only if d = 0. Thus we arrive at the family of systems
t=a+cx+2®, y=b+exr+I12®+ fy+2may (4.3)

for which we calculate
H(X,Z)=Z(X?+cXZ*+ aZ?). (4.4)

Considering systems (4.3) we calculate
Gi/H =IX"+ X*[4mY +2(e —Im)Z)] + X*[(3f —4m*)Y Z + (3b—cl — If—
+ —2em)Z°] + X[ — AfmY Z* 4+ (=2al — ef — 2bm)Z%] + (cf — [*—
—2am)Y Z* + (bc — ae — bf) Z* = Fy (X, Y, Z),

Go/ H =(X? + X 7% + aZ?) [25)(3 + [X2(6mY + (3¢ — 2m)Z] + X[(3f—
(4.5)
—4m*)YZ + (3b— ol — 2em) Z*] — 2fmY Z* + (—al — 2bm)Z3} =
= P*(X,Z2)Fy(X,Y, Z),
Gs/H =24(IX* +2mXY + eXZ + fYZ + bZ*) (X + cXZ* + aZ?)* =
= 24Q"(X,Y, Z) [P*(X, Z)]*.

113



It is clear that systems (4.3) are degenerate if and only if the polynomials P(x) and Q(x, y)
have a nonconstant common factor (depending on ) and this implies the existence of such
a common factor (depending on X and Z) of the polynomials P*(X, Z) and Q*(X,Y, Z). So

for non-degenerate systems the condition

RY (PY(X,2),Q (XY, Z)) #£0 (4.6)
must hold. We have the next lemma.

Lemma 4.2. For a non-degenerate system (4.3) the polynomial P*(X,Z) could not be a
factor of G1/H, i.e. P*(X,Z) does not divide Fy\(X,Y, 7).

Proof. Suppose the contrary that P*(X, Z) divides Fi(X,Y, Z). Then considering the form
of the polynomial P*(X,Z) (which contains the term X?) by Lemma 2.6 the following
conditions are necessary and sufficient: Rg?) (Fy, P*) = Rg? (Fy, P*) = Rg?) (Fy, P*)=0. We
calculate Rg?) (F1, P*) = [(3f — 4m*)Y + (3b — 2cl — If — 2em)]Z = 0 and this implies
f=4m?/3 and b = 2(3cl +3em +2lm?)/9. Then we obtain Rg? (Fy, P*) =374Z*[12m(3c+
4m?*)Y + (27al 4 18ce — 6¢clm + 24em? + 81m3)Z]2 = 0 and we consider two cases: m # 0
and m = 0.

a) If m # 0 then we may assume m = 1 and e = 0 due to the change (x,y,t) —
(mz,y —e/2m,t/m?) and the above condition gives us ¢ = —4/3 and a = —16/27. However
in this case we have Rg?) (P*,Q*) =0, i.e. we get a contradiction with the condition (4.6).

b) Assume now m = 0. Then we obtain
RY (Fy, P*) = (3al + 2ce)*Z% = 0,
RY (Fy, P*) = (270 + 4¢%) [27a2P + 2Tae(cl? — ) + 2E21(cl? + 9¢)] 212 /27 = 0,
RY (P*, Q") = [27a% + 27ae(cl? — ¢*) + 2E%1(cl® + 9¢%)] /27 # 0

and this implies ¢ # 0, otherwise the second equality yields a = 0 and then Rg?) (P*,Q*) = 0.

So ¢ # 0 and the first equation gives e = —3al/(2¢) and then we arrive at the contradiction:

3712 3176
(0) *) 2 3\3 _ (0) * *®) 2 3)2 3
Ry (Fy, P*) = 21603<27a +4¢)? =0, Ry (P*,Q%) = 21603<27a + 4¢’)* # 0. This

completes the proof of the lemma.

Now we examine the direction y = 0. The following proposition holds.

Proposition 4.1. For the existence of an invariant straight line of systems (4.3) in the

direction y = 0 1t is necessary and sufficient

=0, ef—2bm=0, f*4+m?>+#0. (4.7)

Proof. Indeed, considering the equations (2.17) for a system (4.3) we obtain Eg¢s; =1, Eqs =
e —2mW and Eq g = b— fW. Clearly, Eq5 = 0 is equivalent to [ = 0. On the other hand

in order to have an affine line in the direction y = 0 the condition f? +m? # 0 is necessary.
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Therefore the condition Resw (Eqs, Eqio) = ef — 2bm = 0 is necessary and sufficient for
the existence of a common solution W = W, of the equations Fqs = 0 and Eqyo = 0. This

completes the proof of the proposition.
Now we find out coefficient criteria for a system (4.3) to belong to CSLsg.
1) The case m # 0, 1 # 0. By Proposition 4.1 we could not have invariant line in the

direction y = 0. So after the transformation (z,y,t) — (mx, —e/2m + ly,t/m?) we can

consider [ =m =1 and e = 0. As a result we arrive at the family of systems
i=a+cr+a®=P), §= b+a*+ fy+2zy=Q(x,y). (4.8)

Proposition 4.2. Systems (4.8) possess invariant lines of total multiplicity 8 if and only if

4 4
= —e=——, b= —. 4.
a=0, f=c=—5 b= (19)

Proof. First we proof that the conditions (4.9) are sufficient for a system (4.8) to have
invariant lines of total multiplicity eight.

Sufficiency. Assume that (4.9) are satisfied. Then for the corresponding system (4.8)
we calculate H(X,Y,Z) = —378X?(3X — 27)3Z(3X + 2Z) and hence, we have 8 invariant
straight lines (including the line at infinity).

Necessity. Consider systems (4.8) for which the polynomial H has the form (4.4). The
degree of this polynomial equals four, but should be seven . Therefore we have to find out
the conditions to increase the degree of the polynomial H up to seven, namely we have to
find out additionally a common factor of degree three of the polynomials G;, i = 1,2,3 (see
Lemma 2.4 and Notation 2.2).

Considering (4.5) for systems (4.8) we obtain G;/H|z—y = X3(X + 4Y"). Therefore we
conclude that all three polynomials could only have common factors of the form X + a = 0,
which by Remark ?? must be factors of the polynomial P*(X, Z). We observe that P*(X, Z)
is a common factor of the polynomials G,/H and G3/H and, moreover, in the last one this
factor is of the second degree.

According to Lemma 4.2 the polynomial P*(X,Z) could not be a factor of G;/H, i.e. of
the polynomial Fi(X,Y,Z). Thus not all the factors of the polynomial P*(X, Z) are also
the factors in F}(X,Y, Z). This leads us to the conclusion that the polynomial Fy(X,Y, Z)
must have a common factor with P*(X, 7), i.e. the condition Rg?) (Fy, P*) = (8 4+ 27a +
180)Z3Rg?) (P*,Q*) = 0 has to be fulfilled. Due to (4.6) this gives ¢ = —(8+27a)/18 and we
obtain that the polynomial ) = (3X —27) is a common factor of the polynomials F»(X,Y, Z)
and P*(X,Z). On the other hand it must be a factor in Fi(X,Y, 7). We calculate

RO (Fy, ) = —(8 4 27a + 18f)Z3(12Y + 9fY +4Z 4+ 9bZ)/2 = 0,
RO (P*,Q*) = (12Y + 9fY +4Z + 9Z) (Y, Z) # 0,
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where U(Y, Z) is a polynomial. So the above conditions give us the equality a = —2(4 +
9f)/27 and then we obtain f = c. In this case calculations yield

1
Gi/H :2—7(3)( —27)[9X°% +12X°(3Y — Z) + 3(9c — )XY Z+

1
+ (270 — 18¢c — 8) X Z* — 2(4 4+ 9)Y 2% = 2—7(3)( —22)F/(X,Y, Z),
1
Go/H :@(3)( —27Z)*[18X° + 54XY — 6XZ +27cY Z + (27b — 9c — 4) Z*] x
1 N
X (9X? +6XZ +472° +9c7%) = 79(3)( —22)Fy(X,Y, Z)P(X,Y, Z)

and we obtain
RY (Fl, Fy) = = 72922[36Y* = 3(4+ 9¢)Y Z + (4 = 27b + 96) Z°] (Y, Z),
R (Fl, P) =129(4+90)2'T(Y, 2),

1
—Z3(12Y 4 9¢Y +4Z + BZ)(Y, Z),

where I'(Y, Z) is a polynomial. Since Rg?) (F{, F’é) # 0 due to Rg?) (P*,Q*) # 0, we deduce
that for the existence of a common factor of degree 3 of the polynomials G, /H and Gs/H
the condition Rg?) (F{, I5> = 0 is necessary, i.e. ¢ = —4/9 and we get ¢ = f = —4/9 and

a = 0. In this case we obtain

1
Gi/H = (X(3X —2Z)(3X° +12XY ~ 4XZ —8YZ + 9Z%) = (X(3X —22)F},

Nl

P*(X,Z) = X(3X —22)(3X +22)/9

and since X could not be a factor of F/'(X,Y,Z) and, moreover, as it was proved earlier
the polynomial P*(X,Z) could not divide G;/H, we deduce that the factor of F{'(X,Y, Z)
must be 3.X —2Z. So the condition Rg?) (F/',3X —27) = 3(27b—4)Z* = 0 is necessary and
this implies b = 4/27, i.e. we arrive at the conditions (4.9) and this completes the proof of
Proposition 4.2.

Considering the conditions (4.9) we obtain the family of systems which after the suitable

transformation (x,y,t) — (2x/3,y + 1/3,9t/4) becomes
i=(x—-Nr(l+z), y=2—y+az*+3zy (4.10)

with H(X,Y,Z) = —X?(X — Z)3Z(X + Z). We observe that these systems possess 3 finite
singularities: (0,0), (1,—1) and (—1,0). On the other hand considering Lemma 2.1 for
systems (4.10) we calculate: pg = gy = po = pg = g = ps = 0, g = 82° # 0. So by
Lemma 2.1 all other 6 finite singular points have gone to infinity and collapsed with the
singular point [0, 1, 0] located on the “end" of the invariant line z = 0.

Thus this system possesses 3 real distinct invariant affine lines (besides the double infinite
line) and namely: one triple, one double and one simple, all real and distinct. Therefore we

obtain the configuration Config. 8.23 (Figure 4.1). We have proved the proposition.
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2) The case m # 0, Il = 0. As it was mentioned earlier we may assume m = 1 and e = 0
due to the change (z,y,t) — (mz,y — e/2m,t/m?). So we get the family of systems
t=a+tcr+2d, g=b+ fy+ 2y (4.11)

which by Proposition 4.1 possess invariant line in the direction y = 0 if and only if b = 0.

a) The subcase b# 0. We claim that in this case the above systems could not have
invariant lines of total multiplicity 8. Indeed, due to the rescaling y — by we can consider
b = 1 and we obtain that for systems (4.11) the polynomial H of the form (4.4) has the
degree 4, but should be 7. Moreover we have G, /H|z—y = 4X3Y and hence the polynomials
Gr/H, k =1,2,3 (see their values (4.5) for m = b =1 and [ = e = 0) could have only the
common factors of the form X +aZ. Considering Remark ?? and Lemma 4.2 we arrive again
at the conclusion that the polynomial F5(X, Y, Z) must have a common factor with P*(X, 7).
We determine that for systems (4.11) Fy(X,Y, Z) = (3X — 22)P*(X,2)Q*(X,Y, Z) and
hence due to the condition (4.6) and according to Lemma 4.2 (which says that P*(X, Z)
could not divide G; /H) we conclude that 3X —2Z must be a double factor in G; /H. However
we obtain Rg? (83X —22)%,G/H) = 16273 +# 0, i.e. for systems (4.11) we could not increase
the degree of H(X,Y,Z) up to 7 and this completes the proof of our claim.

b) The subcase b =0. We obtain the family of systems

i=a+cr+a2*=P), §=uy(f+2z)=yQx). (4.12)

Proposition 4.3. Systems (4.12) possess invariant lines of total multiplicity 8 if and only

if one of the following sets of conditions holds:

f=c¢ a= —2(427—;96), (44 3¢)(4 4 9¢) # 0; (4.13)
f:w, a:w, (44 3¢)(4 +9¢) # 0. (4.14)

Proof . Sufficiency. Assume that (4.13) (respectively (4.14)) are satisfied. Then consider-
ing systems (4.12) we calculate H(X,Y, Z) = 378V (3X —2Z)3Z(9X%+ 6XZ + 42?4+ 9cZ?)
(respectively H(X,Y,Z) = 3792YZ(3X + 2Z)(9X? — 6XZ + 42> + 9¢Z*)?) and hence,
we have 8 invariant straight lines, including the line at infinity. Moreover for the corre-
sponding systems we calculate Rg?) (Go/H,G1/H) = 312(4 + 3¢)%*(4 + 9¢)Z3 (respectively
Rg?) (Go/H,G1/H) = —3"(4 + 3¢)*(4 + 9¢)Z?3) and this leads to the following condition
(44 3¢)(4 4 9¢) # 0 which does not allow us to have 9 invariant lines.

