
 



2 
 

 



3 
 

CONTENTS 

1. CONCEPTUAL REFERENCES OF RESEARCH .................................................................. 4 

2. CONTENT OF THE THESIS .................................................................................................. 8 

3. GENERAL CONCLUSIONS AND RECOMMENDATIONS ............................................. 17 

REFERENCES .................................................................................................................................. 19 

LIST OF THE AUTHOR'S PUBLICATIONS ON THE THESIS ................................................... 21 

ADNOTARE ..................................................................................................................................... 23 

ANNOTATION ................................................................................................................................. 24 

АННОТАЦИЯ .................................................................................................................................. 25 

 

  



4 
 

1. CONCEPTUAL REFERENCES OF RESEARCH 

The topicality and importance of the problem addressed. Quasigroup theory began in 

the 20-30s of the XX century when, after the fundamental works of  David Hilbert in the late 

nineteenth century on the axiomatization of mathematics and, in particular, on the axiomatization 

of geometry, there have appeared works related to different axiom systems, in the main, to the 

axiom systems of various geometries, including Euclidean geometry, projective geometry, 

Lobachevsky geometry, mostly, in dimensions 2 and 3.  

The very term "quasigroup" appeared in Ruth Moufang's paper [1] on the coordinatization 

of projective planes. We can also say that the term “quasigroup” appeared when studying the 

question of the independence of axioms in the axiom systems of the projective plane. In her 

works, Moufang understood by quasigroup the object, which is now called a Moufang loop. In 

modern terms, she defined the Moufang loop as an 𝐼𝑃-loop (𝑄,∙) with some “weak associativity” 

identity.  

The next most important paper on the subject of quasigroups appeared two years after 

Moufang′s one: “Gewebe und Gruppen” by Gerrit Bol (1937). Bol′s approach is from a web-

geometrical point of view. He constructs three new configurations, U1, U2, U3, and asks wheth-

er the closure of these three figures implies associativity. He answers that question negatively 

and shows that the three U figures together imply only the law 𝑎 [𝑏 (𝑐𝑏)]  =  [(𝑎𝑏) 𝑐] 𝑏, which 

is precisely one of the Moufang identities. Further, Bol explains the algebraic meaning of each of 

the U figures and shows that U1 and U2 correspond to laws that we now call the right Bol and 

the left Bol identities.  

In addition, there were already several American publications on quasigroups: (1937) 

"Theory of quasigroups", by Hausmann and Ore; (1939) "Quasigroups, which verify certain gen-

eralized associative laws", by Murdoch; (1940) "Quasigroups", by Garrison. 

All three authors have already used the term "quasigroup" in a broader sense, as we use it 

now, and not just as Moufang's 𝑄∗ system.  

The first publications to introduce the term "loop" were the two most important works that 

Albert wrote in 1943: Quasigroups. I and Quasigroups. II [2, 3]. We also mention works by K. 

Toyoda [4], R. H. Bruck [5], R. Baer [6, 7]. 

To date, Moufang loops and Bol loops are the most studied ones in the quasigroup theory. 

In general, the middle Bol loops have been studied. Papers published by T. G. Jaiyéolá, S. P. 

David, and O. O. Oyebola (2021); A. O. Abdulkareem and J. O. Adeniran (2020) are dedicated 

to researching these loops. In the work of P. Sârbu and I. Grecu, it was shown that the commuta-
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tive loops with invariant flexibility under the isostrophy of the loops are Moufang loops. V. I. 

Onoi, and L. A. Ursu, using the isotopic approach, generalized the concept of the Moufang bina-

ry loop in case n-ar (𝑛 >  2). 

In the 30s of the twentieth century, the notion of a network was introduced. In the termi-

nology of network theory, the notion of quasigroup has a clear geometric interpretation [8]. 

For quasigroups, especially considering their relations to combinatorics, various 

morphisms have been determined and actively researched, among which we mention 

isomorphisms, automorphisms, isotopes, autotopies, isostrophies, autostrophies, pseudo-

automorphisms, generalized isotopes. Automorphisms and groups of loop automorphisms were 

investigated by A. A. Albert already in the first works in quasigroup theory [2]. The concept of 

disaster, in general, was introduced by A. Sade in France in the 1950s. Pseudo-automorphisms 

have been defined and researched by R. H. Bruck in the work “Pseudo-automorphisms and 

Moufang loops”, 1952. 

Definition: The G-loop is the isomorphic loop of all its isotope loops. It has a geometric 

origin. R. H. Bruck, in his 1971 paper, pointed out that an unsolved problem is the problem of 

describing G-loops. Geometrically, Bruck's problem was solved by Barlotti and Strambach. 

Belousov solved this problem and proved that the loop (𝐿,∙) is a G-loop if and only if any 

element of it is the companion of one pseudoautomorphism to the right and to the left of the loop 

(𝐿,∙) ( [8], Theorem 3.8). V. D. Belousov's results pave the way for research into G-properties, 

i.e. research into G-loops and G-quasigroups. In recent years, G-loop theory has developed very 

actively. New classes of G-loops are discovered. The problem of researching left-right and 

middle-class GA-quasigroups remains unresolved. 

In the Republic of Moldova, V. Belousov (1925-1988) and his disciples (Florja, Basarab, 

Gvaramia, etc.) obtained fundamental results in quasigroup theory. The Moufang quasigroups, 

which are currently being studied extensively, have been defined and researched by V. Belousov. 

In his work, W. A. Dudek described the linear shape of these quasigroups and characterized their 

parastrophes. I. A. Florja introduced in 1965 a special class of quasigroups, which we call Bol 

quasigroups [9]. In 1976 he researched the relationship of left-transitive quasigroups with Bol 

quasigroups [10]. The problem arises of prolonging the research of the relations of some known 

classes of quasigroups with the Moufang, on the left (on the right) Bol quasigroups, etc. 

Almost all well-known (classical) classes of quasigroups and loops possess the property of 

invertibility. Most often these quasigroups possess one of the properties of invertibility, namely 

IP, LIP, RIP, WIP, or CI. 𝐼𝑃- and 𝐿𝐼𝑃-loops were defined in the work of R. Moufang [1]. 𝑊𝐼𝑃-

loops - in the work of R. Baer [6], and 𝐶𝐼-loops were defined by Rafael Artzy [11]. V. D. Be-
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lousov and B. V. Tsurkan defined and studied 𝐶𝐼-quasigroups [12]. There arises the problem of 

continuing the study of the properties of quasigroups with the property of invertibility (WA-, CI-

quasigroups). 

In the work of F. Fenyves, “Extra loops II. On loops with identities of Bol-Moufang type ”, 

(1969) 60 identities were enumerated, called the Bol-Moufang type. They include the identities 

Bol on the left, Bol on the right, and the four identities Moufang. These identities represent a 

weaker form of associative law, and in the case of loops, some of them involve associativity. 

Kenneth Kunen in his article “Quasigroups, Loops, and Associative Laws” (1996) asks: what 

quasigroup with a weak form of associative law is a loop. In particular, it completely solves the 

problem for all Bol-Moufang identities. There arises the problem of prolonging the research of 

the existence of unilateral units in quasigroups with Bol-Moufang identities.  

Papers published by R. Moufang, G. Bol, R. H. Bruck, V. D. Belousov, K. Kunen, S. 

Gagola III, J. D. Philips, etc. are dedicated to researching quasigroups and loops with Bol-

Moufang-type identities. 

The following issues are raised in this thesis: 

Problem 1. To research the morphisms, properties, relationships with other classes of 

quasigroups of newly defined quasigroups (i-quasigroups and OWIP-quasigroups). 

Problem 2. To research the existence of the unilateral unit in quasigroups with Bol-Moufang-

type identities, listed in the paper by F. Fenyves, “Extra loops II. On loops with identities of Bol-

Moufang type”, (1969). 

Problem 3. To research the G-properties of left transitive quasigroups and Neumann quasigroup. 

We mention only a few works in this direction [13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. 

Problems 1-3 are covered in Chapters 2, 3, and 4. 

The purpose and objectives of the thesis. The thesis aims to investigate the morphisms 

and properties of non-associative algebraic systems with Moufang-type identities. To achieve 

this goal, the following objectives have been defined:  

(1) Research on the relations of WA-, CI-quasigroups, transitive on the left and Neumann 

ones with the quasigroups Moufang, Bol on the left, on the right, etc; 

(2) Investigation of the existence of the unilateral unit in quasigroups with Bol-Moufang-

type identities, listed in the paper by F. Fenyves, “Extra loops II. On loops with identities 

of Bol-Moufang type”, (1969); 

(3) Research of morphisms, properties, relationships with other classes of quasigroups of 

newly defined quasigroups (i-quasigroups and OWIP-quasigroups); 

(4) Research of G-properties of left transitive quasigroups and Neumann quasigroup. 
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The scientific novelty and originality consist in obtaining new theoretical results with 

applications in other fields. All the results presented in the thesis are new and original. Different  

quasigroup classes (WA-, CI-quasigroups, left transitive quasigroups, Neumann quasigroups) 

were researched. Two new classes of quasigroups (OWIP-quasigroups, i-quasigroups) were 

introduced and researched. Classes of quasigroup isotopic to a group were investigated. The 

properties of some classes of invertible quasigroups are described. The connections of the 

quasigroup classes investigated with the classical quasigroups Moufang, Bol, and other 

quasigroup classes were researched. The forms of automorphisms, pseudo-automorphisms, and 

quasiautomorphisms of these quasigroups were determined. 

The important scientific problem solved consists in the research of different morphisms 

(autotopies, pseudoautomorphisms, G-properties) and notions (distributant, nucleus) in non-

associative algebraic systems with Bol-Moufang conditions that lead to the description of im-

portant new relationships between the classes studied by quasigroups (including newly intro-

duced classes).  

The theoretical importance and applicative value of the thesis are determined by ob-

taining new results in the research of non-associative systems of the Bol-Moufang type. The pa-

per is of theoretical character. The methods developed in the paper allowed solving the prob-

lems. 

Approval of results. The scientific results obtained were presented and approved during 

the Special Session of the Seminar “Algebra and Mathematical Logic”, dedicated to the memory 

of Professor V. Belousov, the Vladimir Andrunachievici Institute of Mathematics and Computer 

Science of Moldova. The main results included in the thesis were presented at the following sci-

entific conferences:  

 “Tendințe contemporane ale dezvoltării științei: viziuni ale tinerilor cercetători”: 

Conferința Științifică a Doctoranzilor (cu participare internațională), ediția a 6-a, 

Chișinău, 15, June 2017. 

 The Fourth Conference of Mathematical Society of the Republic of Moldova: 

dedicated to the centenary of Vladimir Andrunachievici (1917-1997): Proceed-

ings CMSM 4, June 28 – July 2, 2017, Chișinău. 

 The 25 Conference on Applied and Industrial Mathematics CAIM 2017, Septem-

ber 14–17, 2017, Iași. 
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 International conference on mathemathics, informathics, and information technol-

ogies dedicated to the illustrious scientist Valentin Belousov, 19-21 april, 2018, 

Bălţi. 

 “Tendinţe contemporane ale dezvoltării științei: viziuni ale tinerilor cercetători”: 

Conferința Științifică a Doctoranzilor (cu participare internațională), ediția a VII-a 

Chișinău, 15, June 2018. 

 The 26th  Conference on Applied and Industrial Mathematics CAIM 2018, Sep-

tember 20-23, 2018, Chişinău. 

 International conference Mathematics & Information technologies: research and 

education, MITRE-2019, Moldova, State University, June 24, 2019, Chișinău. 

 LOOPS 2019 Conference, Budapest University of Technology and Economics, 

July 7-July 11, 2019, Hungary. 

 The 5th International Conference of Mathematical Society of the Republic of 

Moldova, dedicated to the 55th anniversary of the foundation of Vladimir An-

drunachievici Institute of Mathematics and Computer Science (IMCS-55), Sep-

tember 30, 2019, Chișinău. 

Thesis publications. A total of 16 scientific papers have been published, comprising 6 

articles in peer-reviewed journals (1 article without co-authors) and 10 abstracts at scientific 

conferences (7 abstracts without co-authors). 

Thesis structure and thesis volume. The thesis is written in Romanian and contains an 

introduction, four chapters, general conclusions and recommendations, 109 bibliographic titles, 

104 pages (including 91 pages of basic text). 

keywords: quasigroup, loop, group, groupoid, isotope, automorphism, left identity 

element, right identity element, pseudo-automorphism, left Bol quasigroup (right), Moufang 

quasigroup, WA-quasigroup, CI-quasigroup, i-quasigroup, medial quasigroup, Neumann 

quasigroup, left-transitive quasigroups, G-property. 

2. CONTENT OF THE THESIS 

The structure of the thesis is represented by four chapters, which contain the theoretical 

results obtained in the research of the properties of non-associative algebraic systems with 

Moufang type identities.  

The introduction formulates the topicality and importance of the research topic. In 

addition, the objectives, scientific novelty, and originality are mentioned. The scientific problem 

studied is presented with emphasis on the importance of the theoretical and applied value of the 
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paper. A short analysis of the issues and publications on the topic of the thesis is presented. This 

section concludes with a summary of the content of the paper. 