Necessity.  For systems (4.12) we have H(X,Y,Z) = YZ(X? + ¢XZ? + aZ*). Thus
according to Lemma 2.4 we conclude that we need additionally a non-constant factor of the

second degree of H. For systems (4.12) we calculate (see Notation 2.2)
Gi/H =4X> — (4 —3f)X?Z —4fX 7% — (2a — cf + f*) 73,
Go/H =(3X —22)(2X + f2)( X34 ¢X 7% +aZ%) = (3X —22)Q*(X, Z)P*(X, Z),
Gs/H =24(2X + fZ) (X3 + X Z% + aZ%)? = Q*(X, Z) [P*(X, Z)]".

117



We observe that G;/H|z—o = 4X? and we conclude that all three polynomials could not
have Z as a common factor. On the other hand these polynomials do not depend on Y. So
common factors of the above polynomials could be only factors of the form X + oZ, which
by Remark 3.4 must be also factors in P*(X, Z). So considering this remark and Lemma 4.2
we arrive at the two possibilities: the linear form 3X — 27 either is a common factor of the
polynomials G;/H and P*(X, Z) or it is not.

t) Assume first that 3X — 27 is a common factor of G;/H and P*(X,Z). Then the
following condition must be satisfied: Rg?) (3X — 27, P*) = (8 +27a+ 18¢)Z3 = 0 and this
implies a = —2(4 + 9¢)/27. Herein we have RY (3X —22Z,G,/H,) = 9(c — f)(4 + 3f) 23 =
0, RY (P*(X,2),Q"(X,Z)) = (4+ 3f)(16 + 36¢c — 12f + 92)Z3/27 # 0 and hence the
condition f = ¢ must hold, which leads to the first two conditions (4.13).

1) Suppose now that 3X — 27 is not a common factor of G;/H and P*(X, 7). Then
clearly these polynomials must have a common factor of the second degree. So the conditions
RO (P*,Gi/H) = (8a — 4cf — f3)®1(a,c, f)Z° =0, RY (P*,Gi/H) = ®y(a,c, f)* =0 and
RO (P*,Q*) = (4cf + f3 — 8a)Z3 # 0 must hold, where &) = 8a -+ 27a2 + 4¢® + 4¢3 +
18af — f3 —cf(4+ 3f), ®y = 16¢% + 2¢(8 + 6f + 3f2) + 3(6af — 8a + 4f% + f3).
Due to Rg?) (P*,Q*) # 0 we must have &; = &y = 0 and we calculate RY (®1,P1) =
3(4 +6¢+ 3f)*(4c+ 3f%)(16 + 16¢ + 3f?) = 0.

We claim that the condition 4 + 6¢ + 3f = 0 has to be satisfied for non-degenerate
systems (4.12). Indeed assuming ¢ = —3f%/4 (respectively ¢ = —(16 + 3f?)/16)) we get
that 4a + f2 (respectively 32a + 16f — f3) is a common factor of ®; and ®,, however
in this case the polynomial Rg?) (P*, Q") gives the value —2(4a + f3)Z% # 0 (respectively
—(32a + 16f — f3)Z3/4 #0).

So4+46¢c+3f =0,ie f=—2(2+3c)/3 and in this case the common factor of ®; and
®, is (8 — 27a + 18¢). Hence the condition ®; = ®5 = 0 implies a = 2(4 4 9¢)/27 and this

leads to the conditions (4.14). So the proposition is proven.

Next we construct the respective canonical forms of systems (4.12) when either the con-
ditions (4.13) or (4.14) of Proposition 4.3 are satisfied.

a) Conditions (4.13). We observe that in this case due to a translation and an additional

notation, namely r = (4 + 3c¢)/3, we arrive at the family of systems
i =x(r+2z+2?%), §=(r+22)y (4.15)

for which we have H(X,Y, Z) = X3Y Z(X?+2X Z+rZ?). So the polynomial H(X,Y, Z) has
the degree 7 and by Lemma 2.4 the above systems possess invariant lines of total multiplicity
8 (including the line at infinity, which is double). Now we need an additional condition under

the parameter r which conserves the degree of the polynomial H(X,Y, Z). For systems (4.15)
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we calculate R\ (Gs/H, G/ H) = 48r3(8 — 9r)2Z5 + 0. Consequently we get the condition
r(8 — 9r) # 0 which for systems (4.12) is equivalent to (4 + 3¢)(4 + 9¢) # 0 (see the last
condition from (4.13)).

Besides the infinite line Z = 0 (which is double) systems (4.15) possess six affine invariant
lines, namely: Liss =, Ly=vy, Lsg=r+ 2z +2°

We detect that the lines Ly = 0 are either complex or real distinct or real coinciding,
depending on the sign of the discriminant of the polynomial % 4 2z + r, which equals
A = 4(1 —r). We also observe that systems (4.15) possess 3 finite singularities: (0,0) and
(—14+/1 — r,0) which are located on the invariant line y = 0. On the other hand considering
Lemma 2.1 for systems (4.15) we calculate: po=...=pus =0, psg=r328#£0.

So by Lemma 2.1 all other 6 finite singular points have gone to infinity and collapsed
with the singular point [0, 1, 0] located on the “end" of the invariant line x = 0. Moreover
by this lemma systems (4.15) could be degenerate only if = 0, and we observe that in this
case the system indeed is degenerate.

We consider the three possibilities given by the value of the discriminant A.

o The possibility A > 0. Then 1 —r > 0, i.e. r < 1. We set the notation 1 —r = u? (i.e.

r = 1 — u?) which leads to the systems
t=1—-u+2)r(l+ut+z), §=(1-u’>+22)y

possessing one triple and three simple distinct real invariant lines. Comparing the line
r = +u — 1 with 2 = 0 we conclude that if |u| > 1 (i.e. » < 0) then in the direction z = 0
the triple invariant line is situated in the domain between two simple ones, whereas in the
case |u| <1 (i.e. 0 < r < 1) the triple line is located outside this domain. As a result we get

Config. 8.24 in the case of r < 0 and Config. 8.25 in the case of 0 <r < 1.
e The possibility A = 0. Then r = 1 and we obtain the configuration Config. 8.26.

o The possibility A < 0. In this case r > 1 and we get systems possessing two complex,

one simple and one triple real all distinct invariant lines and this leads to Config. §.27.

B) Conditions (4.14). In this case after the translation of the origin of coordinates to
the singular point (—2/3, —e/2) and setting a new parameter r = (4 4 3¢)/3 we obtain the
systems

b= —-2z+2%)z, y= 2(x—r1)y. (4.16)
For these systems we have H(X,Y,Z) = 2XY Z(X? — 2XZ + rZ?)?. Besides the double
infinite line systems (4.16) possess 4 affine invariant lines: Ly =z, Ly =y, L34 = 2> —2z+r,
where the lines L34 = 0 are double ones. We denote by A = 4(1 — r) the discriminant of

the polynomial 22 — 2z + 7 and we observe that for A = 0 (i.e. r = 1) the systems become

degenerate.
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We also observe that systems (4.16) possess 3 finite singularities: (0,0) and (14+/1 —7,0)
which are located on the invariant line y = 0. On the other hand considering Lemma 2.1
for systems (4.15) we calculate: pg = ... = pus = 0, pg = 8(1 —r)r2ab. If r(r — 1) # 0
by Lemma 2.1 all other 6 finite singular points have gone to infinity and collapsed with the
singular point [0, 1,0] located on the “end" of the invariant line x = 0. Moreover by this
lemma systems (4.16) became degenerate only if either r = 0 or » = 1 and in both cases we
get degenerate systems.

Thus we have the following two possibilities:

o The possibility A > 0. Then r < 1 and denoting r = 1 — v? we obtain the systems
t=14+v—2)r(l—v—21), §=20°—1+2)y (4.17)

with H(X,Y,2) =2XYZ(X — Z —vZ)*(X — Z +vZ)* Examining the lines x = 1 + v and
x = 0 we conclude that if |[v| > 1 then we get a simple invariant line between two double
real lines in the directions x = 0 and consequently we arrive at Config. 8.28. In the case of

|v| < 1 these two double real lines are located on the right—hand side of the simple invariant
line. So we get Config. 8.29.

e The possibility A < 0. In this case r > 1 and systems (4.16) possess 2 real simple, 2
complex double invariant lines, all distinct = Config. 8.30.

3) The case m = 0, I # 0. We claim that in this case systems (4.3) could not possess
invariant lines of total multiplicity 8.

Indeed, since [ # 0 by Proposition 4.1 we could not have a line in the direction y = 0.
Via the rescaling (z — z,y — ly,t — t) we can consider [ = 1 and therefore we arrive at

the systems

t=a+tcr+ad y= bter+a+ fy (4.18)

for which the polynomial H has the form (4.4) and G;/H (i = 1,2,3) are the polynomials
(4.5) for the particular case m = 0 and [ = 1. We observe that G;/H|z—o = X* and hence
Z could not be a common factor of these polynomials. Since we have no invariant lines in
the direction y = 0, in what follows we shall examine only the conditions given by resul-
tants with respect to X. According to (4.5) and condition (4.6) the polynomial Fy(X,Y, Z)
must have a common factor of degree 3 with [P*(X,Y)]%. For systems (4.18) we calculate
Coefficient [Rg?) (Fy, [P*]?) ,Y*Z*] = 81f*. Clearly the condition f = 0 is necessarily to get a
common factor of degree 3. Then we have R (F1, [P]?) =(27a® +4¢%)?[@(a, b, ¢, e)]? Z** =0
and Rg?)(Q*, P*)=®(a,b,c,e)Z5#0 where ®(a,b,c,e) is a polynomial. So the above con-
ditions imply 27a* + 4¢® = 0. First we examine the possibility ¢ = 0 and we get ¢ = 0.
Then we calculate Rg?)(Q*,P*) = 375 #£ 0, Rg?) (Fy, [P*]?) = 816*Z% = 0 and we ar-
rive at the contradictory condition (0 # b = 0). So it remains to examine the case when

a # 0. Since in this case ¢ # 0 we denote a = 2a;c and we obtain ¢ = —27a?. Then we
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calculate R\ (Q*, P*) = (9a% + b — 3a1e)%(36a2 + b + 6a1¢)Z° # 0 and RY (B, [P]?) =

2331962 (9a? + b — 3ase)®(36a? + b + 6a1e)?Z" = 0 and we also get a contradiction which

completes the proof of our claim.

4) The case m = 0, | = 0. We split our examination in two subcases: e # 0 and e = 0.
a) The subcase e # 0. Then due to the rescaling (z,y,t) — (ex,y,t/e?) we can consider

e = 1 and therefore we arrive at the systems
t=a+cr+a®, y=bt+ax+ fy. (4.19)

Proposition 4.4. Systems (4.19) possess invariant lines of total multiplicity 8 if and only
if the following conditions hold:
f=-2c, a=0. (4.20)

Proof.  Sufficiency. Assume that (4.20) is satisfied. Then considering systems (4.19) we
calculate H(X,Y,Z) = XZ*(X? + ¢Z?)? and hence, we have invariant straight lines of total
multiplicity 8 (including the line at infinity). On the other hand we could not have 9 lines,
because Rg?)(Gg/H, G1/H) = —27(2¢Y —bZ)? = 0 if and only if b = ¢ = 0. However in this
case we get a degenerate system.