The first chapter – Analysis of the situation in the field of non-associative algebraic 

systems with Moufang type conditions - consisting of six paragraphs, has an introductory 

character.  In this chapter, an analysis of the fundamental algebraic concepts is made. It contains 

the basic notions and theorems needed to present the thesis. 

We often research quasigroups and loops in terms of their proximity to groups. The 

reversibility property also plays a big role in the group. In the second Chapter - About some 

classes of quasigroups with invertibility properties ( WA-, OWIP-, CI- quasigroups) - two 

known classes of quasigroups that have an inverse property are investigated; a new class of 

quasigroups is introduced, a generalization of WIP-quasigroups (OWIP-quasigroups). The 

chapter consists of seven paragraphs in which objectives 1 and 3 are achieved.   

The first three sections are dedicated to the results obtained in the WA-quasigroup research.  

Quasigroup (𝑄,∙) with identities 𝑥𝑥 ∙ 𝑦𝑧 = 𝑥𝑦 ∙ 𝑥𝑧 and 𝑥𝑦 ∙ 𝑧𝑧 = 𝑥𝑧 ∙ 𝑦𝑧 is called a WA-

quasigroup or semimedial quasigroup (in short: 𝑆𝑀-quasigroup). 

WA-quasigroups were investigated by T. Kepka in the paper “A note on WA-quasigroups” 

(1978). In this paper, T. Kepka also characterized simple 𝑊𝐴-quasigroups. Applying an 

important result obtained by T. Kepka - any loop, isotopic to WA-quasigroup, is the Moufang 

commutative loop [23] - the following have been demonstrated:  

Lemma 2.1.2. Any 𝑊𝐴-quasigroup with a left identity element is a left Bol quasigroup.  

Lemma 2.1.3. Any 𝑊𝐴-quasigroup with a right identity element is a right Bol 

quasigroup.  

Lemma 2.1.4. Any 𝑊𝐴-quasigroup (𝑄,∙) with  a left (right) inverse property is a 

left (right) Bol quasigroup.  

From Lemma 2.1.4. and the fact that quasigroup Bol on the left and Bol on the right is 

Moufang quasigroup Corollary 2.1.2. results. 

Corollary 2.1.2. Any 𝑊𝐴-quasigroup, which is an 𝐼𝑃-quasigroup, is a Moufang quasigroup. 

Isotope of the form 𝑥 ∘ 𝑦 = 𝐿𝑎
−1(𝐿𝑎𝑥 ∙ 𝑦) ((𝑥 ∘ 𝑦 = 𝑅𝑎

−1(𝑥 ∙ 𝑅𝑎𝑦)) is called a right (left) 

derivative operation for (𝑄,∙), generated by element 𝑎. By researching the derivative operations 

for the 𝑊𝐴-quasigroup (𝑄,∙), we obtained Theorem 2.1.2.  

Theorem 2.1.2. Let (𝑄,∙) be a 𝑊𝐴-quasigroup. Then:  

 (𝑖) the right derivative operation (𝑄,∙) is a left Bol quasigroup,  

 (𝑖𝑖) the left derivative operation (𝑄,∙) is a right Bol quasigroup.  



10 
 

Elements of the group 𝐼ℎ(𝑄,∙) = {𝛼 ∈ 𝑀(𝑄,∙)| 𝛼ℎ = ℎ}, where 𝑀(𝑄,∙) is the group 

generated by all left and right translations of a quasigroup (𝑄,∙), are called inner mappings of 

(𝑄,∙) relative to the element ℎ ∈ 𝑄. Belousov proved (cf. [8]) that the group 𝐼ℎ(𝑄,∙) is generated 

by all permutations of the form: 

𝐿𝑥,𝑦 = 𝐿𝑥∘𝑦
−1 𝐿𝑥𝐿𝑦, where (𝑥 ∘ 𝑦)ℎ = 𝑥 ∙ 𝑦ℎ, 

𝑅𝑥,𝑦 = 𝑅𝑥•𝑦
−1 𝑅𝑦𝑅𝑥 , where ℎ(𝑥 • 𝑦) = ℎ𝑥 ∙ 𝑦, 

𝑇𝑥 = 𝐿𝜎𝑥
−1𝑅𝑥 , where 𝜎 = 𝑅ℎ

−1𝐿ℎ. 

Paragraph 2.2. of the thesis is dedicated to WA-quasigroup automorphisms, inner permuta-

tions as automorphisms in relation to the left unit and in relation to arbitrary element, 

determining the necessary and sufficient conditions:  

Тhеоrem 2.2.1. In a 𝑊𝐴-quasigroup (𝑄,∙) with the left identity element 𝑓, inner permutations 

𝐿𝑥,𝑦, 𝑅𝑥,𝑦 and 𝑇𝑥 relative to 𝑎 ∈ 𝑄, are automorphisms in (𝑄,∙) if and only if 𝑎 ∈ 𝑁𝑙 and the 

following identity 𝑥𝑦 ∙ 𝑎 = 𝑥𝑓 ∙ 𝑦𝑎 is satisfied. 

In paragraph 2.4. of this chapter, the properties of a new class of quasigroups, namely 

OWIP-quasigroups, were introduced by the student of V.D. Belousov, I.A. Florja, and the author 

of the thesis. 

The quasigroup (𝑄,∙) has a weak reversible property ((𝑄,∙) is a WIP-quasigroup), if                

𝑥 ∙ 𝐼(𝑦 ∙ 𝑥)  =  𝐼𝑦 for all 𝑥, 𝑦 ∈ 𝑄 and some permutation of the set Q. Loops with weakened in-

verse property loops have been researched by Osborn [24]. By introducing an 𝛼 permutation in 

the given identity, a new class of quasigroups was obtained, namely OWIP-quasigroups.  

Definition 2.4.1.  Quasigroup (𝑄,∙) is called a 𝑂𝑊𝐼𝑃-quasigroup, if in (𝑄,∙)  the following 

identity is true  

 𝑥 ∙ 𝐼(𝑦 ∙ 𝛼𝑥) = 𝐼𝑦, (2.24) 

for all 𝑥, 𝑦 ∈ 𝑄, where  I and  α are some permutations of the set 𝑄.  

From identity (2.24), by applying the properties of permutations, a new identity (2.25) was 

obtained for this quasigroup class (2.25):  

Lemma 2.4.1.  In a 𝑂𝑊𝐼𝑃-quasigroup (𝑄,∙), the following identity holds:  

 𝐼−1(𝑥𝑧) ∙ 𝛼𝑥 = 𝐼−1𝑧,  (2.25) 

for any 𝑥, 𝑧 ∈ 𝑄. 

By applying (2.25), the necessary and sufficient condition was found when the           

OWIP-quasigroup (𝑄,∙) is an isotope of the 𝐿𝐼𝑃-loop (𝑄,∘). See Theorem 2.4.1.  

Theorem 2.4.1. 𝑂𝑊𝐼𝑃-quasigroup (𝑄,∙) is an isotope of the 𝐿𝐼𝑃-loop (𝑄,∘), where 

 𝑥 ∘ 𝑦 = 𝑅𝑎
−1𝑥 ∙ 𝐿𝑏

−1𝑦, 𝑥𝑦 = 𝑅𝑎𝑥 ∘ 𝐿𝑏𝑦 (2.26) 
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if and only if in  (𝑄,∙) the following equality is true 

 𝑏 ∙ 𝐼(𝐼−1(𝑏𝑦) ∙ 𝑥) = 𝑅𝑒𝑏
−1(𝑏 ∙ 𝐼(𝐼−1𝑏 ∙ 𝑥)) ∙ 𝑦, (2.27) 

where   𝑏𝑒𝑏 = 𝑏, 𝑅𝑒𝑏
𝑣 = 𝑣𝑒𝑏 . 

Assuming that any loop (𝑄,∘), isotopic to the 𝑂𝑊𝐼𝑃-quasigroup (𝑄,∙), is a 𝐿𝐼𝑃-loop, 

then in the quasigroup (𝑄,∙), the following identity takes place: 

 𝑧 ∙ 𝐼(𝐼−1(𝑧𝑦) ∙ 𝑥) = 𝑅𝑒𝑧
−1(𝑧 ∙ 𝐼(𝐼−1𝑧 ∙ 𝑥)) ∙ 𝑦, (2.28) 

for any 𝑥, 𝑦, 𝑧 ∈ 𝑄, where  𝐼 is a permutation of the set 𝑄, 𝑧𝑒𝑧 = 𝑧, 𝑅𝑒𝑧
𝑡 = 𝑡𝑒𝑧. It was obtained: 

Theorem 2.4.2. Any loop (𝑄,∘), isotopic of the quasigroup (𝑄,∙) with identity (2.28), is the left 

Bol loop. 

The results on the right are presented analogously.  

The last two sections of this chapter present the results obtained in the research of           

𝐶𝐼-quasigroups. 𝐶𝐼-loops are classical objects of quasigroup theory. This loop class was defined 

by Rafael Artzy [11]. V. D. Belousov and B. V. Tsurkan in the joint work “Crossed invertible 

quasigroups (CI-quasigroups)”, (1969) defined CI-quasigroups. Some applications of               

𝐶𝐼-quasigroups in cryptology are presented in the work by A. D. Keedwell (1999). 

Definition 2.5.3. Groupoid (𝑄,∙) with the identity 

 𝑥𝑦 ∙ 𝐼𝑟𝑥 = 𝑦, (2.30) 

where 𝐼𝑟 is a map of the set 𝑄 into itself, is called a left 𝐶𝐼-groupoid. 

Groupoid (𝑄,∙) with the identity 

 𝐼𝑙𝑥 ∙ 𝑦𝑥 = 𝑦, (2.31) 

where 𝐼𝑙 is a map of the set 𝑄 into itself, is called a right 𝐶𝐼-groupoid. 

Groupoid (𝑄,∙) with both identities (2.30) and (2.31) is called a 𝐶𝐼-groupoid [13].  

Loop (𝑄,∙) satisfying one of the equivalent identities, 𝑥 ∙ 𝑦𝐽𝑥 = 𝑦, 𝑥𝑦 ∙ 𝐽𝑥 = 𝑦, where 𝐽 is a 

bijection of the set  𝑄 such that 𝑥 ∙ 𝐽𝑥 = 1, is called a 𝐶𝐼-loop. Quasigroup (𝑄,∙) with the identity 

𝑥𝑦 ∙ 𝐽𝑥 = 𝑦,  where 𝐽 is a map of the set 𝑄, is called 𝐶𝐼-quasigroup. 

Notice, in this case, the mapping 𝐽  is a permutation of the set 𝑄 [12]. In any                    

CI-quasigroup, the permutation 𝐽 is unique ( [25], Lemma 2.25). 

From the results of V. Izbash and N. Labo, it follows that the CI-groupoid on the left, in 

which the application 𝐼𝑟 is bijective, is a 𝐶𝐼-quasigroup. Any left 𝐶𝐼-groupoid is a                    

𝐶𝐼-quasigroup. Any 𝐶𝐼-groupoid is a 𝐶𝐼-quasigroup [13]. 

The case was investigated when a CI-quasigroup is an isotope of a group. The condition 

was found when the loop, isotopic to CI-quasigroup, is commutative. We see the Propositions: 

Proposition 2.6.1. 𝐶𝐼-quasigroup  (𝑄,∙) is the isotope of the group (𝑄,∘), with the isotopy (2.26)  
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if and only if in (𝑄,∙) the following equality is true: 

 (𝑥(𝑦(𝑧𝑢))) ∙ 𝑣 = 𝑦 ∙ ((𝑥𝑧 ∙ 𝑣) ∙ 𝑢), (2.36) 

for any  𝑥, 𝑦, 𝑧, 𝑢, 𝑣 ∈ 𝑄.  

Proposition 2.6.3. If any loop (𝑄,∘), isotopic to 𝐶𝐼-quasigroup (𝑄,∙), is commutative, then the 

quasigroup (𝑄,∙) is medial, and (𝑄,∘) is an abelian group. 

In the third Chapter – About a class of 𝒊-quasigroups. Units on the right (left) in Bol-

Moufang type quasigroups - consisting of six sections, objectives 2 and 3 are achieved.  

In this chapter, a new class of quasigroups called 𝑖-quasigroups is introduced by I. A. 

Florja and the author of the thesis.  

Definition 3.1.2. Quasigroup (𝑄,∙) is called an 𝑖-quasigroup, if in (𝑄,∙) the following identity is 

true: 

 𝑥(𝑥𝑦 ∙ 𝑧) = 𝑦(𝑧𝑥 ∙ 𝑥), (3.1) 

where 𝑥, 𝑦, 𝑧 ∈ 𝑄. 

The first example built by such a quasigroup is: 

Example 3.1.1.  

The set 𝐶 of all complex numbers with the operation 𝑥 ∘ 𝑦 = 𝑖𝑥 − 𝑦 is an i-quasigroup. 

Hence it was called i-quasigroup. 