Necessity. For systems (4.19) we have H(X,Y,Z) = Z*(X3 + ¢XZ? 4+ aZ?) and we
observe that the degree of the polynomial H is 5. So we have to increase the degree of H up
to 7. In other words we have to determine the conditions under which the three polynomials

G1/H, Go/H and G3/H have a common factor of degree 2. For these systems we calculate

Gi/H =2X? +3fX?*Y +3bX°Z — fXZ*+ f(c— /)Y Z* + (bc —a — bf) Z°,
Go/H =3X(X + fY +bZ)(X? + cXZ*? +aZ?) = 3XQ* P,
Gs/H =24(X + fY +b2Z)(X® + cX Z? + aZ?)* = 24Q*[P*]%.

We observe that Gy /H|z— = 2X3+3fX?Y and hence Z could not be a common factor of
these polynomials. For systems (4.19) we get R@(Gg/H, Gi/H) = =24f (X3 +cX Z*+aZ?)?
which vanishes if and only if f = 0 and since m = 0, considering Proposition 4.1, we conclude
that in this case we could not have a line in the direction y = 0. Thus all three mentioned
polynomials could only have common factors of the form X + a = 0, which by Remark 7?7
must be factors of the polynomial P*(X, 7). So considering this remark and Lemma 4.2
we arrive at the two possibilities: the linear form X either is not a common factor of the
polynomials G, /H = Fy(X,Y,Z) and P*(X,Z) (i.e. a # 0) or it is (i.e. a = 0).

2) Assume first that X is not a factor of P*(X,Z), i.e. we have to consider a # 0.
According to (4.5) and condition (4.6) the polynomial F;(X,Y,Z) must have a common
factor of degree 2 with P*(X,Y’). Then considering systems (4.19) the following conditions

must be satisfied:
RY(Fy, P*) = [270° + (c = [)(2c+ )] Z°W(Y, Z) = 0, R(Q", P*) = W(Y, Z) #0
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where ¥(Y, Z) is a polynomial. So the condition 27a® + (¢ — f)(2c+ f)* = 0 is necessary for
the existence of a common factor of the polynomials F; and P*. Then (¢ — f)(2¢+ f) # 0
(due to a # 0) and denoting u = 2c + f # 0 (i.e. f = u — 2¢) we obtain ¢ = u/3 — 9a?/u?
and f = u — 2c = (54a® + u?)/(3u?). In this case we obtain

Fi=(uX+3a2)F{(X,Y,Z)/(3u), P*=(uX+3a2)(3uX?—9aXZ+u’Z%)/(3u?)

where F(X,Y, Z) is a polynomial of the second degree. Assume first that uX + 3aZ is a
factor in Fy. In this case it must be a factor in 3uX? — 9aXZ + u*Z* and therefore the
following condition must hold: Rg?) (uX +3aZ,3uX?—9aXZ +u*Z?) = u(bda®+u?) Z% = 0.
Since u # 0 we can set a = a;u and thus, we get v = —54a?. Then Rg?)(Fl*,quLi%aZ) =
1841 (3a1—b) 22 =0, RO (P*, Q*)=(b—3a1)?(6a14+b)Z3 0 and we arrive at the contradiction.

Now we consider that uX + 3aZ is not a factor in F}". Then the polynomials F}" and
3uX? — 9aXZ + u>Z? must have a common factor, i.e. the following conditions hold:
RO(F;, 3uX? — 9aXZ + u2Z%) = 2Tu° Z2F(Y, Z) = 0, RY(P*, Q") = [(3a — bu)3uZ —
(54a® + ud)Y|F*(Y, Z)/(27u8) # 0 where F*(Y, Z) is a polynomial of the second degree.

Since ¢ # 0 in this case we also arrive at the contradictory condition.

t¢) Assume now that X is a common factor of P*(X,Z), i.e. we have the condition
a = 0 which implies Go/H = 3X?(X? + ¢Z?)Q*. Therefore either X? or X? + ¢Z* must be
a factor of Fy. In order to have X? as a common factor of the mentioned polynomial the
condition RY(X2, ) = RY (X2, F) = 0 must be satisfied. We calculate Ry (X2, Fy) =
—f2* = 0, RQ(X% F) = (c— [2Z*(fY +bZ)? = 0 and R (P*, Q") |(e—p—0y= —b(0* +
¢)Z3. Tt is evident that in order to have X? as a factor of the polynomial F} it is necessary
the conditions f = ¢ = 0 and b # 0 to be satisfied, i.e. we get a particular case of the
conditions (4.20). Since b # 0, due to the rescaling {x — bx,y — y/b,t — t/b*} we can

consider b = 1. So we arrive at the system
=1 y= l+x (4.21)

for which H(X, Z) = X5Z2. This system possesses the affine invariant line of the multiplicity
5 in the direction z = 0 and the infinite invariant line is of the multiplicity 3. Considering
Lemma 2.1 for these systems we get pg = ... = ug = 0, pg = 92° # 0. Therefore by
Lemma 2.1 all 9 finite singular points have gone to infinity and collapsed with the singular
point [0, 1,0] located on the “end" of the invariant line z = 0. Consequently we get the
configuration Config. 8.35.

Now we assume that X2 + ¢Z? is a factor of the polynomial F}, i.e. the condition
Rg?) (X2 + cZ% By ooy ) = Rg? (X2 + ¢Z% Fi |{a=op ) = 0 must hold. We calculate
RY (X2 + ¢Z% F |{amoy ) = —(2¢+ f)Z* = 0 from which it results f = —2c¢ # 0 and we
obtain the conditions (4.20). Since ¢ # 0 we may assume b = 0 (applying the translation

of the origin of coordinates at the point zy = 0, yo = b/(2¢)). Therefore we arrive at the
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non-degenerate systems depending on the parameter ¢ = {—1,1} (applying a rescaling)
i=z(c+2%), y= -2 (4.22)

For the above systems we have H(X, Z) = X Z?(X? + cZ?*)?. Thus beside the triple infinite
invariant line systems (4.22) possess 5 invariant affine lines. More precisely, we have one
simple and two double, all real and distinct if ¢ = —1 and one simple real and two double
complex if ¢ = 1. On the other hand we observe that systems (4.22) possess 3 finite sin-
gularities: (0,0) and (& /=c, F1/(2v/=c)). Considering Lemma 2.1 for these systems we
calculate: pg = ... = pus =0, pg= —8cz® # 0. Therefore by Lemma 2.1 all other 6 finite
singular points have gone to infinity and collapsed with the singular point [0, 1, 0] located on
the “end" of the invariant line x = 0. Thus we get Config. 8.31 if c = —1 and Config. 8.32

if ¢ = 1. The proposition is proven.
b) The subcase e = 0. Then we get the family of systems

t=a+cr+23 Y= b+ fy (4.23)

for which H(a, X, Y Z) = Z*(fY +bZ)(X3+cX Z*+aZ?). So the degree of H is six but should
be seven. Therefore we need an additional common factor of G;, i = 1,2,3. We calculate
Gi/H=3X?+cZ*— fZ% Go/H = 3X (X3 + cXZ? 4+ aZ3),G3/H = 24(X3 + cX Z% + aZ3)?
and we observe that these polynomials could not have as a common factor neither Z nor Y.

So we examine their resultants with respect to X. We calculate
RY (Go/H.P*) =270 + (¢ — )2+ )?)2° = 0, RY(P*.Q") = (fY +b2)° #0,

which implies 27a® + (¢ — f)(2¢ + f)? = 0. We observe that (¢ — f)(2c+ f) # 0, otherwise
we get a = 0 and this leads to systems with invariant lines of total multiplicity 9.

Denoting u = 2c¢+ f # 0 (i.e. f =wu —2¢) we obtain ¢ = u/3 — 9a*/u? and f =u —2c =
(54a” + u?)/(3u?). So we get the family of systems

1 54a* 3
:@(Ba +ur)(u? — 9ax + 3uz?), Y= b+ G?)T;ruy. (4.24)

T

Without loss of generality we may assume b # 0, because in the case b = 0 we must have
54a? + u® # 0 (otherwise we get degenerate systems) and then via a translation y — y + 9o
(with yo # 0) we obtain b # 0. So applying the translation of the origin of coordinates
at the point (—3a/u,0), after the suitable rescaling {x — —(9az)/u,y — bu?y/(81a?),t —

tu®/(81a*)} systems (4.24) become

t=re+a®+2®, g= 1471y, (4.25)

where r = (54a”® + u3)/(243a?). For these systems we calculate H = X2(rY + Z)Z*(X? +
XZ +rZ?% and Rg?) (Go/H,Gi/H) = 3(9r — 2)Z% # 0 and this leads to the condition
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9r — 2 # 0 which guarantee the non-existence of nine invariant lines. We observe that the

infinite invariant line Z=0 is triple if » # 0 and it has multiplicity four in the case r = 0.

©) The possibility r # 0. In this case the geometry of the configuration depends on the
sign of the discriminant A of the polynomial 22 +x + r, i.e. A =1 — 4r. Accordingly we
conclude that besides the triple infinite invariant line the systems (4.24) possess 5 affine lines

which are as follows:

A>0 (ie. 0#r<1/4) = 3simple, 1 double, all real and distinct,

A=0 (ie. r=1/4) = 1 simple, 2 double, all real and distinct,
A<0 (e r>1/4) = 2 real simple, 1 complex double.
On the other hand considering Lemma 2.1 we calculate: pg = ... = us = 0, pg =

r328 pr = r?2283x — ry), ps = rab(3z? — 2roy + r3y?), pe = 927 (2® — ray + r3y?). Since

r # 0 by Lemma 2.1 only 6 finite singular points have gone to infinity and collapsed with
the singular point [0, 1, 0] located on the “end" of the invariant line x = 0. Other three finite
points are (0, —1/r) and ((—1++/1—4r)/2, —1/r) (located on the invariant line ry+1 = 0).

Moreover, in the case of A > 0, denoting 1 —4r = v? (i.e. r = (1 —v?)/4 ) we obtain the
systems

t=(1—-v+20)z(l+v+20)/4, = 1+(1—0%)y/4

We compare the lines © = (—1 £ v)/2 with x = 0 and conclude that if |[v| > 1 ,ie. <0
(respectively 0 < |v| < 1/4,i.e. 0 < r < 1/4) then the double real invariant line is located
(respectively is not located) between two simple ones and we arrive at the configuration
Config. 8.34 (respectively Config. 8.35.).

Additionally, we have the configuration Config. 8.36 in the case of A =0 (i.e. r=1/4)
and Config. 8.37 in the case of A <0 (ie. r>1/4).

i1) The possibility = 0. In this case we get the system

t=2%(r+1), y=1 (4.26)

with H (X, Z) = X3Z3(X +Z). Therefore besides the infinite line of the multiplicity four this
system possesses 2 distinct affine invariant lines (one of the multiplicity 3 and one simple),
and namely: Ljo.3 =2, L, =2+ 1. Since in this case we obtain y; =0 (¢ =0,1,...,8)
and g = 927 # 0, by Lemma 2.1 all 9 finite singular points have gone to infinity and
collapsed with the the same singular point [0,1,0]. As a result we get the configuration

Config. 8.38. Thus considering the above results we arrive at the following proposition.

Proposition 4.5. The systems (4.23) possess invariant lines of total multiplicity eight if
and only if
27a® + (c — f)(2c+ f)* =0, a#0. (4.27)
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4.1.2. Systems with cubic homogeneous parts (23, 37%y)

Considering the homogeneities (23, 3z%y) due to a translation we may assume g = [ = 0 for

cubic systems (4.1) and we arrive at the family of systems
t=a+cr+dy+2hay+ky* + 23, y=0b+ex+ fy+2may + ny* + 32y (4.28)

with C3 = —223y. Taking into account Remark 3.1 for these systems we calculate £; =
207362%[(2h +n)x + ky] and thus, the condition £; = 0 is equivalent to n = —2h and k = 0.
Then we have K = 0 and Lo = 20736x[(21d — 8hm) + 48h*y] = 0 which implies h = d = 0.
So for n =k = h =d = 0 we get the following family of systems:

t=a+cr+a®=Px), y=>b+ex+ fy+2mry+ 32’y =Q(z,y) (4.29)

for which we calculate
H(X,)Y,Z)=X*+cXZ*+aZ G /H=F(X)Y, 2),
Go/H = Fy(X,Y, 2)(X? + cXZ? + aZ®) = Fy(X,Y, Z2)P*(X, Z), (4.30)
Gs/ H=—48Q" (X, Y, Z)[P*(X, Z)]%,

where F1(X,Y,Z), F5(X,Y,Z) are homogeneous polynomials in X,Y and Z of the degree
five and four, respectively. It is clear that these systems are degenerate if and only if the
polynomials P(x) and Q(z,y) have a non-constant common factor (depending on ), i.e. the

following condition must hold:
®(y) = RY(P(x), Q(x,y)) # 0. (4.31)

Remark 4.2. Systems (4.29) could not have more then one invariant line in the direction
y = 0. This follows directly form Remark 3.4 and the fact that Q(x,y) in these systems has

degree one with respect to y.

Systems (4.29) possess invariant lines of total multiplicity 4, including the infinite one ,
but we need 8 invariant lines (considered with their multiplicities), i.e. additionally we have
to obtain a common factor of fourth degree of the polynomials G;/H, i = 1,2,3. In order to
reach this situation we examine the directions z = 0 and y = 0.

Since in the direction r = 0 we already have 3 invariant lines x3 + cx + a = 0 (which
could coincide), we consider the equations (2.17) only for the direction y = 0. Considering
systems (4.29) and Remark 2.1 we have Fqs = —3W, Eqs = e —2mW and Eqg = b— fW.
Evidently that these equations could have only one common solution (W, = 0) and for this
it is necessary and sufficient e = b = 0. So in what follows we examine two cases: €2+ b* = 0
and e? + b% £ 0.

1) The case €? + b*> = 0. Then we get the family of systems

i=a+cx+2, §=(f+2mz+32%)y=Qx)y (4.32)
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for which we calculate

H(X,Y,Z) =Y (X?+cXZ*+aZ%), Gi/H = F\(X, Z),
Go/H = Fy(X, Z)P*(X, Z), Gs/H = —48Q"(X, Z)[P*(X, Z)]".

The polynomial H is of degree 4 and thus we need to increase its degree up to 7. In order to
reach this situation we have to obtain a common factor of degree 3 of the above polynomials.
By Remark 4.2 systems (4.32) have only one invariant line in the direction y = 0. Moreover
since G1/H |(z—0)= —6X* we also could not have Z as a common factor. Therefore all
three polynomials could have only factors of the form X + «a, which must be factors of the
polynomial P*(X,Z) (see Remark 3.4).

Thus, in order to get a common factor of the third degree of the mentioned polynomials,
the following condition must hold: Rg?)([P*]z, B) = Rgp([P*]z, F) = Rg?)([P*]Q, F) = 0.

Considering systems (4.32) we calculate R ([P*]2, F\) = [¥(a,c, f,m)]2Z8 = 0 where
U(a,c, f,m) =3(c— f)(3c— f) — 36am + 8(5c — 3f)m? + 16m*.

a) Assume first m = 0. Then the last condition is equivalent to (3¢ — f)(c — f) =0, i.e.
we need to examine two cases: f = 3c and f =c.

Assuming f = 3c we calculate Rg?)([P*]Q, F}) = 46656a*cY 5 Z** = 0 and and considering
(4.31) we have ¢ = éo)(P(:E),Q(x)) = 27a® # 0. Thus we arrive at the condition ¢ = 0

which implies f = 0 and so we obtain the systems
i =a+2°, 9 =32y (4.33)

We remark that this family of systems is a subfamily of (4.34) bellow and we will examine
it together with the family of systems (4.34).

Now we consider f = ¢ # 0 which implies ® = (27a* + 4¢?) # 0. In this case we obtain
RO([P)2, Fy) = RY([P)% F) = RO ([P Fy) = 0 and RY (P2, Fy) = —216aZ3 # 0
(i.e. the condition a # 0 is necessary, otherwise we get invariant lines of the total multiplicity

9). As a result we arrive at the family of systems
t=a+cr+a® y=(c+32%y (4.34)

for which H(X,Y,Z) = 3Y (X3 + cXZ? + aZ?)?, i.e. these systems possess invariant line of
total multiplicity 8.

We observe that systems (4.33) belong to this family for ¢ = 0. So we allow the parameter
¢ to be zero in order to include (4.33) in (4.34). It is clear that the polynomial a+ cz+x® has
at least one real solution, say xy. Therefore due to the translation of the origin of coordinates

to the singular point (x¢,0) systems (4.34) become of the form

i =xz(e+gr+a?), 3= (e+29x+32%)y (4.35)
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where e = ¢+3x3 and g = 3z and we calculate H(X,Y, Z) = X?Y (X?+¢gX Z+eZ?)?. On the
other hand considering systems (4.35) we calculate Rg?) (Go/H,Gy/H) = 249(9e—2¢?) Z* and
therefore the condition g(9e — 2g?) # 0 guaranties us to have no 9 invariant lines considered
with their multiplicities. Taking into account that g # 0 we can set g = 1 due to the rescaling

(z,y,t) — (gx,y,t/g*) and we obtain

t=x(r+x+2%), y=(+2x+3z)y. (4.36)

We also observe that systems (4.36) possess 3 finite singularities: (0,0) and (L =2 0)

which are located on the invariant line y = 0. On the other hand considering Lemma 2.1
for these systems we calculate: po = ... = us =0, pg = r*(dr — )2 If r(dr — 1) # 0
by Lemma 2.1 all other 6 finite singular points have gone to infinity and collapsed with the
singular point [0, 1, 0] located on the “end" of the invariant line z = 0. Moreover by Lemma
2.1 systems (4.36) become degenerate only if either » = 0 or r = 1/4 and in both cases we
indeed get degenerate systems.

Thus, systems (4.35) possess 7 affine invariant lines and the type of some of these lines
depends on the polynomial 1 — 47 =Discriminant{z®> + x + 7,z]. Therefore we have the

following two possibilities:
e The possibility 1 — 4r > 0. Then we denote 1 —4r = u? # 0 (Le. r = (1 — u?)/4 # 0)
and considering (4.35) we get the systems
i=a(1+2r—u)(1+2x+u)/4, 7= (1—u*+8r+122%)y/4 (4.37)
with H(X,Y,Z) =27 5X?Y (2X + Z —uZ)*(2X + Z +uZ)?. So in this case we obtain
1 simple and 3 double invariant straight lines, all real and distinct. Evidently that the
condition r(4r — 1) # 0 is equivalent to u(1 — u?) # 0.
e The possibility 1 — 4r < 0. Then denoting 1 — 4r = —u? £ 0 (ie. r = (1 +u?)/4 #0)
we arrive at the systems
i =az[(2r + 1> +u?/4, §=(1+u®+8z+122%)y/4 (4.38)
for which we have H(X,Y, Z) = 27°X?Y (4X? + 4X Z + Z? + u*Z?)?. Clearly, in this
case we obtain the following types of invariant straight lines: one double real, two
double complex and one simple real, all distinct.
More exactly, systems (4.36) possess the configuration Config. 8.39 if 1 — 4r > 0 and
Config. 8.40 in the case of 1 — 4r < 0 (see Figure 4.1).
b) Now we assume m # 0. We may set m = 1 (due to the rescaling (z,y,t)
(mx,y,t/m?)) and considering systems (4.32) we calculate
RY(PP, R)=[W1(a.c, HP[ala,e, f) 2 =0, B(a,c, f)=Va(a.c, ) £0,
Ui(a,c, f) =8a+ (c— f)le(4+c) — 2cf + f].

127



Clearly the condition Wy(a,c, f) = 0 is necessary and sufficient to have a common factor of
[P*]? and F} for non-degenerate systems (4.32). Then a = (c — f)(c(4 + ¢) — 2cf + f?)/8

and in this case we have
RY([P*2, Fy) = (44 3¢ — 3f)(4c + 3¢ — 6¢f + 3f2)%(16 + 16¢ + 3¢* — 6¢f + 3f2)2 2" /64,
® = (4¢c+ 3¢® — 6ef +3f%)%(16 + 16¢ + 3¢® — 6¢f + 3f%)/64 # 0.

So the equality RY([P*]2, F1) = 0 implies f = (44 3c)/3 and then RY ([P*]2, Fy) = 256(4 +
3¢)2Z8/9 = 0 which contradicts ® = 4(4 + 3¢)3/27 # 0. So in the case m # 0 systems (4.32)

could not have invariant lines of multiplicity 8.

2) The case €? + b* # 0. We again consider systems (4.29) which already possess 3 lines
in the direction x = 0. Taking into consideration that we are in the case of non-existence of
an invariant line in the direction y = 0, in order to increase the degree of the polynomial H
we need a common factor of the degree 4 of the polynomials G;/H,i = 1,2,3. By Lemma
2.6 this happens if and only if it holds R ([P*]%, F1) = RY ([P*)2, Fi) = R ([P*)2, Fy) =
Rg?) ([P*]?, F1) = 0. We calculate Rg?) ([P*)?, F1) = —8[27a — 2m(18¢c — 9f + 8m?)|Y3Z3 +
12(3ce+6bm—4em?)Y?Z4+e3Z° =0 and this condition is equivalent to e =bm=27a—2m(18¢c—
9f+8m?)=0. Since e*+b? # 0 we obtain e = m = a = 0 and b # 0. In this case we calculate
RO (P2 F) = (c— f)SZ%(3¢Y — fY — bZ)4(fY + bZ)? = 0 and since b # 0 it results
f = c. Consequently we obtain the family of systems z = z(c+ 2?), ¥y = b+ cy + 322y

with H(X,Y,Z) = 3X3(X? + ¢Z*)? and after the rescaling (z, y) — (z, by) we arrive at

the one-parameter family of systems
i =a(c+2?), §=1+cy+327%y. (4.39)

Here we may assume ¢ = {—1,0,1} due to the rescaling (z,y,t) — (|¢|'/?x, |c| 'y, |c|'t).

According to Lemma 2.1 for these systems we calculate: g = py = po = s = pg =
ps = 0, pg = 4328, If ¢ # 0 systems (4.39) possess 3 finite singularities: (0, —1/c) and
( +v—c 1/ (20)) and by Lemma 2.1 all other 6 finite singular points have gone to infinity
and collapsed with the singular point [0, 1, 0] located on the “end" of the invariant line z = 0.

If c =0 then pug = 7 = ug = 0 and g = 92°. So the system is non-degenerate and all 9
finite singularities have gone to infinity and collapsed with the same singular point.

Thus in the case ¢ # 0 a system (4.39) possesses three distinct invariant affine lines (one
triple and two doubles), and namely: Lio3 =, Lys =x —+\/—c, Le7 =z ++/—c.

Moreover for ¢ < 0 we have real invariant straight lines whereas for ¢ > 0 we get two
complex invariant lines. As a result we obtain the configuration given by Config. 8.41 in
the case ¢ = —1 and by Config. 8.43 in the case ¢ = 1.

If ¢ = 0 then the invariant affine line x = 0 becomes of multiplicity 7 and we arrive at

the configuration given by Config. 8.42.

The above results lead as to the following proposition:
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Proposition 4.6. Systems (4.29) possess invariant lines of total multiplicity eight if and
only if the following set of conditions holds:

e=m=f—c=0 and either: b=0and a(27a®>+4c*) #0 or b+#0anda=0. (4.40)

4.1.3. Systems with cubic homogeneous parts ((u+1)z%, uz?y)

In this case, considering (4.1) and the cubic homogeneity ((u+ 1)z%, uz?y) via a translation
of the origin of coordinates we can consider | = m = 0 (since u # 0) and therefore we get

the cubic systems
T =a+cx+dy+gr®+2hay +ky  +(1+u)2d, g= btex+ fy+ny® +ury. (4.41)

Now we force the necessary conditions Ky = K5 = K¢ = 0 (see Remark 3.1) which

correspond to the type of configuration (3, 2, 1, 1) to be satisfied. We calculate
Coefficient[Ky, z%y] = ku(3 — u)/9 = 0, Coefficient|[Ks, zy%] = —40k*(6 + u)(3 + 4u)/3 =0

which leads to & = 0 and then we obtain Ky = —u(3n + 2hu + nu)x3/9 = 0. Since u # 0 the
last condition is equivalent to h = —n(3 + u)/(2u) which implies Coefficient[Ks, z3y] =
10n?(u® — 54 — 90u — 33u?) /u?, Coefficient|[Kq, z%y?] = 2n3(13150u® — 125874 — 492669y —
T74792u—638868u3—268688u*—23699u°) /(9u?). It is easy to check that Coefficient [KCs, 23y =
Coefficient[Kg, %y?] = 0 if and only if n = 0 (which imply » = 0) and in this case we get
Ks = 10du? = 0 which gives d = 0. In this case it remains to examine only the condition
Ke = 0.