In the first paragraph of this chapter, the distributant of i-quasigroups was researched. By 

distributant of a quasigroup (𝑄,∙) we mean the set D containing all elements 𝑑 ∈ 𝑄 such that 

(𝑥 ∙ 𝑦) ∙ 𝑑 = (𝑥 ∙ 𝑑) ∙ (𝑦 ∙ 𝑑), 𝑑 ∙ (𝑥 ∙ 𝑦) = (𝑑 ∙ 𝑥) ∙ (𝑑 ∙ 𝑦) for all 𝑥, 𝑦 ∈ 𝑄. We know that not 

every quasigroup has an empty distributant. We highlight the following theorems: 

Theorem 3.1.1. If 𝑖 -quasigroup (𝑄,∙) is an 𝑅𝐼𝑃-quasigroup, then (𝑄,∙) is a Moufang quasigroup 

with a left identity element 𝑓 and distributant 𝐷 = {𝑓}.  

Theorem 3.1.4. 𝑖-quasigroup (𝑄,∙) with nonempty distributant 𝐷  is a left Bol quasigroup if and 

only if in (𝑄,∙)  the following equality is true:  

 𝑥𝑎 ∙ 𝑥𝑦 = 𝑥𝑥 ∙ 𝑎𝑦, (3.6) 

for any 𝑥, 𝑦 ∈ 𝑄, where 𝑎 ∈ 𝐷, 𝑎 is a fixed element. 

It has been shown that i-quasigroups with the right unity are Moufang loops, those with the 

left unity are the quasigroups with the left inverse property. The results obtained are presented in 

the following propositions:  

Proposition 3.2.2. If 𝑖-quasigroup (𝑄,∙)  has right identity element 𝑒, then (𝑄,∙) is a Moufang 

loop in wich 𝑥2𝑦 = 𝑦𝑥2 for any 𝑥, 𝑦 ∈ 𝑄. 
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Proposition 3.2.3. Any 𝑖-quasigroup (𝑄,∙)  with left identity element 𝑓 is a quasigroup with left 

inverse property and isotopic to 𝐿𝐼𝑃-loop (𝑄,∘), where 𝑥 ∘ 𝑦 = 𝑅𝑓
−1𝑥 ∙ 𝑦. 

As long as the i-quasigroup is unipotent, it was obtained that it is a Moufang quasigroup. 

We see the following proposition: 

Proposition 3.2.4. If in 𝑖-quasigroup (𝑄,∙) the equality 𝑥2 = 𝑓 takes place for any 𝑥 ∈ 𝑄, where 

𝑓 is a fixed element, then (𝑄,∙) is a Moufang quasigroup with left unit element 𝑓 and an isotope 

of an abelian group.  

In section 3.3. of this chapter, the right (left) alternative quasigroups were investigated, 

showing that they are Moufang loops. For i-quasigroups with elasticity it was obtained: 

Proposition 3.3.3. In every 𝑖-quasigroup (𝑄,∙)  with identity of elasticity (3.21), a set of all local 

unit elements forms left Bol subquasigroup. 

The relationship between some types of quasigroups that contain unity on the left with the 

Moufang quasigroups (in the sense of Belousov) is investigated. 

Proposition 3.3.4. 𝑖-quasigroup (𝑄,∙) with left identity element 𝑓 is a Moufang quasigroup if 

and only if in (𝑄,∙) the following identity is true: 

 𝑧𝑥 ∙ 𝑥 = 𝑧𝑓 ∙ 𝑥𝑥, (3.26) 

for any 𝑥, 𝑧 ∈ 𝑄. 

Certain pseudo-automorphisms of these quasigroups are characterized (in the sense of 

Pflugfelder). 

Proposition 3.4.1. If permutation 𝛼 of set 𝑄 of 𝑖-quasigroup (𝑄,∙) with left identity element 𝑓 is 

a pseudo-automorphism from the right of quasigroup (𝑄,∙) with companion 𝑘, then 𝑘 is a left Bol 

element.  

Proposition 3.4.2. If in 𝑖-quasigroup (𝑄,∙) with left unit 𝑓 the translations 𝐿𝑎 and 𝑅𝑏 are right 

pseudo-automorphisms with companion 𝑘, then 𝑎 = 𝑒𝑘𝑓, 𝑏 = 𝑒𝑘, where 𝑘𝑒𝑘 = 𝑘.  

The last section of this chapter is dedicated to researching the existence of the right (left) 

unity in quasigroups with each of the 60 Bol-Moufang identities listed in the paper “Extra loops 

II. On loops with identities of Bol-Moufang type” by Fenyves. An identity based on a single 

binary operation is of Bol-Moufang type if «both sides consist of the same three different letters 

taken in the same order but one of them occurs twice on each side».  

K. Kunen in “Quasigroups, loops and associative laws”, (1996) studied the existence of 

unity in quasigroups with weak associativity and completely solved the problem of the existence 

of bilateral unity in quasigroups with Bol-Moufang identities, for each of the 60 identities. 

Kunen also shows which of the highlighted identities implies the laws: associative, flexibility, 



14 
 

alternative to the right (left), thus solving the problem for associative quasigroups with each of 

the 60 Bol-Moufang identities and partly for some identities - the problem of unilateral unity 

existence. The issue of the existence of unilateral unity for Fenyves' identities remained open 

[26].  

We use the list of 60 Bol-Moufang type identities given in [27]. Notice, there exist other 

definitions of Bol-Moufang type identities [28, 29].  

We highlight some theorems: 

Theorem 3.5.13. Quasigroup (𝑄,∙) with identity 𝐹16 (𝑥𝑦 ∙ 𝑥)𝑧 = 𝑥(𝑦𝑥 ∙ 𝑧) has a left unit and it 

has no right unit.  

Theorem 3.5.20. Quasigroup (𝑄,∙) with identity 𝐹35  (𝑦𝑥 ∙ 𝑥)𝑧 = (𝑦 ∙ 𝑥𝑥)𝑧 has a right unit and it 

has no left unit. 

Theorem 3.5.21. Quasigroup (𝑄,∙) with identity 𝐹36  (RC identity) (𝑦𝑥 ∙ 𝑥)𝑧 = 𝑦(𝑥𝑥 ∙ 𝑧) has a 

left unit and it has no right unit. 

Theorem 3.5.32. Quasigroup (𝑄,∙) with identity 𝐹49  (𝑥𝑥 ∙ 𝑦)𝑧 = 𝑥(𝑥𝑦 ∙ 𝑧) has a left unit and it 

has no right unit. 

This solves objective 2. 

In Chapter four – Left-transitive quasigroup. Neumann and Schweizer quasigroups –

the objectives are achieved, which refer to the research of the 𝐺-properties of the left-transitive 

quasigroups and Neumann and to the research of the relations of these quasigroups with the 

Moufang quasigroups, left (right) Bol, and other quasigroup classes.  

In sections 4.1.-4.5., the results obtained in the research of the left-transitive quasigroups 

are formulated, namely: about the relationship of these quasigroups with other classes of qua-

sigroups, about the nuclei, about morphisms, about 𝐺-properties. 