Thus taking into consideration the conditions k = h =n = d = 0 systems (4.41) become
t=a+cr+gr®+ (u+Da®, §y=0b+exr+ fy+ury (4.42)

for which we calculate K¢ = 40u*(81fg — 369au + 68cgu + 136 fgu — 96au?)x'* /27 = 0 and
ViVs = —512u%(3 + u)(3 + 2u)x® # 0 (see Lemma 4.1), i.e. for these systems the following

conditions hold:
Y = 81fg — 369au + 68cgu + 136 fgu — 96au” = 0 = K, u(u+3)(2u+3) #0.  (4.43)

In addition, considering (2.17) and Remark 2.1 for systems (4.41) we examine the direction
y=0: Eqgs = —uW, Eqs = e, Eq = b— fW. We see that the equations Fqgs and FEq
could have only one common solution (W, = 0) and for this it is necessary and sufficient
b =e = 0. So need to examine two cases: e?+0? = 0 and e? +b? # 0. In [17] we have proved
that in the case of € + b? # 0 we could not have systems which belong to CSLs.

Here we consider only the case e +b? = 0, i.e. when there exists an invariant line in the

direction y = 0. In this case we get the systems
i=a+cr+gr’+ (u+1)2® = P(z), §=y(f+uz?)=yQ(x) (4.44)

129



for which the conditions (4.43) hold. We consider two possibilities: u+1 # 0 and u+ 1 = 0.
1) The subcase u+ 1 # 0 Then for the above systems we calculate

H(X,)Y,Z)=Y[X31+u) +¢gX?Z +cXZ*+aZ% = XP*(X, Z),
Gi/H = F\(X.Z), G/H=P"(X,2)F(X.Z), Gs/H=24Q"(X,2)[P*(X, 2))]".

Systems (4.44) are non-degenerate if and only if ¢ = Rg?) (P(x), Q(x)) # 0. By Remark
4.2 we could not have invariant lines in the direction y = 0 except the existent invariant line
y = 0. Moreover due to Gi/H |(z—0y= uX* # 0 (as u # 0) we obtain that Z could not be a
common factor of these polynomials. Therefore the degree of the polynomial H(x,y) could
be increased up to seven only with the factors of the form X + aZ. Considering Remark
3.4 we deduce that these factors must be factors of the polynomial P*(X, Z). So Fi(X, Z)
must have a common factor of degree 3 with [P*(X,Z )}2 Therefore by Lemma 2.6 the
conditions RY (Fy, [P*(X, 2)]?) = RY (R, [P*(X, 2)]?) = RY (F\,[P*(X,Z)]?) = 0 and
Rg?) (F1, [P*(X, Z)]*) # 0 must hold. We calculate

RY (R, [P?) = [@PT32%, RY (R, [P?) = —20T,2%, RY (R, [P?) =T528,

where I'y (a, ¢, f, g,u), T's(a,c, f,g,u) and I's(a, ¢, f, g, u) are some polynomials of total degree
5, 11 and 12, respectively. Evidently since ® # 0 from the above conditions it results
I =ry=I3=0.

We claim that for non-degenerate systems (4.44) the polynomials I'; and 'y vanish if and
only if they have a common factor depending on the parameter a. Indeed, we observe that
I} is of degree two with respect to a and moreover Coefficient[';, a?] = (3 + 2u)3 # 0. This
means that the solution of the equation I'y = 0 must depend on a. On the other hand the
degree of T'y with respect to a equals 3 and Coefficient[['y, a®] = u?*(u+1)(3 4 2u)(u+2) =0

if and only if u = —2. In this case we obtain
Ty = (f —2¢)[8a’g + a(3f* — 2¢f — 12> + 14fg* — 8¢") + g(2¢° f — Tef*+
HAfP +4?g? — 2cf g + 21?9 — 4fg")]
and hence for u = —2 and f = 2¢? we have I'y = 0 and this solution does not depend of a.
However in this case the condition I'y = —(a — cg + 2¢°)? = 0 gives a = g(c — 2¢?) and this
leads to degenerate systems.

If (f —2¢?) # 0 then in order to impose the polynomial Ty to vanish for any value of the

parameter a it is necessary g = 0 and then we calculate
D= of’ = =% To=—a(2e—30)f% @=8(cf>— [ —a®)+ (2c—3/)’f.

Clearly the conditions (2¢ — 3f)f = 0 and I'y = 0 implies & = 0, i.e. systems become

degenerate and this completes the proof of our claim.
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Thus the polynomials I'y and I'y must have a common factor depending on a and by

Lemma 2.5 the condition R((IO) (Fl, I'y) = 0 must hold. We calculate
RS,O) (F17 F2) = (3 + 2U)4T1<C7 f7 g, u)[TQ(C7 f7 g, U)]4T3<C7 f7 g, U)T4(C, f7 g, U) =0

where Ti(c, f,g,u) = f(3 4+ u)? — 9c + 3g* — 6cu — cu?, Tale, f,g,u) = f(1 4+ u)(3 +2u) +
6c —2¢° + Teu + 2cu?, Ts(c, f,g,u) = 4fg*u+ (3f — cu+3fu)? and Yy(c, f, g,u) = u?[g* —
c(2+u)?P+ A1+ uw)?B+uB+w))? —2fu(l+u)e(2+u)?(3+uB3+u) —g*(5+u(d+u))).

i) Assume Y1(c, f,g,u) = 0. Then f = (9¢c— 3g*+ 6cu + cu?) /(3 + u)? which implies the
existence of the common factor ¢ = a(3 + u)3 — g(9¢ — 2¢? + 6cu + cu?) of the polynomials
[, i =1,2. From ¢ = 0 it results a = g(9¢—2¢*+6cu+cu?)/(34u)? and this gives T’y = 'y =
0 and I'3(c, g,u) = (9c—3g* +6cu+g*u+cu?)?[e(3+u)?(342u)? — g*(27+2Tu+8u?)] / (3+u)®.
Since ® = (9¢ — 3g* + 6cu + g*u + cu?)®/(3 + u)% # 0 and in addition (3 + u)(3 + 2u) # 0,
the condition I's = 0 gives ¢ = ¢*(27 4+ 27u + 8u?)/[(3 + u)?(3 + 2u)?]. Therefore considering

the relations

f= TBruB1202 T BruBr202 T Bt w3+ 2u)? (4.45)

with g(2+u) # 0 (otherwise we get degenerate systems) due to the transformation (x,y,t) —
(—g(3+2u+ 2ux)/[(3 + u)(3 + 2u)], y, t(3 + u)*(3 + 2u)?/[4g*u?]) the last systems could be

brought to the 1-parameter family of systems
t=z(l+z)|ut+2+ (u+)z], §=ylu+2+ 3+ 2u)z+ uz?] (4.46)

for which H = X3Y(X + Z2)*[(u+ 1)X + (u +2)Z].

Thus these systems possess 3 finite singularities: (—1,0), (0,0) and (—(2+u)/(1 +u),0)
which are located on the invariant line y = 0. On the other hand considering Lemma
2.1 for these systems we calculate: po = ... = pus = 0, g = (u+ 1)(2 + u)325. Since
(u+1)(24+u) # 0 by Lemma 2.1 all other 6 finite singular points have gone to infinity and
collapsed with the singular point [0, 1, 0] located on the “end" of the invariant line x = 0.

Thus a system (4.46) possesses four distinct invariant affine lines: three in the direction
x = 0 (one triple, one double and one simple) and one line in the direction y = 0, and
namely: Lio3 = @, Lys =2 +1, Lg = (u+ 1)z + (u+ 2), Ly = y. Comparing the lines
r=—1and z = —(u+ 2)/(u+ 1) with z = 0 we detect the following possibilities which

depend on the value of the parameter u:

o The possibility u < —2. Then the simple invariant line is located on the domain between

the triple and the double ones and we obtain the configuration Config. 8.44;

e The possibility —2 < u < —1. Then the triple invariant line is located on the domain

between the simple and the double ones and we have Config. 8.45;
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o The possibility uw > —1. The double invariant line is located on the domain between

the simple and the triple ones and we get the configuration Config. 8.46.

i) Now we examine the condition Yo(c, f,g,u) = 0. Then f = —(6¢c — 29 + Tcu +
2cu?)/[(1 + u)(3 + 2u)] and therefore we get

Ii(a,c, g,u) = la(l+u)(3+2u)® — g(9c — 29 + 12cu + 4cu?)]?/[(1 + u)*(3 + 2u)®] = 0.

Since (14u)(3+2u) # 0 the last condition gives a = [g(9c—2¢>*+12cu+4cu?)]/[(1+u)(342u)?]
which implies I'y =T’y = 0 and

I3 =4(2 4+ u)*[¢1(c, g, w)]*[e(3 4+ u)*(3 + 2u)? — ¢*(27 + 27u + 8u?)]/[(1 + u) (3 + 2u)"],
O = [p1(c, g, u)*da(c, g, u) /[(1+u)(3+ 2u)°] # 0

where ¢; and ¢, are polynomials of degree 3 and 4, respectively. Therefore the condition

I3 = 0 is equivalent to ¢ = ¢*(27 + 27u + 8u?) /[(3 + u)?(3 + 2u)?] and considering the above

2 3
. g°u(9 4+ 4u) 39 )
conditions we have f = — B+ 0BT 202 a = BT 06T ) which all together are

equivalent to the conditions (4.45).

ii1) In the case T3(c, f,g,u) = 0 we suppose first g # 0. Then denoting 3f —cu+3fu = ¢;
(ie. ¢ = (3f +3fu — c1)/u) the condition Y3 = 0 gives f = —ci/(4g%u). In this case the
polynomial ¢ = ¢3(1 + u) + ¢g%u(c? — 4agu?) is a common factor of T'; and T'y and it must
vanish. However the calculations yield: ® = ¢t /(¢%u?) # 0 (where )y is a polynomial) and
we get a contradiction.

Assume now g = 0. In this case we get T3 = (3f — cu + 3fu)? = 0 which implies
¢ = 3f(14u)/u. Then the common factor of the polynomials I'; and 'y is a®u3+4 f3(1+u)? =

® #£ 0, i.e. we again arrive at a contradiction.

iv) Finally we suppose Yy4(c, f,g,u) = 0. Since YT, is quadratic in ¢ we must have
Discriminant|[ Yy, ¢] = —16fg?u®(1 + u)*(2 + u)* > 0. It was proved earlier (see page 130)
that in the case u = —2 the condition I'y = I'y = 0 leads to degenerate systems. So we

assume u + 2 # 0 and we examine two subcases: g # 0 and g = 0.

If g # 0 then fu <0 and we set a new parameter: fu® = —v? (i.e. f= —v?/u?®) and we
calculate T, = ®* = 0, where ®* = (1+u)(3+ 3u+u?)v? +2gu?(1 +u)v +ut[c(2 +u)? — ¢%.
It is clear that we could consider only the case &~ = 0 (due to the change v — —v) and this
condition gives us ¢ = [g?u? +2gu?(1+u)v— (14 u)(3+ 3u+u?)v?] /[u* (24 u)?]. Substituting
the expressions for the parameters f and c in the polynomials I'; and I'y we detect that the
common factor of these polynomials is again ® # 0.

Suppose now g = 0. Then we have Ty = f(1 + u)(3 + 3u + u?) — cu(2 + u)? and as
(1 +u)(3 + 3u + u?) # 0 the condition T, = 0 gives f = cu(2 + u)?/[(1 + u)(3 + 3u + u?)]
Herein we calculate 'y = (3 + 2u)3®/u® and due to ® # 0 we obtain I'; # 0. Therefore we
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proved that in the case either T35 = 0 or T4 = 0 systems (4.44) could not have invariant lines

of total multiplicity eight.
2) The subcase u+ 1 =0 Therefore we have u = —1 and systems (4.44) become

i=a+cx+gzt=Plx), §=y(f—2?) =yQ(x), (4.47)

for which we calculate H(X,Y,Z) = YZ(9X?+ ¢XZ 4 aZ?) = Y P*(X, Z). Moreover we
have

Gi/H == X'+ (c+2)X*2° + 2(a+ f9)X 27 + (c = /) f 2" = F(X, Z),

Go/H = — [2X° — (¢ +2f)XZ* — (a + f9)Z°| P*(X, Z) = [5(X, Z)P*(X, Z),

and Gs/H = 2422[Q*(X, Z)] []5*(X, Z))]Q. So we need to determine a common factor of
degree 3 of the polynomials G;/H, i = 1,2, 3, which in fact must contains only the factors of
the polynomial P*(X, Z) (see Remark 3.4).

On the other hand we observe that for non-degenerate systems (4.47) the polynomials f—
2® and P(x) have no common factors, i.e. the following condition must holds: ®(a,c, f,g) =
R;(L«O)(}’s(x), Q(z)) = (a+ fg)? — f # 0. Thus considering the structure of the polynomial
Gs/H we deduce that the polynomial P*(X, Z) must be a factor of the polynomial Fy. So
the following conditions are necessary: Rg?) (Fl, P*(X, Z)) = Rg? <F1, P*(X, Z)) =0. We
calculate

R (Fl, P(X, Z)) = (c— ¢*)(2ag — A + 2fg¥)Z° =0 (4.48)

and we observe that ¢ — g* # 0, otherwise supposing ¢ = g* and considering (4.48) we obtain
Rg?) (Ql/H, P*(X, Z)) = ®278 #£ 0. Thus for non-degenerate systems the condition (4.48)
gives 2ag — ¢ + 2fg?> = 0, where g # 0, otherwise we get ¢ = ¢ = 0 which contradicts
¢ — g%+ 0. So we obtain a = ¢ — 2f¢?/(2g) and calculations yicld R (Fl, P*(X, Z)) =
A(c—2g%)2%(* — 4fg*)*Z8/(16¢*) = 0, ® = *(c* — 4f9?)/(4¢*) # 0. Therefore ¢ = 2g*
and considering (4.43) and the relations u = —1 and a = (¢* —2f¢*)/(2g) we calculate
RY (FI(X, 7)) P*, P*(X, Z)) = Ag*(Af — 5¢?)Z%, & = —82g(4f — 5¢%) = 0. Hence due
to g # 0 we get the unique condition f = 5¢g?/4 and this leads to the family of systems
= g(g+2x)(3g + 2x)/4, y = y(bg* — 42*)/4, which via the changing (x,y,t) — (g(z —
1/2),y,t/g?) could be brought to the system

t=a2(1+x), y=y(l+z—2%). (4.49)

For this system we have H(X,Y, Z) = X3Y Z(X + Z)?, i.e. it belongs to CSLg. We observe
that system (4.49) has 2 finite singularities: (—1,0), (0,0) which are located on the invariant
line y = 0. On the other hand considering Lemma 2.1 for these systems we calculate:
po=...= g =0, pu;=—a5. By Lemma 2.1 all other 7 finite singular points have gone

to infinity. Moreover, according to this lemma, six of them collapsed with the singular point
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[0, 1,0] located on the “end" of the invariant line x = 0 and the remaining one collapses with
the singular point [1, 0, 0] located on the “end" of the invariant line y = 0. Thus besides the
double infinite line a system (4.49) possesses three distinct invariant affine lines: two in the
direction x = 0 (one triple and one simple) and a line in the direction y = 0, and namely:

Ligs =2, Ly =x+ 1, Ly = y. Therefore we get the configuration Config. 8.47.

In such a way taking into account our article [17] we have proved the next result.
Proposition 4.7. Systems (4.42) possess invariant lines of total multiplicity eight if and
only if the following set of conditions holds:

3g° g*(27+2Tu+8u?) —g*u(9+4u)
e=b=0.0= G G20 T BrurBraue T Brar@izue ST 70 (450)

4.2. Invariant criteria for the realization of the configurations with two distinct

infinite singularities

By Lemma 2.2 the conditions D; = D3 = Dy = 0, Dy # 0 are necessary and sufficient for a
cubic system to have two real distinct infinite singularities, and namely they are determined
by one triple and one simple factors of Cs(z,y). After a linear transformation a cubic system
could be brought to the form (4.1). According to Proposition 4.1 the above mentioned cubic
systems could have one of the four cubic homogeneities given by this lemma. Since for the
homogeneity (22, 3z%y) we get no configurations (see [17]) we restrict our attention to the

remaining three cubic homogeneities: (2%,0), (2*,32%y) and ((u + 1)2*, uz?y).

I. Conditions for Config. 8.23 — Config. 8.38. According to Proposition 4.1, the
condition V; = V3 = 0 gives systems (4.2) (via a linear transformation and time rescaling).
By Remark 4.1 for these systems the condition K5 = 0 is equivalent to k = h = n = 0.
Moreover, for the existence of invariant lines in the direction x = 0 the additional condition
d = 0 has to be satisfied. So considering the condition K5 = 0 for systems (4.2) we calculate
N; = 12d and evidently N; = 0 is equivalent to d = 0 and we arrive at systems (4.3). For
these systems we calculate Ny = —m?2z?, N3 = —122°]. We remark that in the previous
subsections the examination of systems (4.3) was divided in the cases determined by the
parameters m and [. In addition it was proved earlier that in the case m = 0 and [ # 0
(i.e. Ny =0 and N3 # 0) systems (4.3) could not have invariant lines of total multiplicity

8. So in what follows we split our examination here in three cases, defined by the invariant

polynomials Ny and Nj:

1) The case NoN3 7# 0 Then I m # 0 and as it was shown earlier systems (4.3) could

be brought via an affine transformation to systems (4.8). According to Proposition 4.2 the
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last systems belong to CSLg if and only if the conditions (4.2) are satisfied. We prove that
these conditions are equivalent to Ny = N5 = Ng = N; =0, i.e.
a =0, f:c:—é, b:i <  Ny=N;=Ng=N;=0.
9 27

Indeed, for systems (4.8) we calculate Ny = 5184(c — f)z* and Nz = 2592(4 + 6¢+ 3f)x!
and clearly the condition Ny = N5 = 0 is equivalent to f = ¢ = —4/9. Then considering
the last conditions we calculate Ny = 8640ax* and hence Ny = 0 gives a = 0. It remains
to determine the invariant polynomial which governs the condition for the parameter b.
Considering the obtained conditions for systems (4.8) we calculate N; = 288(27b—4)2% = 0
which is equivalent to b = ;7 So if for systems (4.3) the conditions NoN3 # 0, Ny = N; =
Ng = N; = 0 are satisfied then we arrive at the system (4.10) possessing the configuration

Config. 8.23.
2) The case N, # 0, N3 = 0. These conditions imply m # 0 and [ = 0, and as it was

proved that in this case the condition ef — 2bm = 0 is necessary to be fulfilled for systems
(17) in order to have invariant lines of total multiplicity 8. On the other hand for these
systems we calculate Ny = 1296(ef — 2bm)x® and the last condition is equivalent to Ng = 0.
Due to a rescaling we may assume m = 1 and then we get b = ef/2 and this leads to systems
(4.12). By Proposition 4.3 these systems belong to CSLg if and only if either the conditions
(4.13) or (4.14) are satisfied.

In what follows we consider each one of these sets of conditions and construct the cor-
responding equivalent invariant conditions as well as the additional invariant conditions for

the realization of the respective configurations.

(a) Conditions (4.13). We clam that for a system (4.12) the following conditions are
equivalent:

2(4 4+ 9c)
27
Indeed, for systems (4.12) we calculate Ny = 5184(c— f)x?* and therefore N, = 0 gives f = c.
Then we have Ng = 320(27a + 18c + 8)z* = 0 and Ny = 2304(4 + 3¢)(4 + 9¢)z* # 0 which

imply the condition @ = —2(4 + 9¢)/27.

f:c,a:— ,(44‘30)(44‘90)%0 54 N4:N6:0, Ng;’éo

Thus if the conditions Ny, = Ng = 0 are satisfied then systems (4.12) via a translation and
a suitable notation can be brought to systems (4.15), for which the condition N9 = 6912r(9r—
8)x* # 0 holds. Now for these systems we need to determine the invariant polynomials which
govern the conditions under parameter r in order to get different configurations of invariant
straight lines. We calculate Njg = 144(1 — r)z? and Ny; = 3456rz*. Therefore, considering
the obtained earlier for systems (4.15) configurations (see page 118) we conclude that if for
a system (4.3) the conditions N3 = Ny = Ng = Ng = 0, NoNg # 0 are satisfied then we get
the configuration given by Config. 8.24 if Ni; < 0; by Config. 8.25 if N1g > 0 and Ny; > 0;
by Config. 8.26 if N1g = 0 and by Config. 8.27 in the case Njy < 0.
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(b) Conditions (4.14). We clam that for a system (4.12) the next conditions are equiv-

alent:

2(2+3 24+9
f:—( 3 C),a: (27 C), (4+3c)(4+9c) #0 &  N; =N =0, Nizg#0.

Indeed, for (4.12) we calculate N5 = 2592(4 + 6¢ + 3f)z* and hence N5 = 0 implies f =
—2(2+3c)/3. Then we have Njy = 3240(27a — 18¢c — 8)z* and, clearly, N, = 0 gives
a = 2(4+9c)/27. For N5 = Nj3 = 0 we calculate Nj3 = 1008(4 + 3c)(4 + 9¢)z°y and
therefore Ni3 # 0 < (44 3¢)(4 +9¢) # 0.

So, considering the above relations among the parameters a,c and f of systems (4.12)
it was shown earlier that these systems can be brought (via a translation and additional
notation) to systems (4.16).

It remains to determine the invariant polynomial which gives the expression of the
discriminant A = 4(1 — r) . For these systems we calculate Nj; = 288(r — 1)z? and
Nis = 2937ra*.

Therefore if for a system (4.3) the conditions N3 = N5 = Ng = Njp = 0, NoNy3 # 0
are satisfied then we get Config. 8.28 if Ni5 < 0; Config. 8.29 if Niy < 0, Nis > 0 and
Config. 8.30 if N1y > 0.

3) The case N, = N3 = 0. Then | = m = 0 and we get systems for which we calculate
Nig = —12ex*. In what follows we split our examination here in two subcases, defined by

the polynomial Nig.
a) The subcase Nig # 0. Then e # 0 and systems (4.3) could be brought via a rescaling

(i.e. assuming e = 1) to systems (4.19). According to Proposition 4.4 the last systems belon
to CSLg if and only if the conditions (4.20) are satisfied. We prove that these conditions are
equivalent to Ni7 = Nig =0, ie. f=—-2¢c, a=0 <& Ny; = Nig=0.

Indeed, for the corresponding systems we calculate Nz = 12(2¢ + f)a? = 0, Nig =
216ax®> = 0 and evidently, the above equalities are equivalent to f = —2¢, a = 0.

It remains to determine the invariant condition which governs the value of c. For the
last systems we determine Ny = T2cx?. Next we split our examinations according to the
parameter c.

i) The possibility N1g # 0. Then ¢ # 0 and assuming b = 0 after a translation
we arrive at the system (4.22). So, if for systems (4.3) the conditions No = N3 = Ny; =
Nig = 0, NigNig # 0 are satisfied then we get the configuration Config. 8.31 if Nig <0
and Config. 8.32 if Nyg > 0.

1) The possibility Nyg = 0. Then f = ¢ = 0 and after a rescaling we assume b = 1 and
we get the systems (4.21). So, if for systems (4.3) the conditions Ny = N3 = Njg = Ny7 =
Nig =0, Nig # 0 are satisfied then we get the configuration Config. 8.33.

b) The subcase N1g = 0. Then e = 0 and systems (4.3) became of the form (4.23).
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According to Proposition 4.5 the last systems belong to CSLg if and only if the conditions
(4.27) hold. We prove that these conditions are equivalent to N1g = 0, Nz # 0, i.e.

27a2+(c—f)(20+f)2:(), a7é0 & Nig =0, N187£0.