Quasigroup (𝑄,∙) is said to be left-transitive if in this quasigroup the identity 𝑥𝑦 ∙ 𝑥𝑧 = 𝑦𝑧 

holds. In some works, they are also called Ward quasigroups [17]. 

In the publication „On the foundations of quasigroups” by Stein (1957), it has been proven: 

if the quasigroup(𝑄,∙) verifies the associativity 𝑥 ∙ 𝑦𝑧 = 𝑥𝑦 ∙ 𝑧 (that is, this quasigroup is a 

group), then (23)- and (132)-parastrophes of this quasigroup verify the left transitive identity. He 

also proved that Ward quasigroups are isotopes of groups. 

In section 4.2., the necessary and sufficient condition was found when the left-transitive 

quasigroup is the Moufang quasigroup, left 𝐹-quasigroup (Proposition 4.2.3., Theorem 4.2.2.). 

Theorem 4.2.2. Any left-transitive quasigroup (𝑄,∙) is a left 𝐹-quasigroup if and only if a 

translation  𝑅𝑓 is an automorphism of the quasigroup (𝑄,∙). 
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The left and right nuclei of the left-transitive quasigroup were characterized. It is well 

known that the sets 𝑁𝑙 and 𝑁𝑟 form subgroups of quasigroup. We have: 

Theorem 4.3.1. Left nucleus (𝑁𝑙,∙) of left-transitive quasigroup (𝑄,∙) is a normal subgroup of 

quasigroup (𝑄,∙) which consists of elements of order two that lie in the center of a group (𝑄, +). 

Theorem 4.3.2. If left-transitive quasigroup (𝑄,∙) has a non-empty right nucleus, then it is a 

commutative 2-group.  

We know that the quasigroup (𝑄,∙) is a 𝐺-quasigroup on the right, if any its element is the 

companion of the right pseudo-automorphism. The 𝐺-quasigroup on the left is defined 

analogously. And the quasigroup that is at the same time 𝐺-quasigroup on the right and 𝐺-quasi-

group on the left is a 𝐺-quasigroup. 𝐺-quasigroups always have unity, i.e., the 𝐺-quasigroup is a 

loop. The importance of researching pseudo-automorphisms follows from V. D. Belousov's 

theorem: the loop (𝐿,∙) is a 𝐺-loop if and only if any element 𝑥 ∈ 𝐿 is the companion of each 

pseudo-automorphism to the right and to each one to the left of a loop (𝐿,∙). V. D. Belousov's 

results pave the way for research into 𝐺-properties, i.e., the research into 𝐺-loops and 𝐺-

quasigroups. There is a connection between the nuclei of quasigroups and the pseudo-

automorphisms of quasigroups. 

In section 4.5., the G-properties for the left-transitive quasigroup were investigated. The 

necessary and sufficient condition is formulated for it to be the right GA-quasigroup, namely, the 

group П𝑟
𝐴

2  (or the group П𝑟
𝐴

3 ) is transitive on the set Q.  

Theorem 4.5.3. A left-transitive quasigroup (𝑄,∙) is a right 𝐺𝐴-quasigroup if and only if (𝑄,∙) is 

an abelian 2-group. 

In sections 4.6.-4.8., the results obtained for the Neumann quasigroups are formulated. 

Quasigroup (𝑄,∙) is said to be Neumann quasigroup if in this quasigroup the identity (𝑄,∙) 

𝑥 ∙ (𝑦𝑧 ∙ 𝑦𝑥) = 𝑧 holds. Neumann's identity was obtained from the (13)-parastrophe of the qua-

sigroup verifying the identity 𝑥𝑦 ∙ 𝑧 = 𝑦 ∙ 𝑧𝑥. Neumann quasigroups are isotopes of abelian 

groups. We see from: 

Theorem 4.6.3. Any Neumann quasigroup (𝑄,∙) is an isotope of an abelian group (𝑄, +)  of the 

form 𝑥 ∙ 𝑦 = 𝑥 − 𝑦. 

From the research of autotopies and quasiautomorphisms, their general forms were 

obtained.  

Corollary 4.6.2. Any autotopy of  Neumann quasigroup (𝑄,∙) has the form: 

 (𝐿𝑎
∙ , 𝐿𝐼𝑏

∙ , 𝐿𝑎∙𝐼𝑏
∙ )𝜃1, (4.23) 

where 𝐿𝑎
∙ , 𝐿𝐼𝑏

∙ , 𝐿𝑎∙𝐼𝑏
∙  are translations of quasigroup (𝑄,∙),  𝜃1 = 𝐼𝜃 ∈ 𝐴𝑢𝑡(𝑄,∙). 
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Proposition 4.7.2. In Neumann quasigroup (𝑄,∙), any quasiautomorphism 𝛾 has the form  

 𝛾 = 𝑅𝑎𝛾´ = 𝐿𝑏𝛾´´, (4.29) 

where 𝛾´, 𝛾´´ are quasigroup (𝑄,∙) automorphisms, 𝑏 and 𝑎 - any elements of 𝑄 and vice versa, 

the γ permutation in (4.29) is a quasiautomorphism. 

Applying Theorem 4.6.3., some properties of the Neumann quasigroups have been easily 

demonstrated.  

Corollary 4.6.3. 

1. Any Neumann quasigroup (𝑄,∙) is unipotent and has a right unit element; 

2. Any loop which is an isotope of Neumann quasigroup is a commutative group; 

3. Any Neumann quasigroup is a medial quasigroup; 

4. Any Neumann quasigroup is a left Bol quasigroup; 

5. Any Neumann quasigroup is a Moufang quasigroup; 

6. Core of Neumann quasigroup is a distributive groupoid; 

7. The right nucleus of Neumann quasigroup (𝑄,∙) consists of elements of the set 𝑄, such 

that 𝑎 = −𝑎. 

Quasigroup (𝑄,∙) with identity 𝑦𝑧 ∙ 𝑦𝑥 = 𝑥𝑧 is called a Schweizer quasigroup. The notion 

of Neumann quasigroup has been shown to coincide with that of Schweizer quasigroup.  

The following takes place: 

Theorem 4.6.5. Any Schweizer quasigroup (𝑄,∙) is a Neumann quasigroup and vice versa. 

Research on the G-properties of these quasigroups found that any Neumann quasigroup    

(𝑄,∙) is a 𝐺𝐴-quasigroup, that is, groups 3П𝑟
𝐴 and П𝑙

𝐴 3 act on the set 𝑄 transitively. 

 Theorem 4.8.1. Any Neumann quasigroup (𝑄,∙) is a 𝐺𝐴-quasigroup. 
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3. GENERAL CONCLUSIONS AND RECOMMENDATIONS 

Research conducted in the doctoral thesis “Morphisms and properties of non-associative 

algebraic systems with Moufang conditions” fully corresponds to the purpose and objectives 

set out in the introduction.  