Indeed, for systems (4.23) we have Nyg = 24[27a*+(c— f)(2c+ f)?]2%y and, evidently, Nig = 0
implies 27a*+ (¢ — f)(2¢+ f)? = 0. On the other hand we have N;g = 216az® and thus, the
condition Npg # 0 is equivalent to a # 0. Therefore if the conditions Nyjg = 0, Nyg # 0 are
satisfied then systems (4.23) via a transformation and a suitable notation (see page 123) can
be brought to systems (4.25). For these systems we calculate Nyy = 48(1 — 4r)zt, Ny =
48ra?,

Therefore if for a system (4.3) the conditions Ny = N3 = Njg = Njg = 0 and Nz # 0 hold
then we obtain the configuration Config. 8.34 if Noy < 0; Config. 8.35 if Nog > 0, Noy > 0;
Config. 8.36 if Nog = 0 and Config. 8.37 in the case Noy < 0. Moreover if Nyy = 0, i.e. 7 =0
we obtain Config. 8.38.

II. Conditions for Config.8.39-Config.8.47. So by Proposition 4.1 the conditions
Vi = 0, V3 # 0 and respectively Vs = Us = 0, V1V3 # 0 applying to systems (4.1)
lead us to systems (4.28) and respectively (4.41) (via a linear transformation and time
rescaling). Additionally for a system (4.28) (respectively (4.41) ) we applied Remark 3.1
and we proved that the condition £, = L5 = 0 (respectively K4 = K5 = 0) is equivalent to
n =k =h = d = 0 which leads to systems (4.29) (respectively (4.42)).

In what follows considering systems (4.29) and (4.42) we find out the invariant conditions

which are equivalent to the conditions mentioned in Propositions 4.6 and 4.7.

1) Conditions for systems (4.29). For these systems we calculate Ny = ma® and it

is evident that the condition Noy = 0 is equivalent to m = 0 and in this case we calculate
Nyz = —3ex® +3(c — f)z’y, Ny = 216bx*, K¢ = 162000az'".

Thus No3 = 0 implies e = ¢ — f = 0 and therefore, according to Proposition 4.6, next
we split our examination in two cases: b =0, a #0ie. Noy =0, Kg#0and b# 0, a =0,
ie. Noy #0, Kg=0.

a) If Nyy = 0 and K¢ # 0 then we arrive at systems (4.34) for which pg = (27a* +
4¢%)z® should be non-zero in order to have non-degenerate systems. Moreover due to a
transformation the last systems became of the form (4.36) with pug = r?(4r — 1)a% # 0.

So if for systems (4.29) the conditions Nos = Nag = Nyy = 0, K¢ # 0 hold then we get
either Config. 8.39 if ug < 0 or Config. 8.40 if ug > 0.

b) Assume now Nyy # 0 and g = 0. Then applying a rescaling we arrive at systems (4.39)
for which pug = 4c32% # 0, ¢ = {—1,0,1}. Therefore if for a system (4.42) the conditions
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Noy = Nog = K¢ = 0, Noy # 0 are satisfied then we have Config. 8.41 if ug < 0; Config.
8.42 if ug = 0 and Config. 8.43 if pug > 0.

2) Conditions for systems (4.42). For these systems we calculate Noy = 2bu'x!'3/3,
Nos = beu?r'°/3. Tt is evident that the condition Noy = Nas = 0 implies b = ¢ = 0 (since
u # 0, see Lemma 4.1). In this case we have Nog = 20u*(9a — cg — 2fg + 3au)x'%y/9 and

Nyr = 40u[3(c — £)(12¢ + 15f — 4¢%) — 3u(c — f)* — 16g%u(c + 2f) +4(c — f)(c + 2f)u?]/9.

Taking into consideration the expression of Kg (see (4.43)), it is easy to verify that Nog =
Noy = K¢ = 0 lead us to the conditions (4.50). Since u(3 + u)(3 4 2u) # 0 (due to V1 V5 #
0) and g # 0 (as systems are non-degenerate) applying the corresponding transformation
(mentioned on page 131) to systems (4.42) with the conditions (4.50) we arrive at systems
(4.46) for which we have u+2 # 0 (otherwise these systems become degenerate). For systems
(4.46) we calculate ; =0, pe = (u+1)(u+2)32% i=0,1,...,5 and Nog = —2(3+ 2u)z™.
If p6 # 0 we obtain sign (p6) = sign ((u + 1)(u + 2)). Therefore if y15 < 0 then —2 < u < —1
and we get Config. 8.44, whereas in the case ug > 0 we have either Config. 8.45 for Nog < 0
or Config. 8.46 for Nog > 0. Additionally if ;1 = 0, i.e. w = —1 then we we arrive at systems
(4.49) and we get Config. 8.47.

4.3. Perturbations of canonical forms

To finish the proof of the Main Theorem D it remains to construct for the normal forms
given in this theorem the corresponding perturbations, which prove that the respective in-
variant straight lines have the indicated multiplicities. In this section we construct such

perturbations and for each configuration Configs. 8.7, j = 23,40, ...,47 we give:

e the corresponding normal form and its invariant straight lines;
e the respective perturbed normal form and its invariant straight lines;
e the configuration Config. 8.j., 7 = 23,24, ...,47 which corresponds to the perturbed
systems.
= (x—1)z(l+z),
Config. 8.23
y=1x—y+a*+ 3zy;

Invariant lines: Lio =z, Lyys=a—1, Lg=a+1, Ly: Z =0;

T =z(14z)(x + 3ze — 1),

Config. 8.23.:
v = (1+3ey)(x+ 22 — y + 32y — 3ey + 3exy — 6y — 9e2y?);

L=z, Ly=x—-3cy, Ly=x+3x—1, Ly =x— 3cy — 1,

Invariant lines:
Ly=1x—3c—6ey —9%y—1, Le=1+x, Ly =1+ 3ey.
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(3.6)

o _£

Fig. 4.2. Perturbation of normal form corresponding to the configuration
Config. 8.23

t=z(1—u+z)(l+u+x), [ul > 1 = Config. 8.24;
Config. 8.24-8.26 luf <1 = Config. 8.25
g=(1—-u+2)y, |ul#1, u=0 = Config. 8.26;

Invariant lines: Lioz =2, Ly=x+1+u, Ls=x+1—u, Lg =y, Ly: Z=0;

t=x(l—-u+e*+z)(1+u—=e*+u),

C . 8.24.-8.20;:
onfig. 824 {y =y(l+ey)[1 — (u—e?)?+2z + (2(u—e?)? —P)yl;

Li=z, Lo=xz—c(u+1l)y, Ly=1z—c(u—1)y—ye’

Invariant lines:
Li=ax+1+u—e% Ly=ax+1—u+e? Lg=vy, Ly =1+¢y.

36) a) @6) b)

N 3
NI o w Q(Dﬁw | M
30 c)
3
M(D | M

Fig. 4.3. Perturbations of normal forms corresponding to the configurations:
a) Config. 8.24; b) Config. 8.25; c) Config. 8.26

i =z[(z+1)*+u?,
Config. 8.27:
y=(1+u®>+22)y, u#0;

Invariant lines: Lioz =2, Ly=x+ 1+, Ls=a+1—1iu, Lg =y, Ly: Z=0;
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i =zx[(z+1)%+u?],

Config. 8.27.: ' )
v =vy(1—ye)(1+u?+ 22 + ye + u’ye);

Invariant lines: Ly=x, Lys=x+cytiuey, Lys=x+1+ 1w, L¢=y, Ly=—14ye.

(36

Fig. 4.4. Perturbation of normal form corresponding to the configuration
Config. 8.27

t=1-z+uzl—z—u), >1 = Config. 8.26:
Config. 8.28, 8.29 [ul onfig. 8.28;

y=2w+x— 1y, |ul#1, lul <1 = Config. 8.29,

Invariant lines: Ly =z, Loz =1—x+4+u, Luys=1—x—u, L¢ =y, L7: Z =0

t=(1—-z+uwz(l—2—u),

Config. 8.28., 8.29.: .
g =yl +u—ey)(2u®+ 2z +ey —uey — 2)/(1 + u);

L=z, Ly=1—2+4u, Ly=1—x4+u—cy, Ly=1—1x—u,

Invariant lines:
Ls=x—1+4+u’+ur+ey—uey, L=y, Ly =1+u—ey.

39 a) ) b)

2 2
2 \2
@ | ) 1) ) ” ) 13

Fig. 4.5. Perturbations of normal forms corresponding to the configurations:
a) Config. 8.28; b) Config. 8.29

T =z(1+u? -2z + 2?),

Config. 8.30:
J=2(r—1-u?), u#0;

Invariant lines: Li=x, Los=x—1—iu, Lys=x—1+1u, L¢=y, Ly : Z=0;

T =xz(1+u® -2z + 2?),

Config. 8.30.:
g =yl —ey)(2r — 2 — 2u® + ey + u’ey);
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. , Ly=2, Ly=x —1—1u, Ly=x — 1 —iu + ye + iuey,
Invariant lines:
Ly=z—1+iu, Ly=z—1+iu+ey—iucy, Lg =y, Lr=cy—1.

(3.6)

2 D,
P \: (TN
\ (TR
I !}
o ] o € ‘.: \
L L
| N
/ g
i
1, 1,7

Fig. 4.6. Perturbation of normal form corresponding to the configuration

Config. 8.30

&= x(z® + 1), r=—-1 = Config. 8.31,
Config. 8.31, 8.32
g =z —2ry, r=1 = Config. 852

Invariant lines: Ly =z, Lyg=x—+/—7r, Las=x++/—r, Leg=vy, L7 : Z=0;

= (2r —e* + %) (4r + 42? — 4re? — 3 + 6% — 3e8) x
x — xe + 6rye + 2rye? — 3ye® — yeb + 3ye” + yed) /(8r),
Config. 8.31., 8.52.: ( Y Y Y Y Y ye")/(8r)
v = (x —2ry + ey — ye®) (4r — dre? + 16r2e%y? — 3+
4620 —167e8y% — 38 +16re8y? + 4192 —8e12y2 +4ey?) / (4r);

36 a)
3
o)
1
(&) ( e

Fig. 4.7. Perturbations of normal forms corresponding to the configurations

a) Config. 8.31; b) Config. 8.32
Config. 8.33: {x =2%, y=1+ux;

Invariant lines: Lissas =, Le7: Z =0;
= 2(97 — 6 + 4¢?)(9x + 6 — 102 + 4¢3) /81,
Config. 8.33.: ( I )/
Y= (3—2e+ye?)(3—2e—ye?)(9+9x—15e+ 62—y +e3y) /81;
Ly =x, Ly =2 — 6 +4¢%, L3 = v + 6 — 10e? 4 4¢3,
Invariant lines: < Ly = x — 3 4 2e% + 3y, Ls =x+3c—5e242e3 —3y+ety,
Le=3—2+¢%, Ly = =3+ 2 +&%y.
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(3,9)

=

Fig. 4.8. Perturbation of normal form corresponding to the configuration

Config. 8.34-8.37

Config. 8.33

r <0
t=z(r+z+2?), [o<r<1/4
P
r>1/4

= Config. 8.34;
= Config. 8.35;
= Config. 8.36;
= Config. 8.37

Invariant lines: Lo =, L3gs =1+ 2+ 2%, Ls =y, Leqr: Z=0;

Config. 8.34.-8.37.: {

Invariant lines: {

3.6)

(1) &) &)

36

T =xz(r —e?+x+a?),

y=1y(r—e*—cey+e*y?);

Lsg=1—cy—ce’+e%y? Lr=y.

(3.6)

()] ]

\ . 7T
R\

L=z, Ly=ux—c¢y, L374:r+x+x2—52,

Fig. 4.9. Perturbations of normal forms corresponding to the configurations:
a) Config. 8.34; b) Config. 8.35; c) Config. 8.36; d) Config. 8.37

Config. 8.38: {y‘c:xQ(erl), y=1;

Invariant lines:

Lips=wx, La=x+1, Lygr: Z=0;



t=z(x—¢e)(1+x+e—2ey),

§ = (ey = 1)(2ey — 1)(1 — 2ey + 26%y);

L=z, Lo=x—¢, Ly=x+e—2ye? Ly=1+x—¢c—2yec+2ye?,
Ls=vye—1, Lg =2ye — 1, Ly = 1 — 2ye + 2ye.