The quasigroup class contains that of the groups (any group is a quasigroup), a field that 

experienced an extraordinary development in the twentieth century and continues to develop rap-

idly today. The notion of quasigroup is more general than that of a group, so it is found as an al-

gebraic equivalent in a wider range of environmental problems in which we exist and requires 

specific approaches, which are missing in group theory. 

The important scientific problem solved is the application of morphism relations to the re-

search of properties and units of non-associative algebraic systems with Moufang-type condi-

tions leading to the description of important new relations between quasigroup classes. 

The main results of the paper are new. The analysis of the obtained results allows us to 

highlight the following general results: 

1. It has been established that any 𝑊𝐴-quasigroup, which is 𝐼𝑃-quasigroup, is a Moufang 

quasigroup; 

It turned out that in the 𝑊𝐴-quasigroup with the left unit the internal permutations in re-

lation to the unit are automorphisms of the quasigroup; for internal permutations with 

respect to the element 𝑎 ∈ 𝑄, the necessary and sufficient condition was found when 

there are automorphisms; 

2. By researching the generalized 𝑊𝐼𝑃-quasigroups it was found the condition when this 

quasigroup is an isotope of the loop with the left inverse property. Assuming that any 

isotope loop of 𝑂𝑊𝐼𝑃-quasigroup is a 𝐿𝐼𝑃-loop, we obtained a new identity in this 

quasigroup, for which it was found the relationship with the left Bol loop; 

3. Defining a new class of quasigroups (𝑖-quasigroups), their relationships with other clas-

ses of quasigroups were researched. Assuming that the 𝑖-quasigroup (𝑄,∙) is idempotent, 

it turned out to be the left Bol quasigroup, right Stein quasigroup. The relationship be-
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tween some types of quasigroups containing left unit with Moufang quasigroups has been 

described; 

4.  The problem of the existence of the unilateral unit in quasigroups with Bol-Moufang 

type identities, listed in the paper "Extra loops II. On loops with identities of Bol-

Moufang type" by F. Fenyves (1969) has been solved;  

5. It has been shown that the notion of Neumann quasigroup coincides with that of 

Schweizer quasigroup. 

The thesis proposed for defense contains the complete solution of the problem in the appli-

cation of morphism relations to the research of properties and units of non-associative algebraic 

systems with Bol-Moufang type conditions leading to the description of important new relations 

between quasigroup classes, contains the complete solution of the problem of the existence of the 

unilateral unit in quasigroups with Bol-Moufang type identities. 

Recommendation: 

1. The solution of the problem of the existence of the unilateral unit for quasigroups satisfy-

ing Bol-Moufang type identities can be used in the research of quasigroups with Bol-

Moufang type identities. 

2. Two new classes of quasigroups are defined in the thesis: 𝑖-quasigroups and           

𝑂𝑊𝐼𝑃-quasigroups. The paper investigates some properties of these classes of qua-

sigroups, but their general theory is to be developed.  

3. It is recommended that the results obtained be applied to the development of optional 

courses for master and doctoral students. 
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ADNOTARE 

la teza de doctorat “Morfismele şi proprietăţile sistemelor algebrice neasociative cu condiţii 

de tip Moufang”, prezentată de către Diduric Natalia pentru conferirea titlului științific de doc-

tor în ştiinţe matematice, specialitatea 111.03 - Logică Matematică, Algebră şi Teoria Numere-

lor, Chişinău, 2022. 

Structura tezei: teza este scrisă în limba română şi conţine introducere, patru capitole, 

concluzii generale şi recomandări, 109 titluri bibliografice, 104 pagini (inclusiv 91 pagini de text 

de bază). Rezultatele obţinute sunt publicate în 16 lucrări ştiinţifice. 

Cuvinte-cheie: cvazigrup, buclă, izotop, pseudoautomorfism, cvazigrup Bol la stânga (la 

dreapta), cvazigrup Moufang, WA-cvazigrup, i-cvazigrup, G-proprietăţi. 

Domeniul de studiu al tezei: algebră, în special, teoria cvazigrupurilor cu identităţi, 

inclusiv identităţile de tip Bol-Moufang, proprietăţile sistemelor algebrice neasociative.  

Scopul şi obiectivele lucrării. Scopul lucrării este cercetarea proprietăţilor sistemelor al-

gebrice neasociative cu identităţi de tip Bol-Moufang. Pentru atingerea acestui scop au fost defi-

nite următoarele obiective: cercetarea relațiilor WA-, CI-cvazigrupurilor, cvazigrupurilor 

tranzitive la stânga și Neumann cu cvazigrupurile Moufang, Bol la stânga, Bol la dreapta ș.a.; 

cercetarea existenței unității unilaterale în cvazigrupuri cu identități de tip Bol-Moufang, enu-

merate în lucrarea lui F. Fenyves “Extra loops II. On loops with identities of Bol-Moufang type”, 

(1969); cercetarea morfismelor, proprietăților, relațiilor cu alte clase de cvazigrupuri ale 

cvazigrupurilor noi definite în lucrare (i-cvazigrupuri și OWIP-cvazigrupuri); cercetarea           

G-proprietăților cvazigrupurilor tranzitive la stânga și Neumann. 

Noutatea şi originalitatea ştiinţifică. Toate rezultatele prezentate în teză sunt noi şi origi-

nale. Au fost cercetate diverse clase de cvazigrupuri (WA-, CI-cvazigrupuri, cvazigrupuri 

tranzitive la stânga, Neumann ș.a.). Au fost introduse şi cercetate două clase noi de cvazigrupuri 

(WIP-cvazigrupuri generalizate, i-cvazigrupuri). Au fost cercetate clase de cvazigrupuri izotope 

grupurilor. Sunt descrise proprietăţile unor clase de cvazigrupuri inversabile. Au fost cercetate 

conexiuni între clasele de cvazigrupuri studiate și cvazigrupurile clasice Moufang, Bol ș.a. Sunt 

determinate formele generale ale automorfismelor, pseudoautomorfismelor și cvaziautomorfis-

melor acestor cvazigrupuri.  

Problema ştiinţifică importantă soluţionată în domeniul respectiv constă în cercetarea 

diferitelor relații de tip morfisme (autotopii, pseudoautomorfisme, G-proprietăți) și noțiunilor 

(distributanților, nucleelor) în sistemele algebrice neasociative cu condiții de tip Bol-Moufang ce 

conduc la descrierea unor relații importante noi între clasele studiate de cvazigrupuri (inclusiv și 

clasele noi introduse). 

Semnificația teoretică și valoarea aplicativă a lucrării este determinată de obţinerea unor 

rezultate noi în cercetarea sistemelor neasociative cu identități de tip Bol-Moufang. Lucrarea 

poartă un caracter teoretic.  

Implementarea rezultatelor științifice. Rezultatele lucrării pot fi utilizate în predarea 

cursurilor de specialitate pentru studenții, masteranzii și doctoranzii de la specialitățile de ma-

tematică. 
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ANNOTATION 

of the doctoral thesis “Morphisms and properties of non-associative algebraic systems with 

Moufang type conditions”, presented by Diduric Natalia for conferring the scientific title of 

Doctor in mathematical sciences, speciality 111.03 - Mathematical Logic, Algebra, and Number 

Theory, Chisinau, 2022. 

Thesis structure: the thesis is written in Romanian and contains an introduction, four 

chapters, general conclusions and recommendations, 109 bibliographic titles, 104 pages 

(including 91 pages of basic text). The obtained results are published in 16 scientific papers. 

Keywords: quasigroup, loop, isotope, pseudo-automorphism, left Bol (right) quasigroup, 

Moufang quasigroup, WA-quasigroup, i-quasigroup, G-properties. 

Thesis field of study: algebra, especially, the theory of quasigroups with identities 

including Bol-Moufang-type identities, properties of non-associative algebraic systems. 

The purpose and objectives of the paper. The aim of the paper is to investigate the 

properties of non-associative algebraic systems with Bol-Moufang type identities. To achieve 

this goal, the following objectives have been defined: research on the relations of WA-, CI-quasi-

groups, transitive on the left and Neuman with the quasigroups Moufang, Bol on the left, on the 

right, etc.; research of the existence of unilateral unity in quasigroups with Bol-Moufang type 

identities, enumerated in the work of F. Fenyves “Extra loops II. On loops with identities of Bol-

Moufang type”, (1969); research of morphisms, properties, relationships with other classes of 

quasigroups of newly defined quasigroups (i-quasigroups and WIP-generalized quasigroups); 

research on the G-properties of left transitive quasigroups and Neumann. 

Scientific novelty and originality. All the results presented in the thesis are new and 

original. Diverse classes of quasigroups known earlier (WA-, CI-quasigroups, transitive left 

quasigroups, Neumann, etc.) were researched. Two new classes of quasigroups were introduced 

and researched (i-quasigroups, WIP-generalized quasigroups). Isotope group quasigroup classes 

were investigated. The properties of some classes of invertible quasigroups were described. 

Connections between the studied quasigroup classes and the classical quasigroups Moufang, Bol, 

etc. were investigated. The general forms of the automorphisms, pseudo-automorphisms, and 

quasiautomorphisms of these quasigroups were determined. 

The important scientific problem solved consists in the research of different morphisms 

(autotopies, pseudoautomorphisms, G-properties) and notions (distributant, nucleus) in non-

associative algebraic systems with Bol-Moufang conditions that lead to the description of im-

portant new relationships between the classes studied by quasigroups (including newly intro-

duced classes). 

The theoretical importance and applicative value of the thesis are determined by ob-

taining new results in the research of non-associative systems of the Bol-Moufang type. The pa-

per is of theoretical character. The methods developed in the paper allowed solving the prob-

lems. 

Implementation of scientific results. The results of the paper can be used in teaching spe-

cialized courses for students, masters and doctoral students in mathematics. 
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АННОТАЦИЯ 

диссертации «Морфизмы и свойства неассоциативных алгебраических систем с усло-

виями типа Муфанг», представленной Дидурик Натальей для присвоения ученой степе-

ни доктора математических наук по специальности 111.03 – Математическая логика, Ал-

гебра и Теория чисел, Кишинев, 2022 год. 

Структура диссертации: диссертация написана на румынском языке и содержит 

введение, четыре главы, общие выводы и рекомендации, список литературы из 109 публи-

каций, 104 страницы (в том числе 91 страница основного текста). Результаты опубликова-

ны в 16 научных работ. 

Ключевые слова: квазигруппа, лупа, изотоп, псевдоавтоморфизм, левая (правая) 

квазигруппа Бола, квазигруппа Муфанг, 𝑊𝐴-квазигруппа, 𝑖-квазигруппа, 𝐺-свойства. 

Область исследования: алгебра, в частности, теория квазигрупп с тождествами, в 

том числе тождества типа Бола-Муфанг, свойства неассоциативных алгебраических си-

стем. 

Цель и задачи исследования. Целью диссертации является исследование свойств 

неассоциативных алгебраических систем с тождествами типа Бола-Муфанг. Для достиже-

ния этой цели были определены следующие задачи: исследование связи WA-, CI-

квазигрупп, левотранзитивных и Неймана с квазигруппами Муфанг, левой и правой Бола 

и др.; исследование существования односторонней единицы в квазигруппах с тождества-

ми типа Бола-Муфанг, перечисленные в работе Ф. Фенивса, “Extra loops II. On loops with 

identities of Bol-Moufang type”, (1969); исследование морфизмов, свойств и взаимосвязей с 

другими классами квазигрупп новых квазигрупп, определенных в работе (i-квазигруппы и 

обобщенные WIP-квазигруппы); исследование G-свойств левотранзитивных квазигрупп и 

квазигрупп Неймана. 

Научная новизна и оригинальность. Все результаты, представленные в диссер-

тации, являются новыми и оригинальными. Были исследованы различные классы квазиг-

рупп (WA-, CI-квазигруппы, левотранзитивные квазигруппы, Неймана и др.). Были введе-

ны и исследованы два новых класса квазигрупп (обобщенные WIP-квазигруппы, i-

квазигруппы). Исследованы классы квазигрупп изотопных группам. Описываются свой-

ства некоторых классов обратимых квазигрупп. Исследованы связи между изучаемыми 

классами квазигрупп и классическими квазигруппами Муфанг, Бол и др. Определены об-

щие формы автоморфизмов, псевдоавтоморфизмов и квазиавтоморфизмов этих квазиг-

рупп. 

Решенная важная научная проблема состоит в исследовании различных мор-

физмов (автотопий, псевдоавтоморфизмов, G-свойств) и понятий (дистрибутант, ядро) в 

неассоциативных алгебраических системах с условиями Бола-Муфанг, которые приводят 

к описанию новых важных взаимосвязей между изученными классами квазигрупп (вклю-

чая и новые введенные классы). 

Теоретическая значимость и прикладное значение работы определяется полу-

чением новых результатов в исследовании неассоциативных систем с тождествами типа 

Бола-Муфанг. Работа носит теоретический характер. 

Внедрение научных результатов. Результаты работы могут быть использованы 

при преподавании специализированных курсов для студентов, магистров и аспирантов 

математических специальностей. 
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