Config. 8.38.: {

Invariant lines: {

(3,9

Fig. 4.10. Perturbation of normal form corresponding to the configuration

Config. 8.38
t=z(l+z)(v+x),
Config. 8.39:
v = (v+ 2z + 2vx + 32?)y;
Invariant lines: Lis=x, Lsa=a+1, Lsg=x+v, Ly =y;

We note that these systems are obtained from (4.37) due to the transformation (z,y,t) —
(1 — w)z/2,y,4t/(u — 1)) and notation v = (1 + u)/(1 — u), where v # {0,1} (since
u(l —u?) #0).

t=z(1+z)(v+x),

Config. 8.39.:
¥ =ylv+ 2z + 2vr + 32 + e(y + vy + 3y + y3e)];

L=z, Lo=x4vye, Ls=z+1, Ly=xz+1+4+ye, Ly =z + v,

Invariant lines:
Le=x+v+ye, Lr=y.

(36)

o o jo o & &W

Fig. 4.11. Perturbation of normal form corresponding to the configuration
Config. 8.39

= (z—1)(v*+ 2?),
Config. 8.40:
§ = (v* =2z + 32?)y;

Invariant lines : Lis=x2—1, Lgy=x—v1, Lyg=x+vi, Ly =y;
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We remark that these systems are obtained from (4.38) due to the transformation (x, y, t) —
((x —1)/2,y,4t) and changing u by v.
b= (= 1)(? +27),
Config. 8.40.:
v = y[v? — 2z + 32% — 2e(y — 3zy — 2y°%¢)];
Ly=2—1 Ly=2—1+4+2ye, Ly =2 —vi, Ly =x —vi + 2ye,

Invariant lines:
Ls =x+wvi, Lg =x +vi+2ye, Ly =y.

(3.6)

Fig. 4.12. Perturbation of normal form corresponding to the configuration
Config. 8.40

= z(r + 2?),
Config. 8.41 — 8.43 :
g =1+ry+3a%y;

Invariant lines: Liss=x, Lag=x+/—1, Legy =2 —/—T;

T =rx+ 3 — e+ e,
Config. 8.41. — 8.43.:
y=1+ry+ 32y +e(y + 6ay? + 4y’);

Ly =x+ye, Lasg =rz+ 23 — &+ x€,
Invariant lines:
Lssz=re+ 2% +e(1+x + 2ry + 62%y + 2ye + 122y°c + 8y’e?).

(36) a) (3.9)

(D})

=

Fig. 4.13. Perturbations of normal forms corresponding to the configurations:
a) Config. 8.41; b) Config. 8.42; c) Config. 8.43
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t=x(14+2)u+2+ (u+ 1)z,

Config. 8.44 — 8.46 :
v =vylu+2+ (3+2u)r + uz?;

Invariant lines: Lissg=x, Lys=x+1, Lg=(u+1)z+ (u+2), Ly =y;
t=xz(14+2z)u+2+ (u+ 1)z,

Config. 8.44. — 8.46.:
J=yl2+u)+ B+ 2w +ua® — (3 +u)rye — (2 + u)y’e?);

Ll =, L2 :.T+y€, L3 :x+2y€+uy€7 L4:.’L‘+1,
Invariant lines:
Ly=1+az+ye, Lg=(u+lz+(u+2), Lr=y.

(3.6) a,) (3.6) b)

NVZZRN\VZENV//ZERN\\//

(36 C)

m
1;
M ) 6 M

Fig. 4.14. Perturbations of normal forms corresponding to the configurations:
a) Config. 8.44; b) Config. 8.45; c) Config. 8.46

t=z(z+1),
Config. 8.47:
g=y(l+z—27);

Invariant lines: Lio3 =, Lus=ax+1, Lg =y, Ly : Z = 0;

T =z(1+x—2ze)(1 — e — xe + 2ze?)/(2e — 1),
Config. 8.47.:
g =my+ay’(e -2 —ay(l+e) —yle —1)/(2e = 1)* + y*(c — 1)e*

Li=x, Loy =x+ye, Ly=1x+ye—ye?, Ly=2we —ye+2ye®—1—u,
Invariant lines:
Ls=x2+4+1, Lg=vy, Ly =1 — ¢ — xe + 2ze%.
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Fig. 4.15. Perturbation of normal form corresponding to the configuration
Config. 8.47

4.4. One new class of cubic systems with maximum number of invariant lines

In this subsection we show that a new class of cubic systems belongs to CSLg is omitted in
the classification given by J. Llibre and N. Vulpe ( see [16]) in [83].
Indeed, we consider the family of cubic systems with 8 invariant lines (including the line

at infinity and including multiplicities) earlier constructed in this chapter
t=a(r+2r+2%), y=ylr+22), 0#rckR, (4.51)

which depends on one parameter. These systems have the invariant affine lines: =z = 0
(triple), y = 0, 22+ 2z +r = 0 (simple real or complex or real double) and the line at infinity
(Z = 0), which is double. We detected that in the case r = 8/9 the obtained system

t=x(2+32)(4+3x)/9, y=2(449x)y/9 (4.52)

possesses invariant lines of total multiplicity 9, and namely: = = 0 (triple), x = —2/3
(double), x = —4/3 and y = 0 (both simple) and the line at infinity (Z = 0, double).

To prove this it is sufficient to present the following corresponding perturbed systems
t=x(2+32)(4+32)/9, y=2y(1+ey)(4+ 9z —4ey)/9,

which possess the following 8 invariant affine lines: z = 0, y = 0, x = =2/3, * = —4/3,
3r—4ey =0, 3z — 2y =0, 1 +ey =0, 3x — 2ey +2 = 0. Thus system (4.52) indeed
possesses invariant lines of total multiplicity 9 (including the infinite one).

On the other hand in [83] nine classes of cubic systems with two infinite singularities
determined by one simple and one triple factors of C5 are given and their corresponding
configurations are presented in Figures 14-22.

Considering the configuration of invariant lines of system (4.52) given in Fig. 5 we observe

that this configuration is different from configurations given in Figures 14-22 [83].
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(3.6)

W
] 2 >

Fig.4.16. The configuration of invariant lines corresponding to system (4.52)

and its perturbation

4.5. Conclusions on Chapter 4

We observe that the class of cubic systems in CSILg possessing two distinct infinite singu-
larities examined in Chapter 4 give us 25 distinct configurations of invariant straight lines,
whereas other three classes in CSLLg all together could have 26 configurations of invariant
straight lines. Moreover the class of systems under the discussion is also interesting because
of: 1) it presents a configuration (Config.8.42) possessing one affine invariant line with max-
imum possible multiplicity for cubic systems (i.e. 7) and 2) it was helpful to detect a new
class of cubic systems possessing a configuration with invariant lines of total multiplicity
nine which was omitted in the classification given by J.Llibre and N.Vulpe [83].

Finally we remark that the configuration given by Config.8.42 was also detected by
Subd and Vacarag in [129]. But it is important to underline that in contrast with [129] in
Chapter 4 necessary and sufficient conditions for the realization of the configuration given
by Config.8.42 were determined.

The reaserch presented in this Chapter were published in [16,26,29].

147



GENERAL CONCLUSIONS AND RECOMMENDATIONS

The Thesis is devoted to the problem of classifying a family of cubic systems which pos-
sess invariant straight lines according to the configurations of these lines. This problem in
qualitative study of differential equations, which is very hard even in the simplest case of
quadratic differential systems, is partly motivated by the problem of topologically classifying
all phase portraits of polynomial cubic systems.

As a general observation we note that cubic differential systems are harder to study
than quadratic differential systems because of phenomena which could occur in this class
but which never occur in the quadratic family. For example the joint presence of limit
cycles and singularities which are centers is a phenomenon which occurs in cubic differential
systems but does not occur in the quadratic family. Furthermore cubic systems form a family
depending on 20 parameters while the class of quadratic differential systems depends on only
12 parameters.

Here we consider the family CSILg of cubic systems with invariant lines of total multiplicity
eight (including the line at infinity). The study of these systems was based on some concepts,
such as the invariant straight line, the multiplicity of lines (of finite/infinite singular points)
and the configuration of invariant lines.

An other aspect of the practical and theoretical values of the work is that having all
canonical forms of systems in CSILg, constructed in the current Thesis, the problem of in-
tegrability of such systems could be solved. Of course we realize that, at the first glance,
the class CSLg is a very specific one, moreover the cases of integrable systems are rare, but
as Arnold said in [1, p.405| ”...these integrable cases allow us to collect a large amount of

information about the motion in more important systems...”.

The main scientific problem which is solved in this Thesis consists in classifying the
whole family of cubic differential systems possessing invariant lines of total multiplicity eight
according to configurations of these lines; this classification is very helpful for obtaining the
complete topological classification of this family and is useful for the study of integrability
of this systems.

Nowelty and scientific originality of the work consists in the fact that for the first time
there are constructed all the possible configurations of invariant lines for systems in CSLg and
the obtained results are reflected in [8-26]. This set of configurations contains as particular
cases all the configurations detected by other authors in special cases of systems in CSLg
(see [86], [127,128]). In fact, this work is a continuation of [83] where the cubic systems with
the maximum number of invariant lines (i.e. 9) were studied and where 23 configurations of
invariant lines are detected. However a new class of cubic systems possessing invariant lines
of total multiplicity nine which completes the classification given by Llibre and Vulpe in [83]

was detected in this Thesis. Thus, we have obtained 51 different configurations of invariant
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lines. More exactly, we have detected 17 (respectively 5; 25; 4) distinct configurations
for the subfamily of systems possessing four (respectively three; two; one) distinct infinite
singularities, real or/and complex. At the same time we have constructed 33 canonical forms
of the systems possessing invariant lines of total multiplicity eight. We point out that 19
of these canonical forms are one-parameter families, whereas 14 of them are systems with
constant coefficients. One more result obtained in the Thesis is the construction of perturbed
canonical forms which prove that taking jointly the invariant lines they produced a maximum
of eight distinct invariant lines.

The benefits of our elaborations are that this classification, which is taken modulo the
action of the group of the real affine transformations and time rescaling, is given in terms of
invariant polynomials. The author of the current Thesis has constructed 52 new invariant
polynomials besides 20, which were constructed in [83]. It is worth to mention that it was
made a great work, because the process of the construction of invariant polynomials takes
time and it is pretty difficult. These algebraic invariants and comitants allow one to verify
for any given real non-degenerate cubic system with non-degenerate infinity whether or not
it has invariant lines of total multiplicity eight, and to specify its configuration of lines
endowed with their corresponding real singularities of this system. The important fact is

that the calculations can be implemented on computer.

In addition to complex investigations on the research problem, the contribution of the

author is materialized by the following main conclusions of the Thesis:

1) In this Thesis we studied a whole family of cubic systems, i.e those possessing invariant
straight lines of total multiplicity 8. We show that for this class, which we denote by CSLsg,
several normal forms are needed each one depending of at most one parameter. To obtain
global results we used the invariant theory of polynomial differential systems as developed
by Sibirschi and his school. This method allowed us to glue in a unique global diagram, the
bifurcation diagrams of the several normal forms needed in the study of this family.

2) The global result mentioned above is a bifurcation diagram in the 20 dimensional
parameter space of cubic differential systems. This gives us an algorithm to decide for each
cubic system whether it belongs to this family or not and in case it belongs to this family, it
allows us to effectively compute its specific configuration of invariant lines. We proved that

this family possesses 51 possible configurations of invariant straight lines.

3) The Thesis also led us to obtain the following new global results:
(i) a system in CSLg must have at infinity at least one real singularity;

(ii) a cubic system with real infinite singularities defined by two double factors of the invariant
polynomial Cs(z,y) = yps(z,y) — zQs(x,y) could not belong to the class CSLg and this is

the unique exception of cubic systems with real infinite singularities.
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The scientific results obtained could be used for a deeper investigation of cubic systems
possessing invariant straight lines of total multiplicity eight (including the line at infinity).

We propose the following recommendations:

(a) the configurations of invariant lines detected, and canonical forms could be used for
a complete topological classification of cubic systems in this class;

(b) the canonical forms of cubic systems in CSLg constructed can serve as a basis for
determining of the first integrals of such systems;

(c) to use the polynomial invariant we constructed for further investigations of cubic
systems with invariant lines of total multiplicity less than 8;

(d) to apply the scientific results obtained, in the study of some mathematical models
which are described by polynomial differential systems and which are related with some
problems in physics, chemistry, medicine, etc.

(e) these investigations could serve as a support for teaching courses in higher education.
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